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ABSTRACT: Chemical methods developed over the past two decades enable
preparation of colloidal nanocrystals with uniform size and shape. These Brownian
objects readily order into superlattices. Recently, the range of accessible inorganic cores
and tunable surface chemistries dramatically increased, expanding the set of nanocrystal
arrangements experimentally attainable. In this review, we discuss e�orts to create next-
generation materials via bottom-up organization of nanocrystals with preprogrammed
functionality and self-assembly instructions. This process is often driven by both
interparticle interactions and the in�uence of the assembly environment. The
introduction provides the reader with a practical overview of nanocrystal synthesis,
self-assembly, and superlattice characterization. We then summarize the theory of
nanocrystal interactions and examine fundamental principles governing nanocrystal self-
assembly from hard and soft particle perspectives borrowed from the comparatively
established �elds of micrometer colloids and block copolymer assembly. We outline the
extensive catalog of superlattices prepared to date using hydrocarbon-capped
nanocrystals with spherical, polyhedral, rod, plate, and branched inorganic core shapes, as well as those obtained by mixing
combinations thereof. We also provide an overview of structural defects in nanocrystal superlattices. We then explore the unique
possibilities o�ered by leveraging nontraditional surface chemistries and assembly environments to control superlattice structure
and produce nonbulk assemblies. We end with a discussion of the unique optical, magnetic, electronic, and catalytic properties of
ordered nanocrystal superlattices, and the coming advances required to make use of this new class of solids.
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1. INTRODUCTION
Self-assembly is the process by which individual components
arrange themselves into an ordered structure. While su�ciently
broad to include crystallization of atomic solids, the term is
generally reserved for building blocks not linked together via
covalent bonds but ordered through weak forces (e.g., van der
Waals, hydrogen bonding) or hard-particle (e.g., excluded
volume) interactions.1 Following this classi�cation, examples of
self-assembled structures include DNA,2 proteins,3 lipid
vesicles,4 block copolymer melts,5 opals,6,7 and nanocrystal
superlattices.8,9 Self-assembly can also make use of external
forces such as electric/magnetic �elds or �uid �ows, but the
term does not extend to serial manipulation of building blocks
(e.g., dragging individual particles into position). In this review
we focus on nanocrystal self-assembly, covering the techniques
for preparation and characterization of nanocrystal superlattices
and other superstructures, the range of building blocks and
accessible architectures, factors governing the assembly process,
potential applications of ordered nanocrystal solids, and current
challenges facing the �eld. This work aims to build upon the
body of literature including reviews from the early days10�14

and recent years,15�23 highlighting new developments over the
past decade made possible by a rapid expansion of nanocrystal
shapes, surface chemistries, and assembly techniques.

Nanocrystals are fragments of semiconductor, metal, or
dielectric crystals, protected by a layer of surface-bound
molecules (ligands), and able to be dispersed in solution. A
couple decades of research has revealed that decomposition of
precursors in the presence of organic surfactants is an e�ective
approach to prepare size- and shape-uniform nanocrystals.24

The capping layer protecting the nanocrystal surface is similar
to organic�inorganic interfaces formed by self-assembled
surfactant monolayers adsorbed on planar crystalline surfa-
ces,25�28 exempli�ed by the well-studied system of monolayers
of thiols on gold,29,30 the Drosophilaof surfactant monolayers.
By adjusting synthetic parameters (e.g., precursors, surfactants,
reaction temperature, and time), crystalline, monodisperse
particles have been synthesized in a variety of shapes and
sizes.31 In addition, postpreparative improvements in homoge-
neity made possible by size-selective precipitation,20,24 digestive
ripening,32 and chromatography33 techniques further facilitate
access to a uniform collection of particles.

An ensemble of colloidal nanocrystals can be encouraged to
self-assemble into an ordered superlattice (Figure 1) by, for
example, evaporation of carrier solvent. The complex phase
behavior (Figure 2 and Table 1) observed for even the simplest
(e.g., spherical) building blocks, contributed in part by the
nonadditivity of nanoscale interparticle interactions,34 has
presented an intriguing puzzle to those working in the �eld.
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More practically, the �exibility of superlattice composition and
structure suggests that controlled nanocrystal self-assembly
could be an important enabler of next-generation materials
design. Furthermore, while top-down techniques (e.g., electron
beam lithography, dip-pen nanolithography35) for nanoscale
patterning require elaborate facilities and permit only successive
iterations of two-dimensional structure design, nanocrystal
synthesis and self-assembly is carried out with comparatively
basic equipment and enables production of complex, three-
dimensional patterns of arbitrary functional materials in a single
step, often with subnanometer precision.

