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Abstract—Polymer material parts manufactured by additive
manufacturing show weak performance in terms of mechanical stability. In order to improve material reliability, polymer
powders with good flowability and bulk density are obtained by
melting them and letting them relax to a spherical shape in a
downer reactor. Simplified sintering models that are based on
area evolution (minimization) algorithms are commonly used to
predict the residence time for the rounding of polymer particles.
The effect of phase transfer from solid to liquid and the heat
transfer across the surface need to be explicitly considered to
optimise the process. We present a new multiphysics Smoothed
Particle Hydrodynamic algorithm that is capable of simulating
melting and interfacial tension effects at the free surface of
highly viscous liquids. Both pressure and temperature Dirichlet
boundary conditions are applied at the free surface using a semianalytical free surface approach. In order to avoid numerical time
step limitations on high viscosity, the viscous stress contribution
to momentum conservation is computed implicitly by solving a
linear system (Helmholtz equation) for velocities. The unsteady
heat equation with a latent heat model is used to simulate phase
change from solid to liquid. We present validations of the heat
transfer, phase change and surface tension models separately. The
residence of a cubic particle melting under ambient temperature
is then simulated with arbitrary material properties.

I. I NTRODUCTION
As additive manufacturing begins to compete with conventional manufacturing process, predictions through simulations
that couple various physial phenomena have become indispensible. In general, heat transfer between gas and material, phase
change during melting and solidification, capillary effects,
and viscous effects of the molten material contribute to the
performance, reliability and the manufacturing cost of the
manufactured material. Conventional simulation methods such
as Finite Element Method and Finite Volume Method have
domain specific advantages and while they can achieve high
order of accuracy in simulating the above listed physical
phenomena independently, coupling of these into a monolithic
algorithm is often difficult with a desired accuracy. From the
modeling stand point, the processes in additive manufacturing
can be parametrized by non dimensional heat transfer, the
Peclet number, Marangoni number and Fourier number [7].
To be able to parametrize the simulation process based on
the above non dimensional numbers, the simulation method
should be capable of accounting for convective and diffusive
heat flow, local surface tension gradients, low Reynold’s
number flow, and latent head across phase change regions
in a consistent manner in arbitrary shaped geometries with

accurate in heat transfer across the interface. Conventional
mesh based numerical methods based on Finite Volume or
Finite Element methods face difficulty due to moving interfaces, fragmented domains and large deformations, requiring
a coupling of discrete domains that satisfy different governing
equations. Meshless methods such as the Smoothed Particle
Hydrodynamics with recent advancements in accuracy and
stability are strong candidates for simulating such complex
phyiscal phenomena and influence the design of additive
manufacturing processes.
While traditional Smoothed Particle Hydrodynamics (SPH)
accounts for incompressibility using a stiff equation of state, an
incompressible version that solves for a pressure field is known
to improve accuracy and robustness over the traditional weakly
compressible SPH [4]. A recent improvement in accuracy
while handling free surface problems in strictly incompressibile flows [10] has enabled SPH to have consistent order
of accuracy in simulating complex geometries formed during
splashes [9]. Surface tension can be simulated by application
of a pairwise potential force on the particle system [14]. For
incompressible fluids this introduces a uniform jump in background pressure without affecting [8] pressure gradients in the
bulk. Heat transfer in SPH has a well developed literature. SPH
being an updated Lagrangian simulation method handles scalar
transport accurately. Hence heat transfer can be simulated
with large gradients in conductivity [5]. The application of
isothermal boundary conditions at free surfaces has been a
difficulty and often layers of particles with fixed temperature
are used at boundaries to provide for the boundary condition
[2].
In this paper, we use a semi-analytical method to account for
a Dirichlet boundary condition in temperature and latent heat
at the free surface. We show that such a free surface heat transfer model is second order accurate. We then apply the melting
and solidification model based on latent heat of the material
by employing a mollified temperature jump. We validate the
interace evolution using the analytical solution of the Stefan’s
problem. The third piece of the problem, namely surface
tension is modeled using pairwise forces and the validation
of the surface tension model applied to ISPH is presented.
Most of the additive manufacturing scenarios involve low
Reynold’s number scenarios. We have introduced an implicit
viscous solver for velocity that solves the Helmholtz equation
similar to Eulerian grid based algorithms. Together the new
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SPH method with a number of improvements is applied to
the simulation of rounding of an arbitrary shaped solid under
ambient temperature higher than the melting temperature of
the solid. The residence of the shape of the solid is observed
and discussed.

