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a b s t r a c t
The quantitative description of packing behaviour of particulate systems under consideration of realistic
particle size distributions and material properties poses one challenging problem in powder technology,
with impacts on a broad range of technological areas. Here we investigate the packing characteristics of
micrometer to millimeter-sized, polydisperse spherical particle systems of glass, zirconia and copper by
means of experimental measurements of the bulk density, X-ray microtomography (CT) and numerical
simulations of the granular packings using a 3d discrete element method (DEM). The applied DEM
method takes realistic material properties into account and considers the experimentally obtained particle size distributions as well as attractive inter-particle forces including adhesion (Johnson, Kendall,
Roberts (JKR)) and non-bonded van der Waals (vdW) interactions. Good agreement of the packing densities predicted by DEM and observed in the experiments (bulk density determination & CT) is found.
Moreover, we show that a simple mathematical expression for the packing fraction as a function of average particle size of the polydisperse powder system describes well our experimental and simulation
results for all investigated materials, with only two fitting parameters. From the DEM simulations, the
mean (first) coordination number in the respective polydisperse packing is extracted and discussed with
respect to the experimentally obtained direct neighborhood detection from X-ray tomography and in
context of previous works. The mean coordination number shows a rather broad variance due to the polydispersity of the samples considered. It also shows a remarkable dependency on the definition of particle
contact. Therefore, caution is advised when evaluating coordination numbers with this quantity being
highly dependent on the instrumental resolution.
Ó 2020 The Society of Powder Technology Japan. Published by Elsevier B.V. and The Society of Powder
Technology Japan. All rights reserved.

1. Introduction
The packing behaviour of particles and strategies to tailor packing fraction, porosity, void volume or the particles’ coordination in
the packing are of great interest in many practical applications e.g.
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in chemical engineering (c.f. fixed bed reactors, filtration) or manufacturing. Especially in the production of ceramics, powder metallurgy or in powder bed fusion additive manufacturing (AM)
processes like selective laser sintering (SLS), selective laser melting
(SLM) or selective electron beam melting (SEBM), the packing characteristics and the powder’s behaviour during processing have an
immanent impact on product properties, such as dimensional
accuracy or mechanical strength. In these fields, a deeper understanding of the influence of powder characteristics like particle size
(distribution), particle shape (roundness) [1], surface roughness,
solids density, particle-particle interactions (adhesion and friction)
on packing properties and flowability is highly desirable. For fine,
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Nomenclature
a
Ad
AH
AM
An
At
C
CT
<d>
DEM
Dmin
Fgravity
FJKR
FN
Ft
FvdW
G
JKR
k
M
<Nc>
PA12
PBT
PSD
q0
q3
Q0
Q3

contact radius
adhesion parameter
the Hamaker constant
additive manufacturing
dissipative parameter
tangential dissipative parameter
free parameter
X-ray microtomography
mean particle diameter
discrete element method
minimum distance of the particles’ surfaces at contact
gravitational force
adhesion force
normal force
tangential force
van der Waals (vdW) force
shear modulus
Johnson, Kendall and Roberts
constant
magnification
mean coordination number
polyamide 12
polybutylene terephthalate
particle size distribution
number density distribution
volume density distribution
number sum distribution
volume sum distribution

micron-sized particles, particle-particle interaction forces dominate over the gravitational force and, thus, will determine the
packing behaviour. Although, general dependencies like e.g. the
effect of particle size, particle interactions and surface roughness
on powder flowability [2–10] are well-known and may be qualitatively understood by rather intuitive approaches [11,12], deduction of quantitative relationships between particle characteristics
in realistic particle systems being characterized by a particle size
distribution and e.g. different particle shapes is almost impossible
by simple models. For this problem, DEM simulations are a reliable
approach; if necessary, the full particle size distribution and the
effect of particle shape and particle-particle interactions can be
considered in the simulations. In powder bed fusion AM [13–18],
for example, DEM simulations allow to deduce quantitative information on bulk solid properties (flowability, packing fraction) of
the used powder material. There, they will allow e.g. for the deduction of optimum powder properties for product design [19] and
optimal powder handling and deposition mechanism [14,16]. For
a realistic modeling of AM feedstock materials of particles of several tens of microns size, particle interactions have to be taken into
account. It has been shown previously [20] that when considering
attractive particle interaction forces, adhesion and non-bonded van
der Waals forces [12,21–27], quantitative agreement between simulated and experimentally determined packing densities can be
obtained for fine particles with rather broad size distribution and
<50 mm average size. Especially in powder bed fusion AM processes, packing density and flowability during the powder deposition step [17,18,28,29] are crucial: ideally the application of a
homogeneous powder layer of high bulk density is desired [30–
33]. This is challenging, as there is little compaction during the
powder application step typically being performed with a roller
coater or a blade. Discrete element (DEM) simulations [15–
18,34,35] allow for a very detailed understanding of flow and jamming of these particle systems during powder spreading.

R
Reff
SEBM
SLM
SLS
U0
vdW
VPP
w
x
Y

radius
effective radius
selective electron beam melting
selective laser melting
selective laser sintering
settling velocity
van der Waals
Volume Player Plus
work of adhesion
particle diameter
Young’s modulus

Greek letters
a
free parameter
b
free parameter
c
surface energy
e
free parameter
u
packing fraction
u1
packing fraction for large particles
j
free parameter
k
elastic parameter
l
friction coefficient
m
Poisson’s ratio
q
solid density
v
force ratio FvdW / Fgravity
1
deformation
s
free parameter

The motivation of this work is to assess the prediction of packing characteristics of unconsolidated bulk materials in the micrometer size range, namely packing fraction and average (first)
coordination number, by DEM for different model particle systems
(copper, zirconium oxide and glass) taking experimentally determined particle size distributions (c.f. image analysis, laser diffraction particle sizing) and realistic material properties [26,36] into
account. Results on packing fraction and (first) mean coordination
number obtained by DEM simulations are validated against experimental bulk density measurements (c.f. determination of powder
mass and volume occupied by the bulk solid) and experimental
coordination numbers determined by direct neighbourhood detection from X-ray microtomography. Information on packings of
unconsolidated bulk materials accessible from the validated DEM
model will allow for a deeper understanding of the behaviour of
powder systems applied in powder bed fusion AM processes, such
as SLS, SLM or SEBM, and the optimization of feedstock materials
with respect to their packing properties.

