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In search of redox mechanisms in breast cancer, we uncovered a striking role for glutathione peroxidase 2 (GPx2) in oncogenic signaling and patient survival. GPx2 loss
We investigate analytically and numerically a basic model of driven Brownian motion
stimulates malignant progression due to reactive oxygen species/hypoxia-inducible factor
with a velocity-dependent friction coefficient in nonlinear viscoelastic media featured
1-alpha/VEGFA signaling, causing poor perfusion and hypoxia, which were reversed by
by a stress plateau at intermediate shear velocities and profound memory effects. For
GPx2 re-expression or HIF1α inhibition. Ingenuity Pathway Analysis revealed a link
constant force driving, we show that nonlinear oscillations of a microparticle velocity
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the FDT. Apart from a friction memory, GLE is featured
by a correspondingly, following Kubo’s FDR (2), correlated
thermal Gaussian noise. However, the friction entering the
Kubo–Zwanzig GLE is linear in velocity, and the noise is additive.
Many such complex media display, however, also nonlinear shear
viscosity (20). Accordingly, Brownian motion can be described
by a nonlinear LE with a velocity-dependent friction coefficient
and a multiplicative, FDT-related velocity-dependent noise term
if to neglect the memory effects in the environment (25, 26).
Including the memory effects within this kind of description
is a highly nontrivial task. Nonlinear medium effects in a driven
system were considered thus far within a linear-friction GLE
approach, where driving somehow modifies the memory kernel
(27). It is the idea of the Mori–Zwanzig GLE (23), which, at odds
with the nonlinear Kubo–Zwanzig GLE, is always linear, even
if the underlying physics is profoundly nonlinear. Any physical
nonlinearity within the always-linear Mori–Zwanzig GLE affects
the memory kernel and noise, however, not the linear character
of this GLE, as clarified by Zwanzig in great detail (23).
Recent experiments done with Brownian particles captured
in traps moving with a constant velocity in wormlike micellar
(WLM) solutions revealed that such driving is capable of inducing
coherent oscillations in the motion of particles, which, in the
absence of driving, seem completely overdamped (27, 28). We
underline that moving a trapping potential with a constant
velocity is equivalent to applying a constant force under the
condition of linear in velocity friction (8). Puzzling coherent
oscillations occur on a time scale reflecting the memory scale
of complex fluids (27, 28). This striking phenomenon has
been recently rationalized within a Mori–Zwanzig linear GLE,
where an additional exponentially decaying memory term with
a negative weight emerges due to the driving applied (27). It is,
however, a purely phenomenological fitting approach.
To derive the corresponding Mori–Zwanzig GLE from the first
principles of statistical mechanics is a complex task. We aim to
develop another approach by taking from the onset into account
the basic nonlinear physical features, such as the medium’s
nonlinear viscosity. Below, we make a crucial step in this direction
by devising and investigating a minimal yet sufficiently general
suitable model of broad interest. In the simplest setting of a
constant force driving, the oscillation phenomenon emerges in a
range of forces within our model. Similar nonlinear oscillations
were found experimentally for macroscopic particles falling
through a WLM fluid in the Earth gravitation field (29). It
underpins the importance and general suitability of our nonlinear
stochastic modeling framework with memory.
Model, Theory, and Results
We develop a basic theory based on the fact that any Kubo–
Zwanzig GLE can be considered a projection of multidimensional embedding LE dynamics if the memory kernel presents a
sum of exponentials (30–35). The approach is exact when the
memory kernel is precisely a sum of exponentials. Otherwise, it
provides a very efficient and numerically accurate methodology
to treat arbitrary GLEs, even with power-law scaling memory
kernels (34, 35). Here, we generalize it toward friction, which
is nonlinear in velocity. Schematically, the model is depicted
in SI Appendix, Fig. S1, where it is discussed in more detail.
In a nutshell, the central massive Brownian particle, with the
coordinate x, velocity v, and mass m, is coupled by elastic springs
with spring constants ki (v) to n auxiliary massless (overdamped)
Brownian quasi-particles modeling the viscoelastic environment.
They provide a viscoelastic cage comoving with the Brownian
2 of 7
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test particle. The central particle and the auxiliary particles are
subjected to viscous Stokes friction with the friction coefficients
η0 and ηi (v), correspondingly, and the thermal noises stemming
from the environment at temperature T . LE of the model read
SI Appendix
ẋ = v,
mv̇ = f (x, t) +

