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Abstract Packings of cohesive nanoparticles, that is nanopowders, may be obtained as the result of repeated fragmentation–reagglomeration cycles (Schwager et al. in Phys Rev
Lett 100:218002, 2008) such that the resulting sediment
reveals a fractal structure. The size distribution of the fragments after a fragmentation step is a superposition of a narrow
distribution of large particles (chunks) whose size is determined by the cutting length and a power-law distribution
for small particles, representing scale invariant dust. It was
shown that the exponent of the power-law, τ , is in non-trivial
relation to the fractal dimension, d f , via d f (2 − τ ) = 1. This
poses the question for the structure of the sediment created
by repeated fragmentation–reagglomeration cycles when the
dust particles are excluded from the reagglomeration step.
We found that even in this case, repeated fragmentation–
reagglomeration cycles yield a sediment of fractal structure
with slightly reduced fractal dimension while the dust exponent, τ , remains unchanged.
Keywords Nanomaterials · Fractal structure · Granular
material · Sequential deposition
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1 Introduction
Nanopowders are composed of particles whose size is
smaller than 100 nm. Such particles can be created in natural processes, e.g. meteors entering the atmosphere and as a
side product in industrial processes [2]. Production of nanoparticles is the basis of nanotechnology, e.g. [3]. For example,
sediments of such particles are useful in e.g. solar cells [4]
and gas sensors [5]. Once particles are created, the sediments
can be generated by e.g. filtration [6] or by deposition onto
a flat surface with the help of thermophoresis [5]. Nanopowders are then obtained by collecting such sediments into a
container. The structure of a packing collected in such a way
can be quite inhomogeneous, and the structure will continue
to evolve with subsequent influences.
It has been shown by numerical simulation that a nanopowder that is repeatedly fragmented and deposited reaches a
stationary state, independent of its initial state [1], where the
stationary state reveals a fractal substructure. The fragment
mass distribution after the fragmentation step is a superposition of a narrow distribution of large particles (chunks) whose
size is determined by the cutting length and a power-law distribution for small particles, representing scale invariant dust.
This exponent of the power law, that is, the dust exponent,
τ ≈ 1.41, relates to the fractal dimension, d f = 1.67 ± 0.03,
of the sediment via [1,7]
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The existence of such dust exponent has been noticed also
in other types of fragmentations, e.g. the impact of plastic
shells with hard walls, with values of the dust exponent close
to the one above, e.g. [8].
The scaling relation, Eq. (1), suggests that the distribution
of the small dust particles (fragments belonging to the power
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law part of the fragment mass distribution) may have a strong
influence on the fractal dimension, although their total mass
is a small fraction of the whole system. In order to study
their rôle, in this paper we remove the dust particles from the
system after each fragmentation step.

2 Model
We simulate the sedimentation of particles by means of
a steepest descent deposition model, introduced by Visscher and Bolsterli [9] for spherical particles (or discs in
2 dimensions) and recently generalized to agglomerates of
spheres [10]. It this model, particles, that is, agglomerates of
spheres, are deposited sequentially onto a horizontal plane.
A particle moves as a rigid body such that its center of mass
follows the steepest descent path in the landscape shaped by
previously deposited particles until it reaches a local minimum where it is immobilized (for details see [10]). In this
paper we consider two dimensional systems.
The simulated packing is fragmented by first cutting it
with a square mesh of cell size . Each cell may now contain
a number of rigid agglomerates. If those fragments are sedimented, and the resulting packing fragmented again etc.,
then after a number of such cycles a stationary structure
is reached, as reported in [1,7]. Figure 1 (black diamonds)
shows the mass distribution of the fragments in the stationary
state. The power-law distribution of small fragments (dust)
is clearly separated from the peaked distribution of larger
particles (chunks). The system consists of N = 106 primary
particles (monodisperse discs of unit mass), and the system
width is L = 512 disc diameters with periodic boundary
conditions. These two parameters are fixed throughout this
paper. The horizontal positions from where the agglomerates
are dropped (including discs which are agglomerates of mass
1) are chosen random with uniform distribution; their initial
angular orientation is chosen random as well.
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3 Results