2. Experimental
2.1. Materials
Bulk density measurements were performed for spherical particles of different materials, namely glass, zirconia (ZrO2) and copper
(Cu). Glass samples of different particle size distribution (PSD)
were obtained by classification of SiLi beads Type S (0. . . 20 mm,
0 . . . 50 mm and 40 . . . 70 mm, Sigmund Lindner, Germany) using
a 50 ATP air classifier (Hosokawa Alpine, Germany). The PSDs (volume sum, Q3) of the glass powders determined by laser diffraction
particle sizing are given in Fig. 1a. For the respective cumulative
number-based distributions Q0, see Figure A in the supplementary
material. The ZrO2 beads used in the study are commercially
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Fig. 1. Particle size distributions (PSDs), volume sum (Q3) of (a) glass spheres determined by laser diffraction particle sizing (top), (b) ZrO2 beads determined by image
analysis (middle) and (c) Cu spheres determined by image analysis and from CT data (bottom).
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available yttria-stabilized zirconia (YTZ) grinding media (Tosoh,
Japan, respectively, Sigmund Lindner, Germany) of (nominal) size
32 mm, 50 mm, 100 mm, 400–500 mm, 500–630 mm, 1 mm and
2 mm. Their PSDs obtained by optical microscopy and image analysis are depicted in Fig. 1b (for Q0 distribution, see Figure A, supplementary material). The copper (Cu) particles (OFHC copper)
‘Cu 30 . . . 75 mm’ and ‘Cu 50 . . . 150 mm’ were purchased from
TLS Technik & Spezialpulver (Germany) and their PDSs (Fig. 1c)
have been determined by image analysis as well (see Figure A in
the supplementary material for respective Q0 distributions). For
comparison, besides these almost perfect spherical particles (shape
factor for Cu and ZrO2 > 0.82, see Table 3 in the Results section) also
powders for additive manufacturing with more complex particle
shape, namely polyamide 12 (PA12) powder (PA2200, EOS,
Germany) [28] for selective laser sintering (SLS) and flattened,
plate-like and perfect spherical polybutylene terephthalate (PBT)
particles of comparable size distribution obtained by comminution
[37] and rounding [4,7,38], respectively, for SLS have been characterized experimentally regarding their bulk density to demonstrate
the effect of shape on the packing.
2.2. Methods
2.2.1. Laser diffraction particle sizing
The PSDs of the glass spheres (Fig. 1a), PA12 and PBT were
determined by laser diffraction particle sizing using a Mastersizer
2000 / Hydro 2000S (Malvern, UK). For measurements aqueous
suspensions of the respective powder have been diluted as appropriate with deionized water. For preparation of aqueous suspensions of the polymer samples some sodium dodecyl sulphate
(SDS, 98% Merck, Germany) was added to improve wetting and
to assure colloidal stability during measurement.
2.2.2. Optical microscopy & image analysis
PSDs and the shape factor (circularity = 4*p*area/perimeter2) of
the Cu and ZrO2 particles were determined by image analysis using
an Axio Imager.M1m (Zeiss, Germany) microscope and the software provided with the device. As particle size deduced from
image analysis, we used the equivalent circular diameter (ECD),
i.e. we evaluated the projection area for each particle and calculated the ECD as ECD = (4*projection area / p)0.5. The number density distributions q0 obtained by image analysis of at least 2700
particles were converted to volume sum distributions Q3 (Fig. 1b
and 1c) by the method of moments.
2.2.3. Determination of bulk density
For the determination of the bulk density the following two
procedures were applied: in the case of the glass spheres and the
polymer particles, about 80 mL of the respective powder were
poured into a graduated glass cylinder of a total volume of
100 mL and a diameter of 3.5 cm via a funnel without the application of compression or tapping. The outlet of the funnel (diameter
approx. 2 cm) was placed about 2 cm above the opening of the
cylinder, i.e. at a height of about 12 cm above the bottom. In this
experimental setup the packing volume could be determined with
an accuracy of 0.5 mL. The bulk density was obtained by dividing
the mass of the particles filled into the cylinder by the occupied
volume. The mass of the powder has been determined with a lab
balance at an accuracy of 1 mg. The (dimensionless) packing fraction is given by the quotient of the bulk density and the solid density. The reported packing densities determined with this setup are
the average of 5 independent measurements. The relative standard
deviation of the obtained packing density for all powders was
smaller than 3%.
The bulk density of the ZrO2 and Cu spheres was determined in
a similar setup: instead of the glass cylinder an aluminum cylinder