n
X

ki (v)ui − η0 v +

p

2kB T η0 ξ0 (t), [1]

i =1

ηi (v)u̇i = −ηi (v)v − ki (v)ui +

q

2kB T ηi (v)ξi (t),

[2]

where ui are spring elongations from the equilibrium positions.
Stochastic zero-mean mutually uncorrelated Gaussian white
noise sources ξi (t) with unit intensity serve to model the
environment at temperature T . This rather general modeling
framework is FDT-compliant. However, the external force
f (x, t) can drive the Brownian particle out of equilibrium.
The generalization of our previous approach (34, 35) makes
ki and ηi velocity dependent. One can name it a nonlinear
generalized Maxwell–Langevin model. By dividing Eq. 2 by ηi (v)
and introducing the relaxation rates νi (v) = ki (v)/ηi (v) of the
viscoelastic modes, it can be simplified further.
Formally integrating Eq. 2 and substituting the result in Eq. 1,
we obtain the GLE corresponding to our model, cf. SI Appendix,
Eq. 9 of SI Appendix. In the limit νi → ∞, this nonlinear GLE
reduces to the well-known LE with friction that is nonlinear in
the velocity (25, 26),
q
mẍ = f (x, t) − η(ẋ)ẋ + 2kB T η(ẋ)ξ (t),
[3]
P
in the kinetic interpretation, where η(v) = η0 + ni=1 ηi (v),
and ξ (t) is a white Gaussian noise of unit intensity.
Below, we consider a basic variant of this very versatile model
in Eqs. 1 and 2 with the only one memory mode, u = u1 , featured
by a constant, velocity-independent ν1 = ν, and nonlinear
friction,
η1 (v) =

ηa
,
(1 + |v/vc |b )a

[4]

where power exponents a and b will be fixed to a = 1/2 and
b = 2, and vc is a critical velocity. It corresponds to a particular
case of the Yasuda–Carreau model (19, 36) of nonlinear viscosity.
This important particular model interpolates between viscous
Stokes friction force ηa v at small velocity and dry Coulomb
friction, fc v/|v|, with fc = ηa vc at large velocities (37). In the
parameter regime ηa  η0 , the considered model reflects a
plateau in viscoelastic stress against the shear rate γ̇ . It indeed
was observed in many viscoelastic materials (19, 20), e.g., WLM
fluids (38–40), at intermediate shear rates. For a particle of radius
R, its velocity and shear rate γ̇ of the surrounding fluid are
related by v = 2R γ̇ /3 (41). Like in refs. 37 and 42, the motion
will be driven by a constant force f , which should be easy to
realize experimentally, e.g., for particles falling in the gravitation
field (29).
In the absence of memory effects, ν → ∞, the considered
model possesses several remarkable features. First, in the case of
η0 = 0, it provides an important basic model in nonequilibrium
statistical physics (37): i) There is a nonequilibrium phase
transition in this model at the critical force f = fc to a
subballistic transport hδx(t)i ∝ t α with α = 4/3, and strongly
superballistic diffusion, hδx 2 (t)i ∝ t 2α . Then, both the mobility
pnas.org

hv(f )ist = (f − fc )/η0

[5]

at f  fc . Moreover, the GED obeys
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D(f, T ) =

