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Abstract The dynamics of rapid granular flows is governed by dissipative
interactions of particles with each other and with the system walls. To adequately describe these interactions, roughness and particle shape must be
taken into account. The coefficient of restitution for arbitrary particles thus
depends not only on material properties and impact velocity but also on the
angular orientation at the instant of the collision. By measurements of the
coefficient of restitution from the sound signal emitted by a sphere bouncing
repeatedly off the ground, it was found that small deviations from the perfect shape of the sphere lead to large measurement errors. Using stochastic
methods, the effective coefficient of restitution for the collision of a rough
sphere with a plane was described as a fluctuating quantity, characterized by
a rather uncommon probability density function. It was shown that modelling
the coefficient of restitution as a stochastic variable significantly affects the
dynamics of particles under rapid granular flows. The decay of temperature
of rapid granular flows in the homogeneous cooling state deviates from Haff’s
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law for gases of particles interacting via a constant coefficient of restitution
also from the scaling law for gases of viscoelastic particles.

1 Introduction
The dynamics of granular systems is driven by dissipative collisions of particles with each other and with the system walls. These interactions do not
only depend on material parameters, e.g. elastic properties, particle sizes and
impact velocities but are highly affected by the geometry of the particles. The
degree of inelasticity of particle interactions may be quantified by the coefficient of normal restitution (COR), ε < 1, defined as
ε=−

V0 · n
,
V·n

(1)

where V and V 0 are the relative velocities of the colliding particles before
and after the collision and n is the unit vector normal to the impact plane in
the instant of the collision. The COR is the most important characteristic of a
granular system because it is the foundation of both granular hydrodynamics
and Kinetic Theory of rapid granular flows [16, 9] as well as event-driven
particle simulation of granular matter [43].
There are several techniques for experimentally measuring the coefficient of
restitution, such as high-speed photography [13, 29, 34], pendulum systems [8,
32, 28], LASER Doppler velocimetry [57], particle tracking velocimetry [47]
and others [60, 45]. The most prominent technique to measure the coefficient
of restitution exploits the time lag between consecutive impacts of a particle
bouncing repeatedly on a horizontal plane,
Vi0
Vi+1
τi+1 − τi
=
=
,
Vi
Vi
τi − τi−1
i = 2, 3, . . . .
g
g
Vi = (τi − τi−1 ) = ∆τi .
2
2
εi =

(2)

Here, Vi and Vi0 are the normal pre- and post-collisional velocities of the ith
2
impact occurring at time τi and g = −9.81 m/s is the gravitational acceleration. This technique is extensively used for scientific as well as educational
purposes, e.g. [56, 3, 11, 1, 48, 59, 54, 58, 14, 41, 36, 61, 30, 26, 12, 25, 37]
and many others.
While in most references it is assumed that ε is a material constant, detailed analysis of the collision process as well as experiments show clearly
that the coefficient depends on the impact velocity [21, 45].
Moreover, even for virtually perfect spheres like ball bearings, one observes
significant scatter in experiments due to microscopic surface asperities [32,
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12, 25, 38, 23]. This scatter may be expressed by considering the coefficient
of restitution as a fluctuating quantity.
Performing large scale bouncing ball experiments, Montaine et al. [38]
analyzed the fluctuations of the COR of more than 105 single impacts and
found that besides the known dependence on impact velocity, the COR may
be described as a fluctuating quantity whose probability distribution follows
an asymmetric Laplace distribution
(
eaε+b ε < εmax
pε (t) =
(3)
ecε+d else,
where a, b, c, d, and εmax are parameters depending on the impact velocity.
Collisions of particles that may be also considered as imperfect spheres,
although of different type, were also studied in [15]. In this study, the coefficient of restitution for the repeated bounce of smooth but slightly eccentric
particles of dumbbell type was investigated by means of numerical experiments. Assuming random angular orientation of the particle at the instant
of collision it was shown that the variance was considerable, even for small
eccentricities. The measured coefficient of restitution obeys a wide Laplacian
probability density function including a finite probability for negative values
of the coefficient of restitution.
The strong scatter observed in experiments [38, 20] may thus be attributed
to both roughness and eccentricity of the spheres. Therefore, the assumption
of a fluctuating coefficient of restitution is a possible way to extend both
event-driven molecular dynamics and kinetic theory of dilute granular systems to slightly non-spherical particles.
The structure of the paper is as follows. In Sec. 2 it is shown that for
measurements of the coefficient of restitution from the sound signal emitted
by a sphere bouncing repeatedly off the ground, small deviations from the
perfect shape of the sphere lead to large measurement errors. The coefficient
of normal restitution may be described as a fluctuating quantity. To this end,
in Sec. 3 we derive an analytic expression for the distribution pε by analyzing local impact properties of rough particles for a given collision geometry.
Finally, in Sec. 4 a numerical and analytical analysis of the temperature
behavior in the case of a stochastic, velocity-dependent coefficient of restitution is performed showing a decisive influence of the fluctuating coefficient of
restitution to the dynamics of rapid granular flows.
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2 Stochastic behavior of the coefficient of normal
restitution: Experimental measurements and
numerical models
2.1 Experiment
The experimental setup is sketched in Fig. 1: A robot is used to move a small