of similar height, 5.5 cm diameter and a total volume of 250 mL
was used. The particles also were introduced with the funnel
placed about 12 cm above the bottom of the cylinder without tapping, however, the cylinder was filled completely with the solid
until a bulk cone formed. The bulk solid in the cone was carefully
removed with a blade (compression of the packing was omitted).
The mass of the particles introduced was determined with a balance at an accuracy of 10 mg. The bulk density was obtained by
division of the mass of the particles introduced into the cylinder
by the occupied volume (250 mL). The reported packing densities
are the average of 5 independent measurements. This slightly
modified procedure gave even better reproducibility, the relative
standard deviation in all cases was below 0.5%. The aforementioned experiments were performed at lab atmosphere at room
temperature of around 20 °C and a relative humidity of around
40%. The bulk solids were stored in the lab prior to usage and ‘used
as supplied’, .i.e. no special conditioning of the material like heating was applied prior to the bulk density determination.
2.2.4. X-ray microtomography (CT)
X-ray microtomography was applied for the determination of
the bulk density and the (first) coordination number of ZrO2 and
Cu spheres. The CT system is equipped with an X-ray tube Yxlon
FXT-225.3 and a transmission target which uses tungsten as target
material for high resolution and high flux measurements. The tube
was operated at 150 kV with a tube current of 0.08 mA. The system
is equipped with a Thales RF4343 detector with a 2864  2864
pixel matrix and a pixel pitch of 148 mm. The magnification M
for the measurement was chosen as M = 95 with a focus detector
distance of 57 cm and a focus object distance of 0.6 cm. For the
required quality of the CT measurement we took 1600 projections
for each granular sample material. For each sample three measurements and volume analysis procedures were performed.
For the measurement preparation the granular material was
poured into a small cylinder of 3 mm diameter, i.e. a particle to
tube diameter ratio of 33:1 applied for a typical particle size
x50,3 = 90.6 mm. The filled cylinder was placed on the rotational axis
of the CT system. After pouring the bulk solid into the cylinder we
avoided any movement or taping of the sample to omit further
consolidation of the powder, which would result in a change of
the bulk density. Depending on the different sizes of the sample
spheres (c.f. Table 3), different voxel sizes for the CT measurements
were chosen to get a reasonable sampling rate for the single
spheres, which was above 20 voxels per mean particle diameter
as summarized in Table 1 together with other volume parameters.
Prior to analysis of the packing fraction, partial volumes with
4003 voxels were created out of the generated volume datasets
for better data analysis handling. If possible, the size of the partial
volumes was chosen that at minimum of 7 spheres fit in one edge
length to get reasonable statistics and to reduce the edge effects.
For ZrO2 100 mm we achieved only 4 spheres per edge length due
to the large x50,3. The first step was a binarization of the volume
datasets. The threshold for the binarization was determined by

Table 1
Characteristics of the partial volumes used for the volume analysis correlated with
particle sizes.
Sample label

Edge length of
each voxel / mm

# voxels per
mean particle
diameter (x50,3)

# of particles along
the partial volume
edge length

Cu 30–75 mm
Cu 50–150 mm
ZrO2 32 mm
ZrO2 50 mm
ZrO2 100 mm

1.39
2.15
1.43
1.43
1.67

52.2
42.1
21.7
36.2
106.6

7.7
9.5
18.5
11.1
3.8
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analyzing the histogram over the complete volume and taking the
minimum of the grey value distribution between the two peaks
representing the air and the sphere material in the volume (see
Supporting information, Figure B). Based on the binarized volumes,
the packing fraction was determined simply by summing up separately the number of voxels which were determined as material
and which were determined as air. After the binarization the particles were separated by watershed transformation, analyzed separately and the results were stored in a list. From that list we
derived the PSD, the volume distribution of the particles and also
geometrical parameters. Based on the generated dataset also the
direct neighbour analysis was performed. As direct neighbours
we defined particles with direct contact in the binarized dataset.
Direct contact is defined if one voxel of one particle is in direct
neighbourhood of one voxel of another particle. For the volume
processing and data analysis we used our own data analysis tool
VolumePlayerPlus (VPP).
2.2.5. DEM simulations
The procedures applied in the DEM simulations have been
reported previously; for details please refer to [20]. The simulations were performed for powder systems assuming perfect spherical particles of the respective size distributions depicted in Fig. 1ac. Newton’s equations of translational and rotational motion were
solved for all particles in the system. In normal direction viscoelastic interactions [39] are considered and in the tangential direction
a modified Cundall-Strack model [34,40] is applied.
The normal force FN reads


pﬃﬃﬃ  !
!
3
3
FN ¼ min 0; k  n2   An  k  n  n_  e n
2

ð1Þ

with the deformation n for particles of radii R1 and R2 at posi!

!

tions r 1 and r 2 given by

!

! 

n ¼ R1 þ R2   r 1  r 2 

ð2Þ

and the elastic parameter k expressed as

k¼

qﬃﬃﬃﬃﬃﬃﬃﬃ
2Y
 Reff
2
3  ð1  m Þ

ð3Þ

Y is the Young’s modulus, m the Poisson’s ratio and the effective
R2
radius is Reff ¼ RR11þR
. The min function in Eq. (1) is applied to ensure
2
that the normal force FN, which consists of the sum of an elastic
and a dissipative term, is always repulsive [39,41]. The dissipative
parameter An in Eq. (1) depends on the materials viscosities and
was determined via a relation between the coefficient of restitution for collision of two particles and the dissipative parameter
[20]. For further details please refer to [41–44].
The tangential force Ft is given by

 
 Z 4  G pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ  !
!
 !
Ft ¼ min l   FN ;
 Reff  nds þ At  Reff  nv t  et
2m

ð4Þ
with l: friction coefficient, G: shear modulus calculated as
Y
G ¼ 2ð1þ
mÞ.The integral is computed for the displacement of the particles at the contact point during contact; the relative tangential
!

!

velocity at the contact point is v t ¼ v t  e t . At is the tangential dissipative parameter, where At  An 
Moreover, particle interactions, namely adhesion (considered
by the JKR model [45]) and non-bonded van der Waals forces are
taken into account. As shown previously [20], both aforementioned
contributions (JKR & non-bonded vdW) need to be considered to
predict the experimentally observed packing fractions correctly.
The adhesion force is given by

!