D(∞, T )
1 − fc /f

[6]

at f > fmax & fc , with D(∞, T ) = kB T /η0 being the
diffusion coefficient in the absence of nonlinearity, ηa = 0,
or at very large forces in the presence of it. Then, complete
linearization occurs. Notice a very gradual algebraic decay to
the asymptotic value upon increasing force. Moreover, D(f, T )
exhibits a sharp maximum Dmax (T ) = D(∞, T )/(1−fc /fmax )
at some fmax (η0 ) > fc , with fmax (η0 ) → fc , when η0 → 0,
see (42) for more detail. These two important analytical results
derived in (42) remain crucial in the presence of memory upon
some modifications, see below.
It is convenient to scale velocity in units of vc and time in
units of memory time τm = 1/ν. The distance will be scaled
accordingly in units xc = vc τm = 2R γ̇c /(3ν), where γ̇c is a
critical shear rate corresponding to vc . Hence, xc is of the order of
the particle’s radius, when ν ∼ γ̇c —the condition which is often
met experimentally (28, 38). Furthermore, ηa will be scaled in
η0 , and f in f0 = η0 vc . Hence, fc = ηa in the scaled units. Thus,
scaled ηa can reach several thousands (38). Temperature is scaled
in units of Tc = mvc2 /kB . The scaled stochastic dynamics of v
and u variables are governed by
p
ηa u
 v̇ = f − v + √
+ 2 T̃ ξ0 (t),
1 + v2
q

1/4
u̇ = −v − u + 2 T̃ /ηa 1 + v2
ξ1 (t)

[7]

with  = τv /τm , where τv = m/η0 is velocity autocorrelation
time in the absence of nonlinear effects, and x follows by a trivial
integration. Only for T̃ do we use a tilde notation to indicate
a scaled quantity. While doing the ensemble simulations, the
initial values v(0) are Gaussian distributed with zero mean and
variance hv2 (0)i = T̃ , whereas u(0) are Gaussian
distributed
p
with zero-mean and variance hu2 (0)i = T̃  1 + v2 (0)/ηa , to
ensure that the particles are at thermal equilibrium initially.
For a micrometer-sized silicon bead, R = 1 μm with mass
density ρ = 2.33 g/cm3 , in water, ζ0 ∼ 10−3 Pa s, τv ≈
0.518 μs lies in the microsecond range. Hence, for very large
τm , like in the range of seconds in (27, 28, 38),  ∼ 10−6 is
minuscule. For nanoparticles, it is even much smaller. Generally,
 = 2R 2 ρ/(9ζ0 τm ) within our model (if to neglect the mass
renormalization by fluid). We are focusing on strong memory
effects in this paper, which implies large τm and, therefore, small
  1. The opposite limit   1 will be treated elsewhere. At
such small values,  ∼ 10−6 , and smaller, a numerical study of
PNAS
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Eq. 7 is barely possible. Hence, the development of an analytical
theory is crucial. Notice that the combination
kB T
3
kB T
=
vc2 η0 τm
8π R 3 γ̇c2 τm ζ0

Teff =  T̃ =

[8]

does not depend on the particle’s mass, which is important for
the overdamped limit, m → 0, where  → 0. It does not
mean, however, that only the value Teff is important in Eq. 7. In
particular, inertial effects are still crucial for noise-induced limit
cycling near bifurcation points.
Analytical Theory and Numerics in the Absence of Noise. Let us

first neglect the noise, T̃ = 0. The system (7) provides an example
of a generalized FitzHugh–Nagumo system—a very fruitful
analogy with the physics of excitable media (43). The variable u
is slow (  1) (bearing an analogy with slow recovery variable
in excitable systems 43), and the variable v is fast (an analogy
of voltage in excitable systems). There is only one crossing
point
√
of nullclines, u1 (v) = −v and u2 (v) = (v − f ) 1 + v2 /ηa ,
see in Fig. 1. This equilibrium point, vm = −um , can be found
from the solution of a corresponding quartic algebraic equation
for vm , which is, however, very bulky. It is important to mention
that it does not depend on the memory time τm and is the same
as found in (42) for τm = 0. Fortunately, it allows for simple
approximations in the considered case ηa  η0 . They work very
well apart from some neighborhood of f = fc , which shrinks
with diminishing η0 /ηa (42). One is given by Eq. 5 at f & fc .
Another one,
vm =

f

[9]