Fig. 1 Schematic diagram of the experimental setup.

vertical glass tube to a desired position. In the beginning of each experimental trial, a stainless steel ball of radius R = 3 mm and mass M = 0.9 g is
suspended at the end of the tube by means of a vacuum pump. The robot
moves the sphere then to a desired position {x, y, z}. By switching off the
vacuum pump, the sphere is released to bounce repeatedly off the ground.
When the ball eventually comes to rest, it is pushed to a defined position
by a fan, from where the robot picks it up again. Sound emission caused
by the impacts is recorded by a piezoelectric sensor mounted on the lower
side of the plate, 5 cm away from the corner and recorded by a computer. A
LASER sheet oriented parallel to the plate in distance of slightly more than
the sphere diameter and a camera were used to determine the location of the
impact, for more details see [20].
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In each cycle, the initial horizontal (x, y)-position is chosen randomly
within the central region of the ground plate. Edge-effects [55] are, therefore, not noticeable. The initial impact velocity is randomly chosen from
V ∈ (1.33, 1.4) m/s, corresponding to z ∈ (9, 10) cm, leading to 90-100
bounces of the ball. This way, via Eq. (2) we perform about 6, 000 measurements of ε(V ) per hour. To assure stationary conditions, the experiment
was performed in a climate chamber to keep temperature and humidity of the
experimental environment at constant values. The experiment was performed
in darkness with the only illumination from the LASER sheet to conveniently
determine the locations of the impacts from the reflections of the LASER at
the sphere’s surface. Figure 2 shows the coefficient of restitution as a function of the impact velocity, for the system described above. The figure shows
about 280, 000 data points. For the statistical analysis we neglected the first
104 bounces in order to suppress effects due to initial wear. Further information regarding the details of the experimental setup are given in [20]. Figure
2 (bottom) displays the normalized histograms of measurements of a certain
value of ε for several small intervals of the impact velocity. The probability
density is described by the asymmetric Laplacian in Eq. (3), first proposed
in [38].
The results obtained from the experiment described above, are influenced
by imperfections of different kind, resulting in experimental measurement
errors. In [20], the authors identified the following measurement uncertainties
as putative main sources of errors:
•
•
•
•
•
•

uncertainty of the time of impact by measuring the emitted sound
different location of consecutive impacts
air drag
wear of the plate and the sphere in long-time experiments
imperfection of the spherical shape with respect to surface roughness
imperfection of the spherical shape with respect to eccentricity

The detailed analysis carried out in [20] revealed that the main contributions
to the overall error are those related to imperfections of the spherical shape,
due to either surface roughness or to a non-zero eccentricity. Only for large
falling height, air drag may lead to considerable error, too.
When quantifying the error of the COR, one should keep in mind that
the inelastic nature of a collision is not characterized by the coefficient of
restitution, ε, but rather by the deviation of the (trivial) elastic case, (1 − ε).
Therefore, an experimental error should be better related to (1 − ε). Below,
we will see that an experimental error which appears acceptable when related
to ε can render unacceptable when related to (1 − ε).
The coefficient of restitution describes the change of relative velocity of
the particle and the plate in normal direction at the point of contact. Therefore, bouncing ball experiments as the one just described are only useful
to determine the coefficient of restitution if the bouncing body is a sphere.
Surprisingly, this simple but important detail is rarely mentioned in the lit-
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Fig. 2 Top: Coefficient of restitution as a function of the impact velocity. Each of the
approximately 280, 000 data points corresponds to an impact. The lines shows the median
(full line) and the 90 % quantile (dashed lines). Bottom: Histograms of the coefficient of
normal restitution for impact velocities from small intervals. Each histogram represents a
certain impact velocity. The lines are exponential fits.
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Fig. 3 Left: SEM picture at the end of the experiment after about 106 impacts, right:
Numerical model of a rough sphere [38], where a large number of tiny spheres is attached
to random positions at the surface of a large central (perfect) sphere.

erature. Deviations from the spherical shape lead to sizeable errors of the
measured coefficient of restitution. In the following, we discuss the error due
to imperfections of two different types: (a) surface roughness, that is, small
scale impurities of the surface and (b) eccentricity, that is, deviations of the
overall shape from the perfect sphere. Since there is no experimental means to
individually control these deviations, we use a numerical simulation method
to estimate the corresponding errors.
In the next subsection, we describe a mechanical model, well validated
against experimental results [38], for the description of the dynamics of imperfect spheres. Numerical simulations of such a model are presented in Sec.
2.3. By varying the characteristics of the simulated particle we are able to
isolate, and separately analyze, imperfections of type (a) and (b) from all
other sources of error.

