Structure of Entangled Filamentous Matter: Linear vs Rings
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While linear polymers are well understood, the structure and dynamics of rings remain elusive.
Key concepts such as confining tubes and reptation, which are the cornerstone of polymer physics,
could be misleading in the ring dynamics. Here we use commercial rubber bands imaged through
X-ray tomography to compare the structural properties of semiflexible linear and ring assemblies.
Individual band configurations in the assemblies are obtained through a machine learning segmentation approach, allowing the detailed geometrical and topological characterization of the structures.
We found that although rings tend to be more compact and display higher curvature, the topology
of rings and linear assemblies are shown to be rather similar, when scaled properly.

Introduction. Among the most interesting properties of macromolecular systems is their complex rheological response. In general, deforming entangled polymers
leads to an early elastic response, originated by the uncrossability of the chain-like molecules. Eventually, these
systems can relax internal stresses through (slow) molecular rearrangements [1, 2].
To take into account the uncrossability constraint for
chain motion, Edwards and de Gennes introduced the
concepts of confining tube and reptation dynamics [1, 2].
In this mean-field-like approximation, the motion of a
reference chain is envisioned to be restricted to a tubular
region, defined by neighboring chains (Fig 1a-b). Thus,
linear polymers mainly diffuse along their tube’s direction, in a process called reptation. In these systems, the
stress relaxation after an external perturbation is related
to the escape of chains of their containing tubes (tube
renewal).
Tube models and reptation are currently the cornerstones of polymer dynamics [3]. Such a picture is not
only used to write down quantitative equations for stress
relaxation in linear polymers, but it has been also modified and extended to understand the behavior of more
complex molecules, like star-shaped and other ramified
polymers.
Of course, similar molecular entanglements are also expected to restrict the motion of ring molecules in melts
[4–6]. However, the lack of free-ends in rings questions
the usefulness of a reptation-like approach to model the
ring dynamics. In addition, in melts or dense solutions
of rings there could also be threading between molecules
[7–14]. Although ring threading could be scarce for fully
flexible molecules, which likely adopt a compact form,
it is expected to dominate the dynamics of semiflexible
ring polymers, which display more open configurations
[15]. This is because networks of threading molecules can
easily develop in such systems, which is expected to dramatically slow down the dynamics of the system [12, 15].
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For example, in Fig. 1c the diffusion of chain A requires
motion of chains B, C, and D, probably in a hierarchical process. Although reptation dynamics has been
clearly established as the fundamental stress-relaxation
process of linear and ramified polymers, it is still unclear
how rings relax stress. We may speculate that unthreading of molecules should be critical for semiflexible ring
molecules.

Thus, at present, there are several open questions on
the ring’s structure and dynamics, and how these systems
compare with linear polymers. In this work, we compare
the structure of assemblies of linear and ring filaments by

FIG. 1. Disordered entangled systems. In the tube
model, the uncrossability of chains is taken into account by
thinking that a reference chain is constrained to move in a
tubular region defined by neighbor chains (a-b). In melts of
rings there are not only entanglements but also threadings
between molecules (c). Raw tomography of a rubber band
assembly (d) and a segmented system (e).
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FIG. 2. Packing structure of linear and rings rubber
bands. Left and right columns compare the conformation
of linear and rings of systems C and D respectively. In each
assembly a single rubber band is highlighted to better appreciate the configurations.

TABLE I. Rubber band’s main properties
type
A
B
C
D

samples
samples
L (cm) Nbands Nrings
Nlinear
20.4
130
8
5
24.1
71
9
4
30.4
58
5
5
63.4
28
6
5

φ
0.159
0.172
0.186
0.180

using a simple athermal macroscopic model: disordered
assemblies of rubber bands of different lengths [15]. By
using X-ray tomography (Fig 1 d) combined with a machine learning segmentation approach (Fig 1 e), we are
able to unveil and compare geometrical and topological
properties of the assemblies.
Sample preparation, imaging, and segmentation. The disordered assemblies are obtained by placing
the bands one by one in a cylindrical container of radius
Rc = 3.25 cm and height 7.2 cm and subsequent mixing
by mechanical agitation [15]. Linear bands were obtained
by simply cutting the rubber bands. Table 1 summarizes the main characteristics of the types of bands used.
These are the band’s length L, the number of bands in
the assemblies Nbands which is adjusted in order to obtain similar packing fractions φ, and the number of ring
samples
samples
and linear systems studied, Nrings
and Nlinear
respectively, in order to get better statistics on geometrical and
topological properties.
The internal structure of the band packings were evaluated by using X-ray tomography with a CT-Rex (Fraun-