η6 1 − f 2 /fc2
p

with η6 = ηa + η0 , works at f . fc . These two very different
functional dependencies with a singularity at f = fc when η0 →
0 reflect a nonequilibrium phase transition in this model.
In the presence of profound memory effects (  1),
this equilibrium point generally becomes unstable at the first
bifurcation force, f = f1 , when a limit cycle oscillation emerges
by a supercritical Hopf bifurcation. The limit cycle oscillations
grow with f in amplitude and suddenly disappear by a second
supercritical Hopf bifurcation at f = f2 . The equilibrium point
becomes again stable at f > f2 . These crucial features can be
found in an analytical form using a singular perturbation theory in
0

v1

vmax
u1(v)

-50

u

and normal diffusion coefficient (GED) of particles diverge. ii)
At f > fc , transport becomes ballistic, hδx(t)i = (f − fc )t 2 /2m,
asymptotically, i.e., particles accelerate under the force f − fc ,
and diffusion becomes weakly superballistic, hδx 2 (t)i ∝ t 2 ln t
asymptotically. Second, at any finite η0 , transient anomalous
transport and diffusion become asymptotically normal. However,
the transients can be long (42); the smaller η0 , the longer are
transients. Instead of divergence at f = fc , the particle mobility,
µ(f ) = hv(f )ist /f , undergoes a sharp, jump-like increase to one
defined by the mean stationary velocity

u2(v)

-100

v2
vmin

-150

0

100

v

200

f=350
ε=0.001
ηa=250

300

400

Fig. 1. Dynamics in (v, u) phase plane at T̃ = 0, 𝜂a = 250, fc = 250,
f = 350, 𝜖 = 0.001. Two nullclines are depicted together with a trajectory
accomplishing several cycles; see text for more detail.
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[10]

For large ηa  1, the first terms in these expansions suffice and
provide two
√ crucial insights. First, the limit cycle emerges at a tiny
f1 /fc ≈ η0 /ηa , at which the nonlinearity in our theory seems to
be fully negligible, see Eq. 9 to grasp why. This intuition, which
served as a foundation for linear theory in (27), surprisingly, turns
out to be incorrect in the presence of strong memory effects.
Second, the above f2 corresponds to 2fc in physical units to the
first approximation. Hence, a nonequilibrium phase transition
is expected at 2fc rather than near fc in neglecting the memory
effects (37, 42).
Furthermore, the minimal and maximal amplitudes of the
velocity oscillations are given exactly in SI Appendix, Eq. 15 of
SI Appendix, and approximately by
vmin
vmax

√
1 √
= − ( 2 − 1)f + (1 + 2/2)/f + O(1/f 2 )
2
= f − 1 − 1/f + O(1/f 2 ),
[11]

or vmin ≈ −0.2071f and vmax ≈ f − 1, for very large f  1.
These remarkable analytical results nicely agree with numerics
in Fig. 2 obtained using AUTO bifurcation analysis tool in
XPPAUT (44) for ηa = 250 already at  = 10−3 and practically
coincide with numerics at  = 10−4 . Similar velocity oscillations
were indeed observed for macroscopic spheres falling through a
WLM fluid in a gravitational field (29).
Furthermore, for f < f1 , the mean velocity hv(f )i defined
numerically by x(t)/t at a sufficiently large t for a single particle
is almost linear in f , hv(f )i ≈ f /η6 , in accordance with vm in
Eq. 9. At f = f1 , it makes, however, a jump, at odds with the
intuition implied by Eq. 9, and further grows nonlinearly with f
[see inset in panel (A) and panel (B) in Fig. 2 and also the orange
dashed-double-dotted line in Fig. 3]. At f = f2 , the second jump
occurs in hv(f )i to the value determined by Eq. 5 at f > f2 , see
in Fig. 2B.
Moreover, the analytical result for the period of nonlinear
oscillations in Eqs. 18 and 19 of SI Appendix evaluated numerically also remarkably agrees in SI Appendix, Fig. S2 therein for
ηa = 250 (44). The larger the force, the larger is the period. In
SI Appendix, Fig. S2, the theoretical results are plotted for several
values of ηa in the range 10–2,000. In all cases, the period of
emerging oscillations is chiefly determined by the memory scale
τm = 1/ν and changes in a broad range, which depends on ηa .
The larger ηa , the larger the range of T (f ) variation, which can
reach almost two orders of magnitude for ηa = 2, 000.
Noisy Dynamics. Next,