2.2 Mechanical model of collision: Microscopic and
macroscopic coefficients of restitution
In a model by Montaine et al. [38] a rough sphere was modeled by a central
(perfect) sphere and a large number (several millions) microscopic spherical
asperities located at random positions at the sphere’s surface. Figure 3 (top)
shows SEM pictures of the sphere after 106 impacts where tiny scratches are
visible on the sphere’s surface which can be modeled by tiny spheres attached
to the surface (Fig. 3, bottom). The contact between the particle and the
plane occurs, thus, via one of the asperities. The local change of velocity at the
point of contact is then described by a microscopic coefficient of restitution,
n (v) at normal velocity v at the point of contact The particle is dropped
from a certain height and collides with a horizontal hard plate. We describe
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the inelastic collision of the particle with the plate as an instantaneous event
leading to a change of linear and angular momentum of the particle due to
the collisional impulse P:
1
P,
M
1
∆Ω ≡ Ω 0 − Ω = (r × P) .
J

∆V ≡ V 0 − V =

(4)

where V and V 0 describe the pre- and post-collisional linear velocity of the
particle, Ω and Ω 0 are the pre- and post-collisional angular velocities, J is
the moment of inertia of the particle and r is the contact point, located at
the surface of one of the asperities. The geometry of the impact is sketched
in Fig. 4.

3v
I

3v
V

n3
v3 v

3 V
3
I

t
3
v
Fig. 4 Sketch of the collision of a rough particle with a flat surface. Only the asperity
which is in contact with the plane is shown.

The microscopic impact velocity, that is, the velocity of the point where
the asperity touches the floor at r is defined by
v = (v · n) n + (v · t ) t = V + Ω × r ,

(5)

where n and t are unit vectors in the plane pointing in directions normal and
tangential to the velocity of the contact point.
The inelastic nature of the collision of the particle with the plate is taken
into account by the microscopic coefficients of normal and tangential restitution, n and t , such that the post-collisional velocity at the point of contact
are given by
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(6)

v 0 · t = t (v · t ) .

The third component of v which is perpendicular to both n and t does not
change during the impact.
The change of the microscopic impact velocity of the particle is, therefore,
v 0 − v = − (1 + n ) (v · n) n + (−1 + t ) (v · t ) t
= ∆V + ∆Ω × r .

(7)

The second line of Eq. (7) relates the change of the microscopic velocity at the
point of contact to the change of the macroscopic velocities of the particle.
By substituting ∆V and ∆Ω from Eqs. (4) into the right hand side of Eq.
(7) we obtain the following system of linear equations describing the impact:
− (1 + n ) (v · n) n + (−1 + t ) (v · t ) t =

1
P
+ (r × P) × r . (8)
M
J

Using Eqs. (8) and (4) one can compute the dynamics of the bouncing particle provided the position of the asperity rc and the microscopic coefficients
of restitution, n and t , are given. Consequently, by means of Eq. (1) we can
compute the macroscopic coefficient of restitution, ε, as observed in experiments. Obviously, as the position of the asperity at the instant of the impact
is random, v and, thus, ε are fluctuating quantities too. Consequently, the
stochastic properties of the coefficient of normal restitution, ε, are intimately
related to the distribution of the asperities at the surface of the particle.
The value of the microscopic coefficient of restitution n (v) was derived
analytically for the viscoelastic collision of a perfect sphere with a plane
[10, 51, 52] at normal velocity v at the point of contact and can be computed
by the convergent Padé expansion of order [1/4], for details see [46, 40]:
n (v) ≈

1 + c1 v∗
1
1
; v∗ = β /2 v /10 ,
1 + b1 v∗ + b2 v∗2 + b3 v∗3 + b4 v∗4

(9)

with the universal (material independent) constants c1 = 0.501086, b1 =
0.501086, b2 = 1.15345, b3 = 0.577977, b4 = 0.532178. The material constant
β = 0.0467 was determined by fitting Eq. (9) to the experimental data;
see [38]. The microscopic coefficient of tangential restitution, t , depends on
both bulk material properties and surface properties. Therefore, t cannot be
analytically derived from material properties, except for the limiting case of
pure Coulomb friction, e.g. [50, 2]. Here we assume t = 1, that is, elastic
no-slip interaction in tangential direction.

10

N. Gunkelmann, D. Serero, A. Glielmo, M. Montaine, M. Heckel, T. Pöschel

2.3 Numerical simulations: Fluctuations due to
surface roughness and eccentricity
2.3.1 Surface roughness
In numerical experiments we released the particle from a certain height just
as in the experiment described above and simulated the sequence of collision
in analogy to the experiment. When the particle contacts the plane through
one of its asperities, we compute the local change of velocity due to the impact
geometry and the microscopic coefficient of restitution, to obtain the impulse
on the particle at each impact. These impulses govern the dynamics of the
particle in an event-driven molecular dynamics simulation (see Sec. 2.2). Micromechanically, when the particle collides with the plane, there act torques
due to the asperities which cause transfer between the translational and rotational degrees of freedom. Since the rotation of the particle does not influence
the coefficient of restitution determined via Eq. (1), the rotational degrees of
freedom act like a reservoir of energy and at each collision a certain amount
of energy is exchanged between the rotational and translational degrees of
freedom. The amount depends on the details of the contact mechanics, that
is, on the angular orientation of the particle at the instant of the contact
and on the positions of the asperities which may be considered as random
variables, thus appearing like an uncertainty of measurement. It was shown
that the coefficient of restitution obtained from numerical simulations of the
described model reveals the same characteristics as the experimental results.
This concerns both the mean value ε̄(V ) and the statistical characteristics
of the data [38, 17]. Figure 5 shows the coefficient of restitution obtained
from a numerical simulation. Here the central sphere of radius R = 3 mm
was covered by 3 × 106 asperities of size ρi ≤ R × 10−3 .
Having the experimental data sufficiently closely reproduced, the error
due to roughness can be determined from the standard deviation of the data,
isolated from other sources of experimental error. The error as a function of
the impact velocity is determined by
v
u
u 1 n(V
X)
2
[εi − ε(V )]
σr (V ) = t
n(V ) i=1
(10)
n(V )
X
1
ε(V ) =
εi ,
n(V ) i=1
where the sum is performed over all data points (εi , Vi ) where |V − Vi | < δV
and n(V ) is the number of such data points. The value of δV must be chosen
with care since it compromises between good statistics (large δV ) and good
V -resolution (small δV ); here we use δV = 0.01 m/s. Figure 6 shows the
standard deviation of the data shown in Fig. 5 due to Eqs. (10), as a function
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Fig. 5 Coefficient of restitution for a rough particle plotted against the impact velocity.
The data are colored according to the normalized frequency of occurrence.
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Fig. 6 Standard deviation of the data shown in Fig. 5 computed due to Eqs. (10), as a
function of impact velocity.