hofer EZRT, voxel resolution 35 µm) located in the
Friedrich-Alexander-Universitat. Typically we set X-ray
canon to 100kV of Voltage and 350µA of current. The
exposure time was set as 150ms, and the tomograms were
obtained through 1600 sample rotations. Usually, a conventional 3D tomography in our project contains ∼ 6
× 108 voxels arranged in a 3D matrix with typical dimensions of ∼ 960 × 960 × 686. Figure 1d shows a
typical tomography of the disordered assemblies
of rubber bands studied here.
In this work, we use Convolutional Neural Networks
(CNNs) to obtain the configuration of each band in the
assemblies. CNNs are deep learning methods allowing
the extraction of characteristic features in images and
volumes [16, 17]. Usually, these networks synthesize
information through sequences of convolution, pooling,
and up-sampling operations. We segmented the tomographies using the U-Net architecture [18], which uses
a convolution-deconvolution approach, which previously
has been successfully applied to segment both 2D and 3D
volumetric data. In our case, we trained 3D U-Net networks for each type of the bands studied (systems A − D
in table 1). The masks needed to train the networks were
obtained using a watershed segmentation approach, developed in a previous work [15]. For convenience, the
tomographies are initially split into subvolumes of 1283 .
These raw data are passed through the trained network
to obtain the probability of a given voxel being the center of a band. After passing each subvolume through the
network, we re-assembled the data in the correct order
and applied a connected component analysis to get the
individual band’s configurations. Further details of this
segmentation approach will be published elsewhere.
Linear vs Rings: Geometrical properties. Figure
2 compares the conformation of linear and rings bands
of same the type A − D. In these plots a single band
is highlighted in order to better appreciate the changes
in conformations with length for both, linear and rings.
Just by simple observation, it can be noted that rings
adopt more compact configurations than linear bands of
same length, which is related to the extra constraint of
rings that must close.
Individual band’s configurations can be studied
through the shape tensor [19],
Z
Z
Z
1
1
Qij =
ri (s)rj (s) ds − 2
ri (s) ds rj (s) ds ,
L
L
(1)
averaged over the bands in the sample. The invariants of
this tensor, which characterize the geometry of the rings,
are the gyration radius given by the trace of the shape
3TrQ̃2
operator, Rg2 = Tr Q, the asphericity ∆ = 2(Tr
, and
Q̃)2
the nature of the asphericity Σ = 4 det Q̃/(2/3 Tr Q̃2 )3/2 ,
where Q̃ij = Qij − δij Tr Q/3. The asphericity assumes
values 0 ≤ ∆ ≤ 1, where the limits ∆ = 0 represent
a symmetrical sphere-like object, and ∆ = 1 a fully extended rod-like object. The nature of asphericity assumes
values −1 ≤ Σ ≤ 1. Here Σ = −1 represents an oblate
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of polymer chains is a measure of their rigidity and can
be calculated as Lp = Lb / ln(hcos θi), where Lb is the
bond distance and θ is the angle between the successive bond vectors [20]. This plot clearly shows that the
persistent length is higher for the rings than for the linear bands. This is again a manifestation of the extra
constraint of rings. Linear bands are less constrained
than rings and are allowed to explore more configurations, such that they effectively behave as more flexible.
Note also that the persistent length is almost independent of length for each type of band, which is expected,
because all the bands are made of similar rubber [15].

The differential geometry of bands can be addressed
through the Frenet-Serret expressions [21, 22]:
ts = κn, ns = −κt + τ b, bs = −τ n,

(2)

FIG. 3. Shape of bands. Panels a), b), and c) show the
length dependence of the shape invariants for linear and ring
rubber bands. Panel d) compares the persistent length of
linear and rings of different length.

object, and Σ = 1 for a prolate object.

Figures 3a-3b compare the values of ∆ and Σ, as obtained for the ensembles of linear bands and rings of different lengths. These plots show that the conformations
of linear and ring bands are somewhat similar. Both, linear and rings, tend to more isotropic configurations for
longer bands ∆ → 0. Besides, linear and rings remain to
an approximate prolate form in all the lengths studied.
These geometrical features are related with the confinement originated by the cylindrical container.
Differences in the linear and rings configurations can be
observed in the averaged gyration ratio of bands, normalized by the radius of the container, as shown in Figure 3c.
Note that for all the lengths studied, linear bands have a
larger ratio of gyration. This is simply related with the
extra constraint of rings which must close, and thus have
to be more compact. Linear bands can explore further
(expanded) conformations. Interestingly, linear and rings
seem to follow a rather similar growth law of the radius
of gyration with length, which can be approximated with
a power law with an exponent 1/5.
It is also interesting to note that the differences in
configurations are minor for the longest linear and ring
bands studied. This can be clearly appreciated from the
shape invariants ∆ and Rg (Fig. 5a and 5c). This is
because the longest bands are under strong confinement,
such that the boundary forces multiple foldings for these
bands, and configurations become dominated by boundary, rather than topology.
In figure 3d we compare the persistent length Lp of
linear and rings of different types. The persistent length