A nanocrystal superlattice is an array of inorganic objects
separated by layers of surface ligands. Expanding the set of
ligands with the goal of targeting desired superlattice structures
and properties (section 9) enables novel biomedical and
optoelectronic applications and is a subject of current
research.38 One approach aims for structure-dependent proper-
ties that emerge if the interparticle matrix facilitates electronic
communication between particles. Because typical organic
ligands amenable to nanocrystal synthesis and self-assembly
prevent overlap of electronic wave functions of proximate
nanocrystals in the superlattice, optoelectronic properties of
nanocrystal superlattices are often similar to those of isolated
building blocks. Recently developed compact inorganic
ligands39�42 o�er delocalization of electronic states in nano-
crystal solids.43,44 Furthermore, varying the ligand chemistry
using DNA strands45 or polymer brushes46 receives much
attention because it promises access to a variety of program-
mable superlattices with properties not otherwise achievable.
Even so, the traditional surface ligands (e.g., oleic acid) often
considered a barrier to practical application of superlattices can
impart useful optical47 and mechanical48 properties to the
nanocrystal solid.

Several challenges must be addressed before the promise of
bottom-up nanomaterials design23,57 is realized. For one, a
robust link between properties of individual nanocrystals
(composition, shape, size, surfaces), the environment (solvent,
substrate, temperature, external �elds), and the self-assembly
product has yet to be fully elucidated, hampering targeted
design of nanocrystal solids. Additionally, comparable free
energies of superlattice polymorphs can result in undesired
formation of competing structures. New trends in nanocrystal
self-assembly include the incorporation of complex ligand
chemistry, structure tuning by variation of environmental
parameters, and low-dimensional superstructures (e.g., strings,
sheets, vesicles), leaving the door wide open for new
developments in optical, electronic, and mechanical applica-
tions of nanocrystal assemblies. Future progress will require a
concerted e�ort to advance both experimental techniques and
theoretical understanding beyond the state of the art laid out in
this review.

2. PREPARATION OF NANOCRYSTAL SUPERLATTICES
Preparation and structural characterization of superlattices are
the foundation of experimental nanocrystal self-assembly
investigations. In this section we only give a brief overview
and focus on some recent developments. For more details we
refer the reader to other sources.9,10

2.1. Experimental Approaches To Prepare Nanocrystal
Superlattices

Ordered arrays of colloidal nanocrystals may be prepared by
evaporation or destabilization of a nanocrystal solution.58

Evaporation-based assembly typically leads to superlattice thin
�lms and takes place at the late stages of solvent drying when
particles �nd themselves in crowded solution. Often, addition
of excess surfactant can assist in the formation of long-range-
ordered superlattices by repassivating bare nanocrystal surfaces,
preventing solvent dewetting of the subphase, and inducing
depletion attraction.59 There are a few methods to prepare
nanocrystal superlattices via solvent evaporation (Figure 3,
left). One approach is to simply drop cast a small volume
(about 10 � L) of dilute nanocrystal solution onto solid support
and allow it to dry over a couple of minutes. For hydrocarbon-

Figure 1. Self-assembly of colloidal nanocrystals. Individual nano-
crystal building blocks prepared by colloidal chemistry techniques
(left) are integrated into ordered arrays, or superlattices (right),
without external direction, by the process of self-assembly. Since they
are held together by weak forces, superlattices may be redissolved back
into constituent building blocks upon exposure to solvent. Shown
here: 7-nm-diameter PbS nanocrystals capped with oleic acid surface
ligands self-assemble into a close-packed superlattice array. Adapted
with permission from ref 36. Copyright 2014 American Association for
the Advancement of Science. Adapted from ref 37. Copyright 2009
American Chemical Society.