of impact velocity, σr (V ). We observe that the standard deviation σr increases
for small impact velocity.
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Fig. 7 Sketch of a dumbbell particle consisting of two identical spheres of radius R̃ and
distance L  R. For better visibility, the value of L appears exaggerated.

2.3.2 Eccentricity
Complementary to surface roughness, that is, deviations from the perfect
sphere on a microscopic scale, we consider deviations from the spherical shape
on the scale of the particle size, disregarding roughness. To this end, the particle is modeled by two identical spheres of radius R̃ and distance L, with
L  R̃, see Fig. 7. Similarly to the previous Section, we perform bouncingbody simulations and determine the coefficient of restitution via Eq. (1), in
analogy to the experiment [15]. Figure 8 shows the coefficient of restitution
obtained from a numerical simulation of 4×104 bounces of the particle for two
different values of the eccentricity, L/R̃ = 0.1. The scatter increases steadily
with decreasing impact velocity similar to our observations for rough particles. Again, the reason for the scatter is transfer between the translational
and rotational degrees of freedom similar as discussed in the previous Section.
The amount of the transferred energy depends on the impact velocity and on
the angular orientation of the particle at the instant of contact. The orientation may be considered as a random variable, except towards the end of the
collision sequence when the height of the jumps approaches the order of L
[15]. The randomness of the numerically determined coefficient of restitution
characterizes the uncertainty of the measurement due to the deviation of the
particle shape from the perfect sphere.
Figure 9 shows the uncertainty of the numerical measurement, quantified
by the standard deviation due to Eqs. (10), for eccentricity L/R̃ = 0.01 and
L/R̃ = 0.02 corresponding to high precision glass spheres [33] as frequently
used in bouncing ball experiments. Again, the standard deviation σr increases
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Fig. 8 The macroscopic coefficient of restitution as a function of velocity for eccentricity
L/R̃ = 0.1. The data are colored according to the normalized frequency of occurrence.

for small impact velocity. Even small deviations from the spherical shape
lead to significant errors. In [20] it was shown that this error dominates the
overall measurement error for moderate impact velocities considered in this
paper. Even for high precision glass beads with typical asphericity of 1. . . 2%,
as frequently used in bouncing ball experiments the standard deviation is
σ ≈ 1 . . . 5 × 10−3 . For larger impact velocity the error due to air drag is
the largest contribution. Although errors of σ ≈ 1 . . . 5 × 10−3 seem to be
small, the dissipation is quantified by the deviation from elasticity (1 − ε).
For spheres with asphericity L/R̃ = 0.02, with σ ≈ 5 × 10−3 , the relative
error of the inelasticity (1 − ε) can easily exceed 20 . . . 50 %.
In this Section, we presented experimental and numerical results suggesting to model the coefficient of restitution as a Laplacian random variable. In
the next one, we show that a purely theoretical analysis leads to the same
conclusion.
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0.005

~
L/R = 0.02
~
L/R = 0.01

0.004

σr

0.003

0.002

0.001

0

0.2

0.4

0.6
0.8
V (m/s)

1

1.2

Fig. 9 Standard deviation of the numerically determined coefficient of restitution for
eccentricity L/R̃ = 0.01 and L/R̃ = 0.02, as a function of impact velocity.

3 Stochastic behavior of the coefficient of normal
restitution: Theoretical derivation
As in Sec. 2 we consider a rigid particle consisting of a large sphere of radius R
and mass M which is covered by a large number, N  1, of tiny asperities at
uniformly distributed random positions on its surface (see Fig. 3). Each of the
asperities is represented by a sphere of radius ρ  R and mass m. It is further
assumed that the coverage of the surface of the central sphere is sufficiently
dense such that each contact of the particle with a plane occurs through
one of the asperities. For typical values ρ/R . 10−4 , thus m/M . 10−12
and N ∼ 106 we can safely neglect the contribution of the asperities to the
mass and the moment of inertia of the particle. For the subsequent analysis
we chose the coordinate system with the origin located at the center of the
central sphere and the (x − y)-plane being in parallel to the plate.