F JKR

sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a3  p  c  Y !
¼4
 en
2  ð1  m 2 Þ

ð5Þ

where a is the contact radius and c is the surface energy. The contact radius is computed from the deformation n via Eq. (6), see [20]:

a2
n¼

Reff

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1  m 2 Þ  a  p  c
8
Y

ð6Þ

Non-bonded van der Waals forces were calculated using the
expression by Hamaker with a cut-off distance of 1 mm [20,29].
The expression for the non-bonded attractive interaction force thus
reads:

n>0:

!

F vdW ¼

AH  Reff
6

0 P n P 1lm :

D2min

!

!

 en

F vdW ¼

ð7Þ
AH  Reff

6  ðn  Dmin Þ2

!

 en

Here AH is the Hamaker constant and Dmin is the minimum distance of the particles’ surfaces at contact [46].
The values of the material parameters used in the DEM simulations are summarized in Table 2. The surface energy c was calculated from the Hamaker constant AH assuming a minimum
distance between the particles in contact of Dmin = 0.165 nm
[20,22,46]:

c¼

24  p  D2min
AH

ð8Þ

For the determination of packing fractions a simulation box of
size 12 <d> ∙ 12 <d> in x- and y-direction, with <d> being the mean
particle diameter, was chosen and periodic boundary conditions
applied. The dimension of the simulation box in z-direction was
chosen that it allowed for realization of packings of a height >30
∙ <d>. For an initial setting, the particles not touching each other
were placed at random positions in the simulation box (overall
packing fraction < 0.2). When starting the DEM simulation, the particles were allowed to settle due to gravity. The packing fractions
given in the following were computed after full relaxation. Snapshots of DEM simulations performed for glass (5 . . . 10 mm) and
ZrO2 (100 mm) that illustrate the effect of cohesiveness on packing
fraction are given in Fig. 2. A smaller packing fraction is observed
for the fine glass particles (Fig. 2, left) compared to the much larger
zirconia spheres (Fig. 2, right).
2.2.6. Determination of the mean coordination number <Nc> from
DEM data
Two particles were defined as neighbors, if the distance
between the particle centers was smaller than the sum of their
radii, i.e. if the particle-particle surface distance was 0 (or less).
To obtain the mean coordination number in the packing for all particles the number of neighbors in the volume of the packing was
calculated; particles found in volume elements close to the bottom
or top of the cylinder were excluded from the evaluation, the same
applies for particles found in volume elements close to the lateral
boundaries. The following procedure was used to determine <NC>:
(1) Particles at a minimum distance of D = k * R (R: radius, k:
constant, starting from e.g. k = 0.1) are selected and the contact numbers of the selected particles are summarized and
divided by the total number of selected particles, thus, a
mean contact number <NC(k)> is obtained.
(2) Step (1) is repeated and the value for the constant k is
increased.
(3) Step (2) is repeated until <NC(k)> converges and a constant
value is found.
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Table 2
Material parameters used in the DEM simulations.

Parameter
Particle material density
Young’s modulus
Poisson’s ratio
Coulomb’s friction coefficient
Hamaker constant
Surface energy (*)

Copper (Cu)

ZrO2

Glass (e)

8940 kg/m3
120 GPa
0.34
1.00
2.84 10-19 J (a)
50.2 mJ/m2

6000 kg/m3
210 GPa (b)
0.31 (b)
0.40 (c)
1.16 10-19 J (d)
56.5 mJ/m2

2500 kg/m3
63 GPa
0.34
0.50
1.03 10-19 J
138.4 mJ/m2

Symbol

q
Y

m
l
AH

c

(a) [47], (b) average values from [48] and [49], (c) [50], (d) value for Yttria-stabilized ZrO2 [51], (e) all parameters from [20], (*) calculated from Hamaker constant according to
Eq. (8).

Table 3
Characteristics of model particle ensembles, mean diameter <d>, particle sizes x10,3, x50,3, x90,3, span ((x90,3 - x10,3)/x50,3) and shape factor (circularity) of ZrO2, Cu and glass
systems.
ZrO2 (a)

<d>/mm

x10,3/mm

x50,3/mm

x90,3/mm

Span

Shape factor (circularity) (c)

32 mm
50 mm
100 mm
400–500 mm
500–630 mm
1 mm
2 mm
Cu (a)
30–75 mm
50–150 mm
Glass (b)
0 . . . 5 mm
0 . . . 10 mm
5 . . . 10 mm
10 . . . 20 mm
20 . . . 30 mm
30 . . . 40 mm
40 . . . 50 mm
10 . . . 70 mm
50 . . . 70 mm

31.3
54.3
178.8
702.6
739.1
1292.3
2042.1

27.5
49.0
160
475
505
1230
1965

31.0
51.7
178
743
751.5
1290
2042

34.0
55.0
195.5
800
816
1338
2109

0.21
0.12
0.20
0.44
0.41
0.08
0.07

0.98
0.82
0.85
0.85
0.85
0.92
0.91

75.1
98.0

58.0
62.0

72.5
90.6

93.6
143.0

0.49
0.89

0.96 +/ 0.09
0.95 +/ 0.09

3.88
5.36
6.03
13.96
19.87
27.21
32.83
44.38
52.04

1.7
2.4
3.5
8.1
12.3
16.7
20.4
21.1
32.5

3.2
4.5
5.4
12.5
17.8
24.5
29.6
38.4
46.9

6.5
8.7
8.2
18.5
26.0
35.0
42.8
66.5
67.7

1.50
1.40
0.87
0.83
0.77
0.75
0.76
1.18
0.75

N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A
N/A

+/
+/
+/
+/
+/
+/
+/

0.03
0.07
0.04
0.08
0.09
0.03
0.04

Obtained by (a) image analysis, (b) laser diffraction particle sizing; (c) mean shape factor (+/ standard deviation).