we studied the noisy dynamics numerically, in particular, at T̃ = 1 and ηa = 250, the same as in
refs. 37 and 42 in the absence of memory effects. It was studied
both for a single-trajectory realization and an ensemble of 105
trajectories at  = 10−3 and the time step 1t = 10−7 − 10−6
using the stochastic Heun algorithm. Noise induces a striking
feature known already from the dynamics of stochastic excitable
systems (44–46); see SI Appendix for additional discussion.
Namely, it can induce stochastic limit cycles already below
4 of 7
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the limit  → 0 (43); see SI Appendix. Using the exact results for
 → 0 presented in SI Appendix, Eqs. 16 and 17 of SI Appendix,
we obtain approximately
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Fig. 2. Bifurcation diagram for the dynamics with 𝜂a = 250 and fc = 250 for
(A) the first bifurcation (small f ) and (B) complete diagram for several values
of 𝜖 shown in plots. Theoretical results correspond to limit 𝜖 → 0 and are
√
given in Eq. 11. Theoretical value f1 ≈ 𝜂a ≈ 15.8 nicely agrees with numerics
already at 𝜖 = 0.001, and f2 ≈ 2𝜂a = 500 already at 𝜖 = 0.01. For small forces,
the theoretical limit is achieved at 𝜖 = 10−4 , see in (A), whereas for larger
f , 𝜖 = 0.001 is already sufficiently small, see in (B). vm (f ) is the equilibrium
value, which is unstable for f1 < f < f2 , and hv (f )i is the mean velocity. The
inset in (A) shows them for small forces. One can see that hv (f )i makes jumps
at the critical forces, f1 and f2 .

√
f1 ≈ ηa ≈ 15.8 (44–46). An example of it is shown for
f = 7 and f = 10 in SI Appendix, Figs. S3A and S4.
Furthermore, noise combined with memory can essentially
modify thermal-average hv(f )ist even at f < f1 , i.e., deeply
inside a linear response (LR) regime (f  fc ) in the absence of
memory effects. Indeed, within LR, hv(f )ist = µ(0)f , with
µ(0) = D(0)/kB T = hη−1 (v)i, being the inverse friction
averaged over equilibrium Maxwell distribution of velocities
(37, 42). Notice that due to thermal fluctuations, µ(0) is larger
than 1/η6 (37, 42), and the memory does not influence this result
until about f ≈ 5, see in Fig. 3. Without memory, τm → 0,
LR approximation works well until about f ≈ 50. At T̃ = 0
and in the presence of memory, it works also well until f < f1 ,
see in Fig. 2A. However, noise destroys LR-regime already at
f > 5. The response becomes highly nonlinear, hv(f )ist ∝ f γ ,
with γ ≈ 1.73 in the force range [20, 250]. Interestingly, in the
range [f1 , f2 ], where the deterministic oscillations occur, noise
practically does not influence hv(f )ist . It does not mean, of
course, that oscillations are not stochastic in this case, see, e.g., the
cases f = 20 and f = 100 in SI Appendix, Fig. S4. However,
pnas.org
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Fig. 3. Mean velocity vs. force. The numerical results on the ensembleaveraged mean velocity (blue diamonds connected by a line) in the case
𝜂a = 250, fc = 250, 𝜖 = 0.001, and T̃ = 1 are compared with the exact theory
result in the memoryless case (42) (green asterisk symbols) together with
two corresponding analytical approximations (37, 42) (full-black and dashedred lines) shown in the plot. The orange dashed-double-dotted line depicts
the T̃ = 0 result obtained by averaging over a single trajectory. The inset
compares it with stochastic numerics near the point of the second Hopf
bifurcation at f = f2 .