3.1 Distribution of the contact vector r
3.1.1 Components of the contact vector
In order to compute the stochastic properties of the coefficient of normal
restitution, ε, through Eqs. (8,4,1), we consider the statistical distribution
of the vector r indicating the point where the particle contacts the plane
through one of its asperities, see Fig. 4. From geometry it is clear that the
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contacting asperity is the one which is closest to the south pole of the large
central sphere, see Fig. 10.
Due to the random orientation of the particle and the random distribution
of the asperities on its surface, the components of r = (rx , ry , rz ) obey probability densities which will be computed in this Section. The components rx
and ryqcan be expressed by the length of the projection of r to the plane,
rxy ≡

rx2 + ry2 , and the angle ϑ (see Fig. 10) such that

Fig. 10 Definition of variables describing the collision geometry.

rx = rxy cos ϑ,
ry = rxy sin ϑ .

(11)

The remaining coordinate,
rz = −

q

2 − ρ.
R2 − rxy

(12)

In the following subsections, we compute the probability densities of rxy ,
cos ϑ, sin ϑ and derive then the probability densities of the components of r.

3.1.2 Probability density of rxy
The probability to find k homogeneously distributed asperities in a small
circle of area A obeys a Binomial distribution which can be approximated by
a Poisson distribution for N  1:
pk (A) =

e−λA (λA)k
,
k!

(13)
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where λ = N/ 4πR2 follows from equating the total number of asperities
N on thesurface of the central sphere with the expectation value of k due to
pk 4πR2 . We specify A as the area of a circle with radius rxy , see Fig. 10.
We approximated the area of the cap of the sphere by the area of a flat circle
of the same radius leading to negligible errors for the parameters chosen in
this work [17].
From these considerations follows the cumulative probability, Prxy , to find
at least one asperity in a circle of radius rxy ,

(14)
Prxy (t) = 1 − exp −λπt2 , t ≥ 0,
and by differentiating we obtain the probability density to find exactly one
asperity in the circle:

(15)
prxy (t) = 2πtλ exp −λπt2 , t ≥ 0.

3.1.3 Angular location of the contact point in the plane
Given the particle contacts the plane at the distance rxy from the z-axis,
the possible locations of the contact point are on a circle of radius rxy where
no angular orientation, ϑ, is preferred. Thus, the angle is homogeneously distributed in the interval ϑ ∈ [0, 2π). Consequently, the cumulative probabilities
of sin ϑ and cos ϑ read
Pcos ϑ (t) ≡ P (cos ϑ ≤ t)
= 1 − [P (ϑ ∈ [0, arccos t))
+P (ϑ ∈ (2π − arccos t, 2π))]
1
= 1 − arccos t.
π

(16)

Analogously, we find:
Psin ϑ (t) ≡ P (sin ϑ ≤ t)
1
= 1 − arccos(t).
π

(17)

Differentiating Eqs. (16) and (17) we obtain the probability densities
1
1
√
,
π 1 − t2
1
1
psin ϑ (t) = √
.
π 1 − t2

pcos θ (t) =

(18)

According to Eq. (11), the components of r are products of rxy and cos ϑ
or sin ϑ, respectively. Since the distributions of rxy and ϑ (and, thus, cos ϑ
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and sin ϑ) are statistically independent [31], we obtain the distribution of the
product via
√
prx (t) = pry (t) = prxy cos ϑ (t) = prxy sin ϑ (t) =

2

λe−πλt .

(19)

We see that the probability density distribution for rx and ry is a normal
distribution. For more details of the calculation and numerical verifications
see [17].

3.2 Distribution of the coefficient of normal restitution
To obtain the distribution of the coefficient of normal restitution, we use Eq.
(4) together with the definition, Eq. (1),
ε = −1 −

1 P·n
.
M V·n

The impulse P is found by solving the system Eq. (8):


rx rz
P = −K (V, Ω, r) M  ry rz  ,
I + rz2

(20)

(21)

with
K (V, Ω, r)

≡


(V · n + Ωx ry − Ωy rx ) I + rz2
[1 + n (v)]
, (22)
r2 + I

with the components of the pre-collisional angular velocity Ω = (Ωx , Ωy , Ωz )
and the velocity at the contact point in z−direction, V = (V + Ω × r) · n
and I ≡ J/M . Inserting in Eq. (20) yields
ε = −1 +

K (V, Ω, r) (I + rz2 )
.
V·n

(23)

The moment of inertia of the particle is
J=

2
M R2 .
5

(24)

The solution of Eq. (8) for the post-collisional angular velocity reads


ry
Ω 0 = Ω + K (V, Ω, r) −rx  .
(25)
0
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The post-collisional linear velocity reads



rx rz
V0 = V − K (V, Ω, r)  ry rz  .
I + rz2

(26)

For the computation of ε according to Eq. (1) only the orientation of the
z-axis of the coordinate system is important. The orientation of the y- and
z-axis in the plane is arbitrary and can be chosen for each collision such
that Ωx = −Ωy which simplifies Eq. (22). The fluctuating quantity rx ry
has mean zero and a very small variance which suggests the approximation
1/2
= rxy , whose distribution is known, Eq. (15). Then
rx + ry ≈ rx2 + ry2
Eq. (22) adopts the form
K (V, Ω, r) ≡ [1 + n (v)]