1

The evolution of the filling height for various fragmentation
lengths is shown in Fig. 2. Time t is measured in number
of fragmentation–reagglomeration cycles. In the initial state
only discs are deposited, resulting in a rather dense packing.
The powder is then repeatedly fragmented and redeposited.
Starting at t = 200, in each cycle the dust is eliminated
as described above. We then observe a rapid relaxation to
a larger stationary filling height whose value depends on
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After each fragmentation step the dust particles are eliminated in such a way that the total mass of the system is
conserved: chunks are randomly chosen and replicated while
removing dust of the same mass, until the mass of the remaining dust becomes smaller than the smallest chunk mass. The
remaining dust particles are kept in the system. For the discrimination of dust from chunks we need a mathematically
well defined criterion: The fragment statistics can be viewed
as a superposition of a power law with an exponential cut
off (dust fraction) and a peak at large masses (chunk fraction), whose position m c and width scale similarly with  (see
Fig. 6b). For the purpose of this paper, however, we want to
define a separating mass, up to which the fragments are called
“dust”, while the larger fragments are the “chunks”. A natural
choice of such a separating mass is the local minimum of the
fragment mass distribution in the crossover region between
the power law and the peak. This choice has the advantage of
being unambiguous, which is the reason, why we are using
it.
One may wonder, if a separation into “dust” and “chunks”
could be based on the mathematical distinction between a
power law with cut off and a peaked contribution to the fragment mass distribution. This would require, that any fragment
with mass in the crossover region is called a “dust”-particle
with a small probability obtained from an extrapolation of
the power law to large masses, or else counts as a “chunk”.
Similarly, small fragments would be called “chunk” with the
small probability given by the tail of the peak. As we are
going to replace dust by chunk particles of the same mass in
this paper, the ambiguity of assigning these labels to a given
fragment should not matter. The main difference between the
two approaches is, that with the separating mass one cuts off
the tail of the chunk peak at small fragment masses. We regard
this as an advantage compared to the mathematical description of chunks by a peaked distribution with tails extending to
arbitrarily small masses. For the example shown in Fig. 1, the
minimum chunk mass is m = 16, that is, only a tiny amount
of dust remains in the system which is necessary to keep the
total mass invariant. The described procedure is illustrated
in Fig. 1 (red boxes and blue circles) showing the fragment
distribution before and after the elimination of dust.
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Fig. 1 Mass distribution of fragments in the steady state for fragmentation length  = 8. Black diamonds simulation rule given in [1]; blue
circles mass distribution after fragmentation; red boxes distribution with
dust removed (color figure online)
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Fig. 4 Asymptotic filling height as a function of the fragmentation
length, h ∞ () for the cases considered

density correlation C(r)

Fig. 2 Evolution of the filling height for different values of the fragmentation length . Removal of dust start at t = 200
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Fig. 5 Density correlation function C(r ) for  = 64, for original rule
and when the dust is eliminated

Eq. (2), with αr = 0.44 ± 0.03. Following the arguments
of [1,7] we obtain the ratio of the total mass, M, divided by
the number of mesh cells, Ncell , that is, the average mass per
mesh cell:
Fig. 3 Examples of sediments in the stationary state for three values
of the fragmentation length. Top dust removed, bottom all fragments
preserved. The pictures show the full system width, L, but only a small
fraction of the height

the fragmentation length. Growth of the filling height corresponds to enhanced porosity due to the fact that the larger
gaps between chunks particles cannot be filled when the dust
is removed. Figure 3 shows examples of sediment structures
in the stationary state for both cases, dust removed and dust
persists. When dust is removed and the system is in the stationary state, the fraction of the total mass of the system that
was redistributed was between 25 and 41 %, with larger fractions occurring for larger s.
In [1] it was shown that the asymptotic filling height
depends on the fragmentation length as
h ∞ () ∼ α with α = 0.33 ± 0.03.

(2)

We confirm this result, α = 0.34 ± 0.03, Fig. 4. For the
case of dust eliminated, we obtain the same functional form,

M
∼
Ncell

1
Lh()
2

∼ 2−αr .

(3)

Consequently, the sediment is fractal with fractal dimension
d hf = 2 − αr = 1.56 ± 0.03, compared to 1.66 ± 0.03 for
the case described in [1] (dust not eliminated). Removal of
dust, thus, reduces the fractal dimension in agreement with
the observation of a less consolidated sediment.
Next, we consider the density correlation function


 r  + r (r  )
C(r) =
 (r  )

(4)

which may give insight into the structure and fractal properties of the sediment [11]. If the point r is covered by a particle,
the density at this position is (r) = 1, due to the material
density of the particles. Figure 5 shows C(r ), where the vector r was averaged over all angles (isotropic case). For large
argument, r  , C(r ) approaches the average density of
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Fig. 6 Distribution of fragment masses. a After fragmentation (hollow
symbols), and after redistribution (filled symbols). b Normalized fragment mass distribution. For both (a) and (b) the data was averaged over
200 cycles