the mean velocity is practically not influenced by noise, which
is a remarkable unexpected feature. We clearly see in Fig. 3
that memory-induced nonlinear oscillations strongly enhance
transport over the memoryless case until about f = fc . It is rather
counter-intuitive because of a substantial time, T1 in SI Appendix,
Eq. 18 of SI Appendix, particles move in the opposite direction.
Nevertheless, the amplitude of velocity in the forward, positive
direction is much larger than in the negative, see in Fig. 2B, which
is at the core of this enhancement effect. Moreover, the periods
of moving along the corresponding two stable branches also do
matter. For f & fc , these oscillations start to deteriorate the
overall transport process compared with the memoryless case.
This tendency persists until the memory-induced oscillations
cease overall at f > f2 ≈ 2fc , at T̃ = 0.
Importantly, in the presence of noise, the noise-induced
oscillations persist in some force range beyond f2 . As a result, near
the second Hopf bifurcation at f = f2 , a sharp phase transition
at T̃ = 0 is smoothed by the noise, see inset in Fig. 3. The
midpoint of this transition roughly corresponds to fmax ≈ 516
at which a giant (seven orders of magnitude) increase of GED
occurs in Fig. 4. The structure of this peak is resolved in the inset
of Fig. 4. It is fitted therein there by a generalized exponential
dependence


D(f ) = Dmax exp −|(f − fmax )/1± |β±

[12]

with the parameters 1± and β± right and left of the maximum
Dmax at fmax . GED occurs due to noise-induced cycling.
Namely, the particles move in the forward direction with mean
velocity v∗ = (f − fc )/η0 at f > f2 and would do so forever
at T̃ = 0. However, noise sporadically excites single-cycle
oscillations; see the examples for f = 516 in SI Appendix,
Figs. S3B, S4, and S5C, which causes the GED.
Indeed,
DR let us introduce
E the mean displacement velocity
ti +Ti
hvT i = ti
v(t)dt/Ti during such a random cycle of period
Ti (f2 ), occurring at time instants ti , and think in terms of a twostate velocity fluctuation theory (14–16, 18), between v∗ and
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with Eq. 12.

hvT i. Following such a two-state Markovian theory developed in
ref. 18 and applied to excitable systems in ref. 46, the diffusion
maximum is expected under the condition that the mean times
in the states v∗ and hvT i become equal (their probabilities are
equal). However, in our case, the distribution of Ti is profoundly
nonexponential, with a sharp peak at the deterministic value
of T (f2 ). Hence, the two-state velocity fluctuation process is
profoundly non-Markovian, cf. SI Appendix. Under simplest
assumptions that the mean time in the state v∗ , hτ (f )i, depends
exponentially on f , and hT i ≈ hT (f2 )i ≈ T (f2 ) does not
depend at all, we obtain a different condition, hτ (f )i = 2hT i,
for the diffusion maximum, and its estimate SI Appendix
Dmax = 2[1v(fmax )]2 hT i/27,

[13]