(V · n + Ωx rxy )
.
r2 + I

(27)

From geometry (see Fig. 10; R  ρ) it is clear that rz has a much smaller
fluctuation range than rx and ry , therefore, rz can be assumed constant with
rz = R + ρ.
With these approximations, K and, thus, ε, Eq. (23), contain only a single
fluctuating quantity which is rxy . Hence, the distribution of ε = g (rxy ) can
be calculated by the transformation

 dg −1 (t)
pε (t) = prxy g −1 (t)
,
dt

(28)

where prxy is the probability density function of rxy . From Eqs. (23) and (27)
we obtain


πλ(h + f (t))2
πλ [QΩx + f (t)] Q [h(t) + f (t)Ωx ]
exp
−
(29)
pε (t) = −
2Vz2 (1 + t)3 f (t)
4(1 + t)2 Vz2
p
f (t) ≡ [(1 + n (v)] QΩx2 + 4Vz2 [−t2 + tn (v) − t + n (v)] (I + rz2 ) (30)

The component

Ωx0

h(t) ≡ 2(1 + t)Vz2 + QΩx2

(31)

Q ≡ [1 + n (v)] (I + rz2 ).

(32)

can be expressed in terms of ry :
rz Py − ry Pz
 I

1 Pz rz2 ry
= Ωx +
− ry Pz .
I rz2 + I

Ωx0 = Ωx +

(33)

Consequently, as ry obeys a Gaussian distribution and rz is approximately
constant, Ωx0 is Gaussian distributed with zero mean as well. Its standard
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deviation reads
Pz
σ= √
I 2λπ



r2
1+ 2 z
rz + I
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,

(34)

where Pz = M Vz (−ε − 1) is the z−component of the collisional impulse. For
more details see [17].

3.3 Coefficient of restitution for a rough ball: Analytic
predictions
In bouncing ball experiments [38], the coefficient of restitution of a rough ball
was characterized as a fluctuating quantity obeying an asymmetric Laplace
distribution, Eq. (3). In order to compare the analytical result for the probability distribution of a rough sphere, Eq. (29) with the experiment, we perform
a corresponding Monte Carlo simulation using a particle of radius R = 3 mm
covered by 106 asperities of size ρ = 5 × 10−4 mm. We assume the initial
velocity, Vz = V · n = 1 m/s and angular velocity Ω = 0 and chose ε from
the analytically obtained distribution Eq. (29) to obtain Vz0 via Eq. (1) and
we randomly generate Ωx0 according to Eqs. (33, 34) and update the impact
velocity using Eq. (26). This procedure is iterated until the linear velocity
decreases to 0.1 m/s. This process corresponds to the bouncing ball experiment [38]. From the statistical data obtained by repeating the process 105
times, we can draw the histogram for the coefficient of restitution, ε. Figure 11 shows 5 histograms of ε for different impact velocities. The resulting
probability density is approximately an asymmetric Laplace distribution of
the form Eq. (3). Comparison with Fig. 2 shows good agreement with the
experimental data.
In this Section, the conjecture of the Laplacian shape in Sec. 2 could be
justified by considering the statistical properties of the impact geometry of
a rough particle. The origin of the fluctuations are thus imperfections of the
sphere. In the next Section, it is shown how these microscopic irregularities
can change the dynamics of rapid granular flows.

4 Impact of the stochastic nature on cooling properties
of rapid granular flows
4.1 Decay of temperature
In a dilute granular system the absolute velocities of the particles decay on
average because of the dissipative nature of the collisions, characterized by
ε < 1. This may be expressed by a decay of temperature. Using Eq. (1) the
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Fig. 11 Probability density of the coefficient of restitution, ε, due to Eq. (29) for different
values of the impact velocity. For the Monte Carlo simulation we assume a particle of
size % = 3 mm covered by 106 asperities of size ρ = 5 · 10−4 mm. The distribution is
approximately Laplacian (see exponential fits, full lines) and shows good agreement with
the experimental data, Fig. 2.

post-collisional velocity of two particles i and j can be obtained via
Vi = Vi0 −

(1 + ε) 0
Vij n,
2

(35)

where

Vij0 = Vi0 − Vj0 · n.

(36)

If the coefficient of restitution is assumed independent of the impact velocity, ε = const, Haff’s law is valid [19],
T (τ ) =

T0
2

(1 + τ /τ0 )

with

τ0−1 ∝ nd2 1 − ε2

p
T0 ,

(37)

where T0 is the initial temperature, that is asymptotically T (τ ) ∼ τ −2 with
time τ . Haff’s law is the most simple expression for granular cooling. The
asymptotic form has been confirmed experimentally, where gravity was compensated by diamagnetic levitation [35]. However, for realistic particles, the
coefficient of restitution is a function of the impact velocity, ε = ε(V ). In this
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case, it can be shown that for viscoelastic particles, the decay of temperature
reads
T0
,
(38)
T (τ ) =
5/3
(1 + τ /τ00 )
that is, asymptotically T (τ ) ∼ τ −5/3 [9].