Fig. 2. Snapshot of DEM simulations performed for (a) glass (5 . . . 10 mm), left, and (b) ZrO2 (100 mm), right. For used material parameters and particle size distributions, see
Tables 2 and 3.
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To account for the spatial resolution of the CT method,
respectively, to demonstrate the influence of the definition of
‘particle-particle contact’, also further evaluations allowing for
particle-particle distances > 0 were performed (see Section 3.3).
3. Results and discussion
3.1. Dependence of packing density on particle size and shape
The packing fraction of particles is known to depend on many
factors, besides intrinsic materials properties especially mean particle size, the PSD and the particle shape will influence this quantity. In the case of fine (cohesive) powders, particle-particle
interaction forces remarkably influence packing behaviour and
agglomeration due to the larger ratio of van der Waals forces to
gravitational force [1,26,52–59]. Also the mode of generation of
the packing (c.f. settling of randomly generated particles vs. settling of vibrated beds) influences packing density [60]. Experimentally determined packing fractions (c.f. Section 2.2.3) in
dependence on the volume averaged particle size x50,3 are depicted
in Fig. 3 for model particle systems, namely glass (red circles), ZrO2

Fig. 3. (a) Experimentally determined packing densities of different materials in
dependency on the volume-weighted median diameter x50,3, (b) Dependence of
packing fraction on the ratio of van der Waals force FvdW and gravitational force
Fgravity. Red dotted line: packing fraction for (frictionless) random close packing
(RCP) of 0.64; blue line (dash dot): packing fraction of RCP with friction (0.54). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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(black squares) and Cu (brown triangles), and polymer particles
used in selective laser sintering (c.f. PA12, PBT) [7,31]. Please note,
that instead of choosing the volume weighted particle size x50,3 as
the main location parameter of a PSD, of course, also other parameters, such as e.g. the number weighted particle size x50,0, the Sauter diameter x1,2 or the mean diameter <d> could be chosen. The
aforementioned quantities can be calculated from a PSD and easily
converted into each other e.g. by the method of the moments. For
the PSDs (Q3) of the glass, ZrO2 and Cu systems, please refer to
Fig. 1, respectively, to Supplementary Figure A for Q0 distributions.
Further characteristics of these model particle ensembles, namely
the mean particle diameter <d> (first moment of the PSD, i.e.
1
R
hdi ¼ x  q3 ðxÞ  dx, with x, particle size), x10,3 and x90,3 (10th,
0

respectively 90th percentile of Q3), the span ((x90,3 - x10,3)/x50,3)
and the shape factor (circularity) are summarized in Table 3: The
ZrO2 and Cu particle systems show a rather small width of the
PSDs, as expressed by the span; especially the ZrO2 beads are
almost monodisperse with spans much smaller than 0.5. For these
systems of narrow distribution x50,0 and x50,3 are almost identical.
The width of the size distributions of the glass powders is somehow larger (span values between 0.75 and 1.50). The particles
are close to almost perfect spherical shape and, therefore, similar
packing behaviour like for (perfect) spheres can be anticipated
for these particle systems [1]. For Cu and ZrO2 particles, which
have been characterized by image analysis, circularities (c.f.
Table 3) between 0.82 and 0.98 have been found. Shape factor
number distributions for selected systems are exemplarily given
in the Supplementary material (Figure C).
The effect of particle shape on packing fraction has been extensively studied by DEM simulations (see e.g. [1,57,59]) for monodispersed systems or systems of narrow Gaussian size distribution.
With respect to shape, the packing fraction of mono-sized particles
was found to be noticeable influenced only for a roundness smaller
than 0.6 [1]. Moreover, it has been shown experimentally [7] that
plate-like polymer particle systems obtained by wet comminution
[37] show a far lower packing density than the respective particle
system obtained after thermal rounding [4,38] of these plate-like
particles. The aim of the aforementioned studies was to develop
polymer particle systems for selective laser sintering of polymers,
where the aspect of packing density at low compaction, powder
flowability and the understanding of real particle systems of
non-spherical shape is of immanent importance [13,17,18,28].
The latter effect of particle shape is depicted in Fig. 3 (c.f. magenta
diamonds) for the extreme case of plate-like vs. (almost perfectly)
spherical polybutylene terephthalate (PBT) particles of quite broad
PSD (span 10.7, x50,3 = 25.2 mm): While the cohesive plate-like particles exhibit a very small packing fraction of 0.19, the change of
shape by rounding in a heated downer reactor [4,38] (shape factor
of PBT product particles: 0.95, minor change of PSD) leads to an
increase of packing fraction to 0.36, which is closer to the packing
fraction observed for typical polyamide 12 (PA12) laser sintering
powder PA2200 (EOS) (x50,3 = 61.4 mm, span 0.5, c.f. Fig. 3, green
triangle) of around 0.44.
In summary, the shape of the particle has only a sizeable effect
for strong deviations from the spherical shape. This statement was
not à priori obvious, but is a result of our studies [28]. Based on this
result, it turns out, that the slight deviation of particle shape from
an ideal sphere for the studied systems characterized by average
circularities of at least 0.82 is not a significant parameter and
can, thus, be disregarded.
The effect of particle size on the packing fraction becomes notable for particles smaller than 50 mm, c.f. Fig. 3a: packing fraction
decreases with particles size due to particle interactions. When
comparing the ratio of van der Waals forces FvdW (assumption:
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sphere near flat surface at a distance of 1 nm, vacuum, same material, Hamaker approach) and the gravitational force Fgravity, it is
obvious that this force ratio considerably increases with decreasing
particle size from the order of magnitude of 102 for <d> around
50 mm, to 105 for <d> = 1 mm [46]. With respect to van der Waals
and adhesion forces, a decrease of packing fraction with an
increase in Hamaker constant and in surface energy [26,55,57]
has been reported, moreover, the packing fraction increases with
solid density, and a decrease in packing fraction with an increase
in friction coefficient was found. The influence of solid
density –more precisely the ratio of van der Waals forces to gravitational force- on the packing fraction u becomes obvious in
Fig. 3a for the different materials in the size range of 40–70 mm:
i.e. uPA12 < uglass < uCu < uZrO2 (c.f. solid density 1010 kg/m3 for
PA12; for densities of Cu, glass, ZrO2, see Table 2). Fig. 3b depicts
the dependence of the packing fraction on the force ratio
FvdW/Fgravity. A decrease of packing fraction with increasing force
ratio FvdW/Fgravity is notable. Although the experimental results
are not conclusive, the packing fraction for ZrO2 particles tends
to be higher than for copper particles at comparable force ratio
FvdW/Fgravity, which could be due to friction – with zirconia having
a smaller friction coefficient m (m = 0.4) than Cu (m = 1.0). The
maximum packing fraction is found for large particles, where gravitational forces are dominant and particle interactions are negligible: it is close to 0.64, which is the limiting packing fraction
well-known for random close packing (RCP) [60–67] (c.f. also
experimental results for millimeter-sized ZrO2 spheres shown in
Fig. 3a).
Several simple relationships to describe the dependence of
packing fraction on particle size, respectively characteristic force
ratios –often deduced from DEM simulations- have been proposed
so far. In our previous work [20] the following relationship
between packing fraction u of free settling particles and their mean
diameter <d> was proposed for <d> > 1 mm:

u ¼ u1 

C
a
hdi

ð9Þ

u1, the packing fraction for large particles, was determined to
be around 0.64 by the DEM simulation, i.e. close to the RCP limiting
packing fraction for uniform systems. The effect of particle interaction forces, adhesion and friction is summarized in the two free
parameters a and C. In Eq. (9) the mean particle size <d> is chosen
as the location parameter of the PSD because it has proven appropriate to describe the physics of granular packings from a theoretical point of view [68–70]. A similar relationship like Eq. (9) was
reported previously to apply for a different packing problem, the
centripetal packing of mono-sized spheres taking contact forces
(Hertz, Mindlin, Deresiewicz) into account [71]. There, the dependency of the packing fraction on the radius of gyration (instead of
<d>) was found to obey Eq. (9) and also a limiting packing fraction
of 0.637 to 0.645 was found, which was independent of the absolute magnitude of the centripetal force.
Yang et al. [54] reported for fine uniform spherical particles the
following dependence:



u ¼ u1  u1  exp s  vb



ð10Þ

Here u1, the limiting packing fraction, was reported to be 0.614,
i.e. close to RCP. Eq. (10) gives a dependence of packing fraction on
v, the force ratio FvdW/Fgravity, instead of a particle size. s and b are
two free parameters.
In recent work [66], there has been the attempt to unify the
description of random close packings of microparticles by application of an adhesion parameter Ad taking adhesion and particle
inertia into account:

u ¼ u1  e  Adj

ð11Þ

with Ad ¼ 2qUw2 R , where w is the work of adhesion, q is the parti0

eff

cles’ solid density, U0 is the settling velocity and Reff is the effective
radius.
Here e and j are two free parameters, u1 was reported to be
0.64 (c.f. RCP). Ad is proportional to 1/Reff, i.e. a similar dependence
like in Eq. (9) was found.
The aforementioned relationships deduced from DEM simulations on the dependency of packing fraction on particle size have
several similiarities, they
(i) all use two free fitting parameters,
(ii) in all cases give a limiting packing fraction u1 of around 0.64
for large particles, which is close to the limit for RCP,
(iii) give smaller packing fraction for smaller particle size, as
expressed by the dependencies of packing fraction on a
reciprocal characteristic particle size for the system, c.f.
u /  h1di in (Eq. (9)) or u /  R1 in (Eq. (11)), respectively,
eff

on the ratio v of van der Waals force to the gravitational
force, being larger for smaller particles, c.f. u / expðvÞ in
Eq. (10).

Eqs. (10) and (11) explicitly take into account particle interactions by the ratio of adhesion to gravitational forces, c.f. v in Eq.
(10) or the ratio of the work of adhesion w to the solid density q
in the definition of the Ad parameter, while in Eq. (9) the particle
interactions are included in the two free parameters (C and a).
For the studied systems, the aforementioned relationships Eqs.
(9)–(11) show a comparable goodness of fit, as expressed via the
least squares sum of the packing fractions (calculated vs. measured), see Table A in the Supplementary Material. In the following
section the experimental observations on packing density will be
compared to results from DEM simulations and packing fractions
determined by microtomography.
3.2. Comparison of packing densities: Experiment (bulk density
determination & m-CT) vs. DEM simulation
A comparison of the experimentally determined packing densities (bulk density measurements, c.f. filled symbols) and X-ray
microtomography (open symbols) with the packing fractions
obtained by DEM simulations (cross symbols) taking the material
parameters given in Table 2 and the experimental particle size distributions (c.f. Fig. 1) into account is given in Fig. 4a for the spherical glass, ZrO2 and Cu particles in the size range of 50–100 mm
(<d>). Fig. 4a depicts a fit of all the experimentally determined data
to Eq. (9) (c.f. red curve), while Fig. 4b gives a fit (c.f. red curve) to
Eq. (10). Good agreement is found between the simulated and
experimentally determined packing fractions obtained by bulk
density measurements and X-ray microtomography using the
VPP algorithm, see Fig. 4a.
The size dependency of the packing fraction as calculated by Eq.
(9) for the experimental data points for bulk density measurements of all materials (see Table 4a (iii) for fitting parameters) is
depicted in Fig. 4a, c.f. solid red line. In the case of glass, excellent
agreement is found, although the DEM simulations slightly overestimate the packing fraction for smaller particles (c.f. fitting parameters aDEM and CDEM vs. aexperiment and Cexperiment given in Table 4a).
This might be due to the effect of possible action of liquid bridges
in the experiment, which has been conducted at a relative humidity of around 40% [20]. The effect of humidity has not been explicitly considered in the simulations. The fitting parameters a and C
obtained for glass and ZrO2 (bulk density measurement vs. DEM
with u1 = 0.64), respectively, for a ‘master curve’ taking all the
materials considered in this study into account and the packing
fractions determined for Cu samples are summarized in Table 4.
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DEM simulations [20] show the limiting case of the (frictionless)
random close packing with a packing fraction of 0.64. Actually all
packing fractions observed for particles with <d> > 50 mm are found
between 0.54 (RCP with friction) and 0.64, which has been confirmed for various materials in this size range for similar preparation of the packing like in our case [60]. The lower limit reported
for adhesive small particles at large friction (friction coefficient
? 1) is around 0.13 [65,66], which is of relevance when addressing packings of nanoparticulate matter.
3.3. Mean coordination number: X-ray microtomography vs. DEM
simulation