where the pairwise force applied to simulate interfacial forces,
F~aint , is given as:

II. F ORMULATION

where α and β represent the different phases represented by
the particles. The pairwise force magnitude as a function of
displacement between particles is given as [14]:
(

rab
rab ≤ h
−sαβ cos 3π
int
2h
(7)
Fαβ (rab ) =
0
rab > h,

A. Governing Equations
We present the equations governing, heat transfer and momentum transfer here. Heat transfer in the material is modeled
as a scalar transport equation. Temperature is a passive scalar
except for enabling phase change through a latent heat model.
The scalar transport equation is:
C

1
∂T
= ∇ · (κ∇T )
∂t
ρ

(1)

Here, C is the effective heat capacity defined as the time
rate of change of enthalpy, κ the head conductivity and ρ
the density of the material. The effective heat capacity can be
used to model the effect of latent heat in order to facilitate
phase change as the following:


T < Tm
 Cs
C = Cm + Lδ(T − Tm ) T = Tm
(2)


Cl
T > Tm

where δ(T − Tm ) is the Dirac delta function which has the
value 0 when the temperature T is away from the melting
temperature Tm . It can be seen that
R ∞the total latent heat
released or absorbed can be given as −∞ Lδ(T − Tm )dT .
The equation governing momentum conservation is:


1
d~u
~
−∇p + ∇ · 2µD
+ f~B ,
=
dt
ρ

N
X

int
Fαβ
(rab )

j=b

~rab
,
rab

(6)

where sαβ is the interaction strength between particles of
phases α and β respectively. The viscous force approximation
is one extensively used in SPH literature [6]:




X
µ
µa + µb ~rab · ∇a Wab
∇·
∇~u =
mb
~uab (8)
2 + η2
ρ
ρa ρb
rab
a
b

and the pressure gradient approximation used in the current
work is given by [1], [13]:


X
∇p
pa + p b
∇a Wab
(9)
mb
=
ρ a
ρa ρb
b

The pressure equation to achieve incompressibility, which
accounts for a dirichlet boundary condition at free surface is
given by


X mb
4
∇P
=(Pa − Po )κ −
Pb Fab
∇·
ρ a
ρb ρ a + ρb
bi
(10)
X mb
4
Po Fab
+
ρb ρa + ρb
bi

(3)

where ~u is the velocity, p is the pressure, ρ and µ are the
density and coefficient of viscosity of the fluid, respectively,
~ = (∇~u + ∇~uT )/2 is the deformation rate tensor, f~B is the
D
body force per unit mass on the fluid element and t is the time.
The Navier-Stokes equation has been written in the Lagrangian
formulation and d/dt denotes the material derivative. The mass
conservation equation for incompressible flows is given by,
∇ · ~u = 0.

F~aint =

(4)

B. SPH formulation
The SPH descritization of the governing equations used in
the current work together with the latent heat and surface
tension model are given here. The momentum conservation
equation in the SPH domain is given as:


X
pb
pa
D~u
=−
+
mb
∇a Wab
Dt a
ρ2a
ρ2b
b


X
2µ ~rab · ∇Wab
+
~uab + F~aint + F~ b ,
mb
2 + η2
(ρa ρb ) rab
b
(5)

where,
κ=

4
Fab .
ρ b ρa + ρ b

X mb
b

(11)

The derivation of the above equation can be seen in [9]. The
pairwise forces required to model capillary effects need to be
repulsive in the short range and attractive in the long range and
may be much less stiffer than the potentials used in molecular
dynamics simulations [12]. Wetting phenomena can also be
controlled by varying the inter particle force strengths between
the solid and liquid phases. Further details of implementation
of this capillarity model can be found in [8].
C. Heat equation and the phase change model
The SPH approximation for second derivative may be
derived from an integral approximation [5] and this avoids a
numerical instability that could result from taking derivatives
of derivatives. We use the following approximation for heat
conduction for a particle position a as a function of temperature field of its neighbors b [5]
C