where 1v(f ) = v∗ − hvT i. Indeed, in Fig. 4, at the maximum,
v∗ = 266 and hvT i ≈ 95.9 (using the data presented in Fig. 3,
at f = f2 ). Together with the estimated T (f2 ) ≈ 4.73 cf.
SI Appendix in Eq. 13, this yields Dmax ≈ 1.01 × 104 , which
upon rescaling with the factor  = τv /τm = 10−3 remarkably
agrees, within a 1% accuracy, with the numerical value in Fig. 4.
The result in Eq. 13 is significant. It shows that Dmax ∝
hT i ∝ τm is primarily determined by the dynamical, noise-free
properties. It explains why the enhancement Dmax /D(∞, T ) is
so huge.
After the peak, at f > f3 ≈ 527, a further abrupt phase
transition occurs (see inset in Fig. 4), and the memory ceases to
matter overall. Then, the diffusion coefficient follows Eq. 6.
This dependence can be entirely explained in terms of an
enhanced kinetic temperature of the particles (42) defined by
Tst = mhδv2 ist /kB (47–49), which is Tst (f ) = T /(1 − fc /f )
in this parameter regime (42). The same remains valid at a
finite τm , a significant result. Moreover, the distribution of
velocities in this regime is nearly Maxwellian; however, with
the kinetic temperature Tst > T larger than the temperature of
the environment, like in the memoryless case (42).
https://doi.org/10.1073/pnas.2205637119
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Discussion and Conclusions
For typical γ̇c = 2.19 s−1 , τm = 2.2 s (28), ζa = 0.25 Pa s,
water-like ζ0 = 10−3 Pa s, and room temperature, kB T =
4.1 · 10−21 J, Teff = 10−3 used in our stochastic simulations
corresponds by Eq. 8 to R ≈ 3.6 μm, which is twice larger
R in (28). However, for silicon particles, the corresponding 
is exp ≈ 3.05 · 10−6 instead of theo = 10−3 used in our
simulations to make them feasible. It should be emphasized in
this respect that using exp instead of theo would not change
the results at T̃ = 0. However, the value of  is important to
describe the noise effect near the bifurcation points, especially
for the GED, where the inertial effects remain crucial. Here, our
approach fundamentally differs from one completely ignoring the
inertial effects (27). The inertial effects can never be neglected in
nonlinear viscoelastic media, as we show with this work. The very
emergence of sustained nonlinear oscillations, another significant
result obtained, is also profoundly conditioned on the particles’
inertia. However, an important issue is how a realistic value
of  affects the GED. Hence, we also considered the case of
R = 25 μm with other parameters given above. It corresponds to
 = 1.471·10−4 and T̃ = 0.02027. In SI Appendix, Figs. S7 and
S8, one can see that all the major results in Figs. 3 and 4 remain
qualitatively the same. The GED peak occurs at f ≈ 504, over
more than nine orders of magnitude relative D(∞, T ). Hence,
this phenomenon is robust.
The discussed crucial features make the theoretical approach
developed in this work, upon various experimentally motivated
ramifications, potentially a “Swiss knife” to address many
phenomena emerging in nonlinear viscoelastic media. The
corresponding experimental follow-up work is most welcome.
We expect that it will inspire the following ramifications of our
theory: i) taking dependence of the relaxation rate ν on velocity
into account, cf. SI Appendix and below; ii) different forms of
nonlinear friction, see SI Appendix; iii) more than one viscoelastic
mode in the environment and nonexponential relaxation; iv)
nontrivial external forces applied and varying both in space
and time; and v) nonlinearity in the medium’s deformations
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(anharmonic springs), and possibly other. Importantly, the
construction of the corresponding models can depart from
the macroscopic experimental rheology, both nonlinear for a
constant shear rate and linear but for a time-dependent shear
rate applied (19, 20, 38). Measuring the steady-state stress in
the medium depending on the shear rate allows finding the
phenomenological, medium-specific model of η(v). In addition,
linear dynamical rheology allows finding the spectrum of viscoelastic modes and the shear rate or velocity dependence of the
relaxation rates.
For example, an experimental study in ref. 38 does correspond
to our friction model with ηa /η0 ≈ 2133, γc = 0.0832 s−1
and τm = 8.5 s, cf. SI Appendix. The relaxation rate depends,
however, on the shear rate linearly, which corresponds to ν(v) =
(1 + κv/vc )/τm . The value of κ in (38) is sufficiently small,
about κ ≈ 0.159. A small but finite κ modifies, of course, the
results. However, all the principal findings of this work hold
cf. SI Appendix. Furthermore, we show in SI Appendix that, e.g.,
for a different experimentally motivated a = 1/3 in Eq. 4, the
major results hold. Moreover, external potentials can be created
by laser fields (4–6, 10, 27, 28), and their influence is also of great
interest. Driving the system with a periodic field, in addition to
the constant force, with a resonance frequency, would also be an
exciting topic to investigate.
Hence, we expect our work to open great perspectives for
theory development and inspire and trigger relevant experimental
work.
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