Fig. 4. Packing fraction of different spherical materials in dependency on (a) the
mean diameter <d> (experimentally determined vs. DEM computed bulk solid
density); red solid line: master curve (best fit, Eq. (9)) with fit parameters a = 0.634,
C = 1.134, and (b) the ratio of van der Waals force FvdW and gravitational force
Fgravity (best fit, Eq. (10)) with fit parameters s = 7,86, b = 0,21; Black dashed line
bcc packing fraction 0.68, red dotted line: packing fraction for (frictionless) random
close packing (RCP) of 0.64; blue line (dash dot): packing fraction of RCP with
friction (0.54). (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

The experimentally determined packing fractions for Cu and
ZrO2 are in reasonable agreement with those calculated from
DEM, while there is some deviation in the free parameters a and
C (see Table 4) when fitting the experimental data points and the
DEM results for the packing densities of ZrO2. For large
particles, where particle interaction forces are negligible, our

While the determination of the packing density is straightforward (c.f. determination of mass and volume of the bulk solid)
and reliable data are obtained, information on the coordination
of the particles in the packing is not that easily accessible by simple
experiments. More sophisticated methods like X-ray tomography
need to be applied that allow for a direct observation of the spatial
arrangement of particles [72,73]. An advantage of packing simulations by DEM is that besides the overall packing fraction also
details on the packing, like the mean coordination number (number of contacts) <Nc> or the radial distribution function are
obtained. Within this section we will compare <Nc> observed in
the simulated packings with experimental data from CT.
For monomodal spherical particles a positive correlation of
packing density and mean coordination number has been reported
in theoretical studies and different correlations have been established [26,52,65,66]: bcc packing with <NC> = 8 cannot be achieved
without compaction; for larger coordination numbers deformation
of the particles must be possible. The packing fraction of RCP has
been found experimentally as the limiting case when applying
vibrations to densify the powder bed (c.f. tapped density) [60]. In
this case, for monodisperse large particles (>100 mm) coordination
numbers of around 5 to <8 have been reported. The minimum
coordination number for non-cohesive, non-deformable particles
is known to be 4. For the random packing of fine cohesive particles,
particle interactions need to be considered and also smaller mean
coordination numbers are possible. For fine uniform particles,
when considering van der Waals forces, Yang et al. [26] proposed
the following relationship:




1 þ m  u4
hNC i ¼ hN0 i 
ð1 þ n  u4 Þ

ð12Þ

with <N0> = 2.02, which is close to the minimum contact number of
2 reported for cohesive particles, needed for the formation of
chains; m = 87.38 and n = 25.81.
Yang et al. checked this relationship for packing fractions
between around 0.3 and 0.8 and claim that the parameters are
rather insensitive on material properties -including the van der
Waals interactions considered - and remarkable changes were only

Table 4
(a) Parameters a and C of Eq. (9) found for (individual) fitting of experimental and calculated (DEM) packing densities for (i) glass, and (ii) ZrO2 (individually), respectively (iii)
fitting all experimentally determined packing fractions with a ‘master curve’ (confidence interval (95%) of parameters a and C in brackets); (b) comparison of experimental (bulk
density determination, CT) and simulated (DEM) packing fractions (Cu).

(i) glass
(ii) ZrO2
(iii) Glass + ZrO2 + Cu

aexperiment

aDEM

Cexperiment

CDEM

0.587
0.26
0.634 (0.530 . . . 0.738)

0.676
0.58

1.05
0.13
1.134 (0.880 . . . 1.387)