Fig. 7 a Characteristic chunk mass, m c as a function of the fragmentation length, . b Dust exponent obtained from the peak of the normalized
fragment size distribution shown in Fig. 6

the system, therefore, the curve for dust eliminated is below
the curve for the original rule. Interestingly, this trend is also
followed for the short ranges.
If C(r ) is a power law, C(r ) ∼ r −γ , the sediment is of
fractal structure with d f = D − γ , where D is the dimension
of space (in this paper D = 2) [11]. For unmodified fragments we find d f < 1.76 and for removed dust d f < 1.7.
The decrease in the upper bound when the dust is removed is
consistent with the decrease in the fractal dimension obtained
from the filling height.
Consider the fragment mass distribution, averaged over
many cycles in the stationary regime, Fig. 6a, for various values of the fragmentation lengths. By the procedure of dust
elimination described above, the number of dust fragments is
reduced by about three orders of magnitude or more. Surprisingly, although essentially only chunks are deposited, both
dust and chunk particles reappear after the fragmentation of
the packing.
With this results in mind the scaling relation, Eq. (1), can
be seen in a new light. Although there is no dust being sedimented, the fractal dimension changes only slightly. This
very weak influence of dust being put into the system suggests that it is the exponent of the dust obtained after the
fragmentation that enters the scaling relation.

The distributions for different fragmentation length shown
in Fig. 6a can be normalized to obtain f (m), Fig. 6b which
may be written in the same form as for the case of unmodified
fragment distribution [1]
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˜
f (m) = m −τ
c () f (m/m c ())

(5)

where m c () is the position of the maximum of the chunk
part of f (m) for a specific . Again, the chunk mass can be
c
written as m c () ∼ d f , where d cf is the fractal dimension
associated with the chunks.
The values of exponents τ and d cf can be obtained from
m c () and f (m c ), Fig. 7. We find d cf = 1.57 ± 0.03 when
the dust is removed, and for the original rule 1.68 ± 0.03
(in agreement with results from [1]). The exponent d cf =
1.57 ± 0.03 agrees well with its corresponding filling height
exponent (d hf = 1.56 ± 0.03). For the τ exponent we find
1.46 ± 0.03 when the dust is removed and 1.44 ± 0.02 for
original rule (again same as [1]). Therefore, the removal of
dust does not change the dust exponent.
From the scaling relation, Eq. (1), with d f = 1.57 ± 0.03
we obtain τ = 1.36 ± 0.01, which is not in agreement with
the measured value of τ but deviating by a few percent. We
note that there is no reason to expect that the scaling relation
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Fig. 8 Collapse of the fragment size distributions with appropriate
scaling of the axes

continues to be correct, the preconditions of its derivation [1]
does not hold true when the distribution of fragment particles
is modified. Namely, the condition that the number of broken
bonds by fragmentation and the number of created bond by
sedimentation is equal, does not hold true but this balance
is changed by removal of dust and replication of chunks.
With d f = 1.57 ± 0.03 and τ = 1.46 ± 0.03 the right hand
side of the scaling relation is equal to 0.85 ± 0.06, when the
dust is removed. Its small deviation from 1 suggests that the
correction due to redistribution is small as well.
Finally, Fig. 8 shows distribution functions with appropriate scaling (see [1]), such that all distribution functions
collapse.

4 Conclusions
We studied the structure of sediments of nanoparticles created from repeated deposition and fragmentation cycles and
in particular the relation of the fractal dimension of the
sediment and the mass distribution function of the small
fragments, Eq. (1) derived in [1]. To this end, after each fragmentation step the dust particles were eliminated in such
a way that the total mass of the sediment stays constant.
Removing the dust increases the porosity by up to 30 % for
the systems considered. The dust is created in each fragmentation step regardless whether it existed in the previous step or
not. It was found that the effect of removing the dust particles
on the scaling properties is small, and that it is the exponent of
dust created after the fragmentation (whose properties cannot be directly modified without changing the fragmentation
dynamics) that couples with the fractal dimension in the scaling relation, and not the exponent of dust being put into the
system. The small change in the fractal dimension for the
case when the dust is completely removed suggests that the
fractal dimension is not very sensitive to the details of the
fragmentation.
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