4.2 Decay of temperature – Kinetic Theory
At the kinetic level, the system is described by a distribution function for the
velocities, f (V), by mean of which one can express the number density field,
and temperature, as:
Z
n = f (V ) dV
(39)

T =

1
n

Z
f (V )

mV 2
dV.
3

(40)

The equation of motion for T is given by:
n

∂T
= −γ
∂τ

(41)

where γ is the cooling coefficient, describing the rate of decay of the kinetic
energy (multiplied by 2/3), due to the inelasticity of the collisions. Using the
velocity transformations, Eq. (35), the change of energy ∆E in a collision
between particles with velocities V1 and V2 , along the direction spanned by
the unit vector e, and characterized by a coefficient of restitution ε, is given
by:

1 − ε2
2
∆E = −
M (V12 · e ) .
(42)
2
In addition, the collision frequency ν12 of such collisions is
ν12 = d2 f (V1 ) f (V2 ) |V12 · e | dV1 dV2 de,

(43)

where d is the diameter of the particles. Therefore, the cooling coefficient is
given in terms of the distribution function by:
Z Z Z Z

M 2
3
d
pε (t) f (V1 ) f (V2 ) 1 − ε2 (V12 · e )
γ=
12
(44)
H (v12 · e ) dV1 dV2 de dε
where a factor 1/2 has been included to avoids double counting of collisions,
pε (t) denote the probability of the coefficient of restitution ε, depending on
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the normal relative velocity V , H is the Heaviside step function, and the
integration range of ε is [−∞, +∞]. The distribution function depends on
probability of the coefficient of restitution ε. In order to take into account
this dependence, one needs to solve the Boltzmann equation pertaining to the
system. Here, we will for sake of simplicity neglect this dependence and assume that the deviation of the velocity distribution function from the Maxwell
distribution
3/2

MV 2
M
e− 2T
(45)
f (0) = n
2πT
is small. For more details on this assumption see [18].
If we approximate the distribution function by a Maxwellian, f (V) ≈
f (0) (V), the cooling coefficient γ reads
Z Z Z

M 2
3
γ=
d
1 − ε2 f (0) (V1 ) f (0) (V2 ) (V12 · e )
12
(46)
H (V12 · e ) dV1 dV2 de
where brackets denote an average over ε. It appears that the evolution of
the temperature deviates from the decay corresponding to the case of nonfluctuating coefficient of restitution due both to the variance of the distribution, and to the asymmetry of the distribution function, pε (t) (i.e,
hε2 i 6= ε2max ). While the former has negligible effect, the latter has a qualitative influence on the asymptotic evolution of the temperature. We can
reformulate the Laplacian distribution in Eq. 3 in the following way:

t−ε
(V )
− σmax

1
p (V )
if t ≥ εmax (V )
σp (V )+σm (V ) e
(47)
pε (t) =
t−εmax (V )
1

e σm (V )
else .
σp (V )+σm (V )

By using the coefficients σm (V ) and σp (V ) obtained from simulation data and
theory (cf. Sec. 2 and 3), the average coefficient of restitution corresponding
to the distribution (47):
hεi (V ) = εmax (V ) − [σm (V ) − σp (V )]

(48)

is found to be well described by a function of the form
hεi = 1 − δ ∗ V η

with

δ ∗ = 0.05317 ;

η=

4
,
25

(for more details see [18]). A straightforward calculation then yields:
 
79
288 33 √
2
1
γ=
2 50 πΓ
n2 d2 29 T 50 δ ∗ ,
625
25
m 50
i.e, solving Eq. (41):

(49)

(50)
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T (τ ) = h

1+

4176
15625



2


33
50

T0

2 √

Γ

25

πnd2 δ ∗

T0
m

i 50
29
 50
29
τ
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(51)

that is,
T =

T0
(1 +

τ →∞

τ 50/29
τρ )

−−−−→

∼ τ−

50/29

(52)

with the constant τ ρ defined by Eq. (51). Comparing this result with the
decay of temperature of a gas of viscoelastic particles [51, 52], T ∼ τ −5/3 , Eq.
(38), we obtain that the fluctuating coefficient of restitution lets the gas cool
noticeable faster but slower than gases of particles interacting via ε = const,
where T ∼ τ −1/2 , according to Haff’s law [19].

4.3 Decay of temperature – numerical simulation
4.3.1 Numerical description of the stochastic coefficient of
restitution

For the numerical simulation in the following subsection we need random
numbers distributed according to pε (t) as given by Eq. (3) where εmax in
turn is given by Eq. (9). Using the inverse transformation method [44], these
random numbers have to be computed from standard random numbers, x,
equally distributed in the interval x ∈ [0, 1), available on the computer. The
cumulative distribution function
Zt
%ε (t) =


pε t̃ dt̃

(53)

−∞

maps each value of ε to a number in the interval [0, 1). So if %ε can be inverted, %−1
ε (x), obeys the distribution pε if x is an equally distributed random
number, x ∈ [0, 1).
The inverse of the cumulative distribution function of Eq. (3) reads
(
1
−b
%−1 (x) < εmax (V )
−1
a + a ln(ax)

%ε (x) = −d
1
c aεmax +b
cεmax +d
+e
else.
c + c ln cx − a e
(54)
In this way, we obtain random numbers distributed according to pε (t) from
equidistributed random numbers x ∈ [0, 1).
Note that the functions %−1
depend on the impact velocity through
ε
εmax (V ). We use the Padé approximation of order [1/4] as described in
Eq. (9).
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4.3.2 Direct Simulation Monte-Carlo details