X mb
dTa
(κa + κb )(Ta − Tb )Fab
=
dt
ρa ρb
b

(12)
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where Fab is defined by ~rab F (~rab , h) = ∇W (~rab , h), the
radial derivative of the smoothing kernel W . For a material
with a free surface with a uniform ambient temperature,
application of a dirichlet boundary condition for temperature
is not straightforward. We present a penalty approach that
implicitly computes the kernel deficiency. For a discontinuous
phase change the temporal evolution of temperature together
with the implicit semi analytical Dirichlet BC formulation is:


k0 + ka
dT X ka + kb
Fab Tab −
Fab (Ta − T0 )
=
Cρ
dt
ρb
ρb
b

+κ

k0 + ka
ρa (Ta − T0 )
2

(13)

where, k denotes the thermal conductivity of the material
particle. The subscript 0 represents the ambient condition. The
value of κ is as defined in (11). Here C represents the effective
heat capacity and is updated according to the latent heat given
by (15). The derivation of this expression is based on the
semi-analytical Dirichlet BC applied to the pressure Poisson
equation as given in [9].
Though temperature here is a passive scalar, the latent heat
for melting and solidification can be computed and can be used
to effect a change of face. In the equation 2, the delta function
can be replaced by a smoothing kernel in the temperature
domain and the SPH approximation for latent heat can be
written as:
Lsa =

N
X
mb
b=1

ρb


LW T (Tb − Tm , h∗ ) W (~rab , h)

(14)

This latent heat expression can be used to modify the effective
head capacity across the interface of phase transformation as:


T < Tm − ∆T
 Cs
s
(15)
C = Cm + L Tm − ∆T ≤ T ≤ Tm + ∆T


Cl
T > Tm + ∆T

The effective heat capacity is then applied to equation 13
and integrated in time. The phase change is then effected by
switching the phase of each particle as its temperature crosses
the melting temperature.

~u∗ − ~un
=∇·
∆t



µ
∇~u
ρ



(16)

The SPH approximation for the Helmoltz equation is
~un X µa + µb
~u∗
Fab mb (~ua − ~ub )
(17)
=
+
∆t
∆t
ρa ρb
b

This requires that the coefficient matrix be created at every
time step similar to the coefficient matrix for the pressure
Poisson equation. However since a homogenous Neumann
condition for velocity is a good approximation for the free
surface for the above equation, there are no additional complexities due to truncated kernels at the free surface. In our
work, this equation is solved using the BiCGSTAB algorithm
and is implemented using the LIS library [11].
A second intermediate velocity field is then obtained explicitly based on the surface tension and body forces. The projection method remains the same for the rest of the computations
in the time step.
The algorithm of this multiphysics SPH method is given in
algorithm 1.
Data: Particle positions ~rn , velocities ~un , temperature
T n , phase φn at time-step n
Result: Updated ~rn+1 , ~un+1 , T n+1 , φn+1
while t <Pend time do

T
∗
b
L← bm
rab , h)
ρb LW (Tb − Tm , h ) W (~
C ← effective heat capacity according to eq. 15
∆t
∇ · (κ∇T ) with free surface
T n+1 ← T n + ρC
improvement
~u∗ ← solution of eq. 17

~u∗∗ ← ~u∗ + ∆t f~B + F~ int
ρ

p ← solution of ∇ · (∇p/ρ) = ∇ · ~u∗ /∆t
~un+1 ← ~u∗∗ − ∆t(∇p/ρ) 
~rn+1 ← ~rn + ∆t
un + ~un+1
2 ~
n+1
φ
← phase based on T relative to Tm
t ← t + ∆t
n←n+1
end
Algorithm 1: The introduced ISPH algorithm for heat transfer and phase change

D. Time update
The ISPH algorithm presented here is based on projecting
an intermediate velocity field on to a divergence free subspace
to achieve incompressibility, following grid based Eulerian
methods. Though this is widely followed in SPH literature,
the viscous forces are computed explicitly in SPH in contrast
to grid based methods. In highly viscous flows, Von Neumann
stability analysis shows that the viscous time scale becomes
small and this restricts the time steps. To overcome this,
most standard eulerian methods employ an implicit velocity
update due to viscous forces. For a first order Euler update,
an intermedia velocity field ~u∗ can be computed based on
viscous forces implicitly, by solving the following equation:

III. VALIDATION AND RESULTS
A. Heat transfer across free surface
Heat equation given by (1) is solved in a square domain
and the temperature contours are compared at different time
steps against the analytical solution of the 2D heat conduction
equation with Dirichlet boundary condition on all sides. Here
the Dirichlet boundary condition is applied across a free
surface with an ambient temperature T0 defined for the outside
of the domain. This free surface Dirichlet boundary condition
model can be used for arbitrary shape. The temperature
contours at different times can be seen in Fig. III-A. In order
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