FIG. 4. Curvature and torsion distributions. a) Typical comparison of curvature distributions for a linear and ring
system of the same type. b), c) Variations of the peak and
width of curvature distribution as a function of length, for
linear and rings. d) The normalized torsion distributions of
bands collapse to a simple exponential decay when normalizing with a characteristic torsion τ ∗ , which fundamentally
depends on the length and not on bands topology (inset).
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where s is the arc length, the subscript s denotes d/ds,
and t, n, b, are the local tangent, normal and binormal
vectors, respectively (see the inset in Fig. 4a). The values
of κ and τ represent the local curvature and torsion of
bands.
Figure 4a shows the typical comparison in curvature
distribution of linear and ring bands. Note that, as expected, the peak in the curvature distribution is higher
for rings. This can actually be appreciated in all the
systems studied, as shown in Fig. 4b. Note that this
figure also shows that the decrease of the peak’s curvature distribution with length is similar to both, linear
and rings. Figure 4c compares the width of the curvature’s distribution as obtained by W = (κ2 − κ1 )/κpeak ,
where κ1,2 are the curvature at half-width. This plot
shows that rings always have broader curvature distributions (for the longest bands the differences are again
minor due to strong confinement effects).
In Fig. 4d we show the torsion distribution for all
the bands, linear and rings, studied here. As can be
clearly seen, all the distribution collapse on a single master curve, which is a simple exponential decay, when normalized with a characteristic torsion τ ∗ . This means that
local excursions out of the plane are exponentially suppressed in both linear and ring bands. In part, this could
be related due to the manufacturing process of the rubber bands. This plot shows that the rubber bands can
be considered as elastic lines whose conformations are
dominated by curvature, rather than torsion. The inset
of Fig. 4d shows that the characteristic torsion in the
system depends fundamentally with the length of bands,
but it is rather independent of length. This typical torsion τ ∗ increases with length because longer bands can
explore out of plane configurations more easily.

FIG. 5. Topology of structures. Voronoi tube-like domains
for ring and linear bands (top). Variation of the number of
the fraction of neighbors per band as a function of length
(bottom) for linear and rings, collapsing on a single curve
when normalizing with the persistent length lp .

Linear vs Rings: Topological properties. Now
we focus on the topology of the structures. As discussed
in the introduction, in principle, it is difficult to compare
the environments of linear and ring chains in melts. This
is because while only entanglements restrict the motion
of linear chains, in rings there are entanglements and
threadings that affect and modify chain conformations
and dynamics. In addition, while the are now several
computational approximations to get entanglements in
linear polymers [23–25], there are not such standard calculations for rings.
Here we use a completely different approach. We focus on understanding the neighborhood of chains using
generalized Voronoi diagrams [26], which can give both,
number of neighbors and corresponding Voronoi volumes.
To get the generalized Voronoi diagrams, we first calculate a typical Voronoi tesselation using all the particles
that define the structures’ bands. Then, we just join
the Voronoi volumes of particles belonging to the same
chain/band [15]. As expected, this leads to tubular-like
Voronoi regions for both, linear and rings (Fig. 5 top).
This approach is completely general and can be used

to study more complex polymer architectures, like stars,
combs, and other highly ramified chains.
Figure 5b shows the averaged number of neighbors per
band as a function of the band’s length for both linear
and rings. Note that for every length studied, the linear
bands always have a larger averaged number of neighbors
than the rings. This is because of the lack of the closeness
constraint, which permit more expanded configurations
in linear chains, allowing further band’s explorations, increasing number of neighbors. Interestingly, note that for
the longest bands the number of neighbors per band is
almost the same for linear and rings. This is because, as
discussed above, the longest bands are highly confined,
such that conformations and the whole structure is dominated by the boundaries, rather than band’s topology.
To determine the influence of band’s topology in the
whole structure, we need to take into account the differences in size conformation of linear and rings. This
can be simply done by normalizing the length of bands
with the persistent length. The inset of Figure 5a compares the number of neighbors per band as a function
of the normalized length for linear and rings. Now all
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the data nicely collapse on a single curve. Both systems,
linear and rings, get almost entirely entangled for the
longest bands. Such a collapse means that the different
chain topology does not produce an intrinsic difference
in the structure of the assemblies. Linear bands have
more neighbors (and probably more entanglements) just
because they are more extended. Note that we may expect completely different results in the limit of very short
chains, where linear chains become rods and rings become
discs, which are likely to pack differently [27].
Conclusions. In this work, we used X-ray tomography to image disordered assemblies of commercial rubber
bands, in order to understand the effects of the band’s
length and topology (linear vs ring) in the structures.
This macroscopic model system is expected to be a zeroorder approximation to entangled filamentous matter,
similar to compact packings of hard spheres are insightful but straightforward models of liquid and glasses [28].
While in general linear bands are observed to be more
extended, and to explore more configurations, the con-

straint of closeness in rings does not seem to produce
an intrinsic difference in the packing structure. Note,
however, that although equilibrium structures are similar for linear and rings systems, we may expect completely different relaxation dynamics in these systems.
Entanglements and networks of threadings in semiflexible rings would induce a much slower relaxation than the
reptation-dominated dynamics of linear polymers.
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