To study the decay of temperature in the homogeneous cooling state, we
apply Direct Simulation Monte Carlo (DSMC) [4, 43]. DSMC simulations of
dilute granular gases have been first performed by Brey et al. [7]. DSMC is by
orders of magnitude faster than MD (event-driven as well as force controlled
MD), however, its main advantage compared to Molecular Dynamics is that
DSMC is not a particle simulation but a tool to integrate the Boltzmann
(or Boltzmann-Enskog) equation by means of a Monte-Carlo procedure. This
allows us to compare the results of a DSMC simulation directly with the
results obtained from the Kinetic Theory. When investigating a granular gas
in the homogeneous cooling state, MD is restricted to almost elastic particles,
ε . 1, and low density, to avoid formation of correlations of different kind,
conflicting the homogeneous state. In contrast, DSMC works for all values of
the coefficient of restitution and density by avoiding correlations. We wish to
remark here that large part of the literature confirms that influence of the
correlation of particle velocities due to inelastic collisions on the cooling rate
is small, e.g. [22, 42, 24, 6, 49], which has, however, also been questioned [5].
In our simulation, at each time step a pair of (quasi-) particles is selected
randomly with equal probability. A collision according to the collision rule,
Eq. (35), was executed if
|e · v12 | > RND 7vT ,

(55)

where RND is a uniformly distributed random number from the interval
RND ∈ [0, 1) and vT is the thermal velocity. To compute the post-collisional
velocities using Eq. (35) we determined a random unit-vector e. The term 7vT
is an estimate for the smallest upper bound of the average normal velocity,
see [43] for justification of this term. The simulation was performed with 105
quasi-particles, initialized with a Maxwellian velocity distribution according
to the thermal velocity T0 = 1.

4.3.3 Decay of temperatures obtained from DSMC simulations

We simulated a granular gas of particles interacting via a fluctuating coefficient of restitution due to Eq. (3) in the homogeneous cooling state and
computed the granular temperature as a function of time via T = 13 mv 2 .
For large times, the temperature decays according to a power law, T ∼ τ −k ,
with the best fit k = 1.71 being in excellent agreement with the result obtained from Kinetic Theory, Eq. (52), k = 50/29 ≈ 1.7241. Figure 12 shows
the DSMC simulation data with a best fit of the function
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T =

T0
,
(1 + τ /τf )1.71
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(56)

with a fit value for τf together with the analytical result, Eq. (52). The
asymptotic decay due to Haff’s law [19] (for ε = const) and for a gas of
viscoelastic particles [51] is also shown.
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Fig. 12 Evolution of the granular temperature of a gas of 105 particles interacting via
a fluctuating coefficient of restitution. The full line shows the analytical result, Eq. (52),
the symbols show the simulation results. The dashed lines mark the asymptotic behavior
for gases of viscoelastic particles, T ∼ τ −5/3 [51], and particles interacting via a constant
coefficient of restitution, Haff’s law, T ∼ τ −2 [19]

The result deviates from Haff’s law (k=2) [19] as well as from the evolution
of temperature for a gas of viscoelastic particles (k = 5/3) [51]. Note that the
deviation from the case of viscoelastic particles originates from the asymmetry of the probability function, pε . Although the median of the coefficient of
normal restitution equals the expression for viscoelastic spheres [51, 52], the
mean value deviates considerably because of the skewness of the functions.
In a further study [53], the influence of the stochastic coefficient of restitution to dilute binary mixtures was examined by hydrodynamics and DSMC
simulations. The stochasticity leads to quantitative differences in comparison
to the non-fluctuating case depending on the shape of the distribution function. It was shown that differences in the shape of the probability distribution
are sufficient to produce partial segregation in vertically vibrated systems.
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5 Conclusion
A common technique to measure the coefficient of restitution exploits the
analysis of the sound signal of a particle bouncing repeatedly off the ground. A
detailed analysis of such large scale measurements reveals that the measured
values of the coefficient of restitution show extraordinary large scatter; more
than what could be expected from an error analysis. We have shown that
this scatter can be attributed to small imperfections of the spherical shape
of the particles.
Considering the coefficient of restitution as a fluctuating quantity, by
means of experiments and theory, we have quantified the corresponding distribution function and related the characteristics of the distribution to the
typical size of the surface imperfections. It turns out that for slightly nonspherical rough particles, the fluctuations are characterized by a rather uncommon asymmetric Laplace probability density.
Further, we applied the concept of a fluctuating coefficient of restitution to
large assemblies of granular particles in a dilute state (rapid granular flow).
Due to the non-trivial coupling of translational and rotational degrees of freedom substantial differences in the kinetic properties of rapid granular flows
occur. The decay of temperature of rapid granular flows in the homogeneous
cooling state deviates from Haff’s law for gases of particles interacting via
a constant coefficient of restitution also from the scaling law for gases of
viscoelastic particles. Future research will cover impacts of the stochasticity on denser granular systems including pipe flow and sheared systems [16],
granular jets [39] and vibrating systems [27].
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