0.99
0.74

Cu

<d>/mm

ubulk

Cu
Cu
ZrO2

75.1
98.0
54.3

0.572
0.540
0.607

density

uCT

uDEM

0.59
0.55
0.56

0.561
0.588
0.58
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found for extreme small friction coefficients. They obtain mean
coordination numbers of about 6 with u1 = 0.64. Liu et al. [66] confirmed for uniform particles the minimum coordination number of
2 as limiting case at strong adhesion with packing fractions of
about 0.13 [65]. For random loose (u = 0.51) and random close
(u = 0.64) packing they report a <Nc> of 3.87 and 6.4, respectively.
For more dense packings, like found in sintering, a linear correlation of packing density and coordination number even up to full
density (with coordination numbers of 12–14) was reported [60].
As outlined above, for uniform particles many correlations
between packing fraction and mean coordination number are
established, however, the issue of coordination numbers is more
complicated for polydisperse systems. While it is obvious from
geometrical considerations that in particle systems of a certain
PSD large particles can have a higher (first) coordination number
than small particles, no general correlation between packing fraction and mean coordination number can be deduced for packings
of multimodal or polydisperse particle systems. The coordination
number in packings made up of binary particle mixtures, respectively, particle ensembles of log-normal size distribution was studied by Suzuki et al. [74] in the framework of a simple model (for
large spheres). In this work, the maximum size ratio of the largest
sphere and the smallest sphere was 15 and one-by-one particle
addition was used to generate the packing. For the aforementioned
packings they found that the coordination number does not change
greatly, although the packing densities were higher as compared to
mono-sized particle packings. Yi et al. [58] studied packing properties of ternary sphere mixtures (size ratios 24.4 : 11.6 : 6.4) by DEM
and compared the simulation results to experimental data. They
did not need to consider particle interactions or capillary forces,
because the particles were coarse and dry. For these systems, they
found a mean coordination number of 6.246 (+/0.15) which was
insensitive to the PSD as well.
Fig. 5a summarizes the mean coordination numbers <Nc>
computed from the simulated packings (glass, ZrO2, Cu) by the
procedure outlined in Section 2.2.6 (contact definition: particleparticle surface distance was 0 (or less)). <Nc> values being plausible for random loose to random close packings between about 4.5
and 5.1 are found from the DEM simulations. Obviously, the positive correlation between the mean coordination number and the
packing density, i.e. a smaller <Nc> for smaller particles, established for uniform cohesive particles by Yang et al. [22] could not
be confirmed for the DEM simulations of the considered polydisperse particle systems taking the full PSD and the van der Waals
and contact forces into account. In the figure, also experimentally
determined coordination numbers from X-ray microtomography
for ZrO2 and Cu particle systems are given: as compared to the
evaluation of the simulated packings, larger <Nc> values between
4.8 and 7 were found being plausible for random close packing.
The large variance in experimentally determined <Nc> can be
easily understood: in polydisperse systems, a large particle can
be surrounded by a large quantity of very fine particles and, thus,
have a very large (first) coordination number, while e.g. a fine particle close to the surface of a large (or several large) particles in
turn will have a small coordination number. Taking the variance
of the experimentally determined <Nc> due to the width of the
PSDs of the materials into account, the coordination numbers
obtained from CT are in accordance with <Nc> derived from packings computed by DEM. To account for the effect of the instrumental resolution of the CT device, respectively the definition of
‘particle contact’ on the obtained coordination numbers, the packings simulated by DEM have been re-evaluated allowing a particle
surface distance >0, i.e. an alternative contact definition: particleparticle contact applies for particle-particle surface distances of
less than the distance given in the abscissa of Fig. 5b. Obviously,
the mean coordination number shows a remarkable dependency

Fig. 5. (a) Mean coordination numbers <NC> calculated from DEM simulations
(filled symbols) and experimentally determined by X-ray tomography (open
symbols), (b) effect of the definition of ‘particle contact’ on the mean coordination
number <NC>.

on the ‘contact definition’, respectively the resolution uncertainty
of the experimentally obtained particle-particle distances. With
an increase of the particle-particle surface distance, which is
allowed for the definition of ‘particle contact’, the computed contact number increases. For uniform fine-spherical particles this
dependence has been e.g. discussed and reported by Yang et al.
[54]. Let us assume a dimensional uncertainty of the CT data of
one voxel length. Then, for ZrO2 100 mm, where the voxel length
was 1.67 mm, the experimentally found mean coordination number
of 6.07 can be rationalized: the coordination number changes from
3.7 (particle-particle surface distance: 0) to 5.6 (particle-particle
surface distance: 1.53 mm), see Fig. 5b. Thus, seemingly the larger
values of <Nc> deduced from CT packings as compared to DEM
are due to the finite instrumental resolution.

4. Conclusions
Packing properties of micron to millimeter-sized spherical
model particle systems (glass, ZrO2, Cu) of rather broad PSD have
been studied in this work by a combined experimental (bulk density determination, X-ray microtomography) and theoretical (DEM
simulations) approach. The dependency of the packing fraction on
the average particle diameter could be described appropriately for
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the aforementioned materials by a simple empirical correlation
based on two free parameters which has been verified for ZrO2
and glass spheres both, by DEM simulations and experimental bulk
density determinations. The limiting (upper) packing fraction
observed, both, in experiments and simulation for these systems
of certain width of PSD was 0.64 (random close packing, RCP), i.e.
the same limiting value known for packings of uniform spheres.
While the experimentally determined packing fractions are in good
agreement with the results from DEM simulations taking the
experimental particle size distributions of the polydisperse powders, particle interactions, friction, deformation and the realistic
material parameters into account, the coordination number <NC>
has been found to be highly dependent on the definition of ‘particle
contact’, as demonstrated by the DEM simulations performed for
polydisperse systems here and being in agreement with previous
simulations for uniform fine-spherical particles [54]. Plausible values of <NC> between 4.5 and 7 have been found for the systems
characterized by X-ray microtomography.
In summary, it could be demonstrated that experimentally validated DEM simulations give the possibility to correctly predict
packing densities for non-consolidated particle systems showing
a certain width of PSD, which e.g. is of immanent importance in
the design of particle systems for powder-based manufacturing
processes like additive manufacturing (SLS, SLM, SEBM), powder
metallurgy or processing of ceramics, although, caution is advised
when evaluating and comparing coordination numbers obtained
from simulations or different experimental approaches, with this
quantity being highly dependent on the instrumental resolution.
A future challenge and task will be the simulation and validation
of packings of cohesive polydisperse bulk solids made up of particles of non-spherical, complex shape.
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