Figure 2. Nanocrystal self-assembly is a process that involves control
over several length scales. The nanocrystal core (typically 1�100 nm
across) is surrounded by a layer of surface ligands (with length
typically between 1 nm and up to tens of nanometers). The assembly
environment can be used to control interparticle interactions and
impart geometric constraints with characteristic length scale exceeding
nanocrystal size. The resulting superstructures are typically produced
with domain size falling between 1 � m and several millimeters. Details
about the nanocrystal composition, assembly conditions, and
references for the systems shown in this �gure are given in Table 1.
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capped nanocrystals, a mixture of hexane and octane (9:1 by
volume) has been e�ective in producing long-range ordered
superlattices.60 Similarly, gentle deposition of a droplet of
nanocrystal solution upon a surface enables assembly via
particle trapping at the air�liquid interface, forming extended
two-dimensional superlattice membranes.61 Evaporation-based
assembly can also be carried out in a small vial, permitting
tilting of the substrate contained within and resulting in control
over the direction of meniscus movement.62 Spreading of
nanocrystal solution over large substrate areas can be facilitated
by doctor blade casting.63 Along the same lines, polar liquids
(e.g., diethylene glycol) immiscible with nonpolar nanocrystal
solvents have been used as a platform for nanocrystal assembly,
resulting in extended superlattice thin �lms which can be
subsequently transferred to solid support for characterization.64

Such an approach may be combined with Langmuir�Blodgett
setup to impose lateral surface pressure and controllably

condense nanocrystal monolayers ordered over wafer-scale
areas.65

Destabilization-based assembly (Figure 3, lower right)
exploits attractive interactions between nanocrystals when
solvent intermingling in nanocrystal capping layers becomes
less favorable than overlap of ligands between neighboring
nanocrystals, promoting gradual clustering of nanocrystals in
solution. For hydrocarbon-capped nanocrystals, slowly increas-
ing polarity of the solution by controlled di�usion of
nonsolvent is e�ective in inducing �occulation. In practice,
this may be accomplished by placing a layer of nonsolvent
above a nanocrystal solution contained in a test tube (e.g.,
ethanol above toluene), while avoiding signi�cant intermixing
of the two liquids during the transfer.37,66 Slow intermixing of
the miscible liquids over several days induces controlled
precipitation of faceted nanocrystal superlattices subsequently
collected as sediment from the bottom of the tube.
Alternatively, slow destabilization may be carried out by
heating a premixed solvent/nonsolvent mixture to enrich the
higher-boiling nonsolvent component (e.g., octane and 1-
octanol).58

A less common approach to assembling nanocrystal
superlattices exploits gravitational sedimentation (Figure 3,
upper right). Since gravity biases thermal motion of nanocryst-
als with diameter approaching 1 � m, or nanocrystal core
materials comprised of high-density metals, crowding-induced
self-assembly can occur via sedimentation of nanocrystals in the
bottom of solvent. The propensity for particles to accumulate in
the bottom of a solution under the in�uence of gravity can be
evaluated by comparing the relative size of thermal energy kBT
and the gravitational potential energy mgdrequired to raise a
particle of mass m by its own diameter d in Earth’s gravity g.67

The ratio of kBT to mgd scales as d�4 and for 10 nm
nanocrystals, for example, is approximately 106, while for
micrometer-sized particles it is below 1. Accordingly, even in
the presence of repulsive interparticle interactions, the largest
nanoobjects (100�1000 nm) are expected to sediment under
the force of gravity in all but the densest of liquids.68 Particles
in this size regime exceed the 100 nm boundary set by the
community (according to the ISO/TS 80004-2:2015 stand-

Table 1. Sample of Structural Possibilities A� orded by Nanocrystal Self-Assemblya

self-assembled structure
(sections 5�10) nanocrystal core (sections 5, 7)

surface ligands
(sections 6, 7, 9)

assembly technique
(sections 2�4, 10, 11) reference

close-packed thin �lm spherical 4.5 nm Au octadecanethiol solvent evaporation section 7.1,
ref 49

faceted three-dimensional
superlattice

spherical 8 nm PbS oleic acid solvent destabilization section 7.1,
ref 37

binary superlattice thin �lm spherical 10 nm PbS and 3 nm Au oleic acid and dodecanethiol solvent evaporation section 7.6,
ref 50

smectic-like superlattice rod-shaped 14 nm × 35 nm Au cetyltrimethyl ammonium
bromide

solvent evaporation section 7.2,
ref 51

icosahedral cluster spherical 9 nm CoFe2O4 oleic acid con�nement in emulsion droplet section 10.4,
ref 52

two-dimensional monolayer plate-shaped 35 nm × 2 nm GdF3 oleic acid liquid�liquid interface section 7.3,
ref 53

interlocking network octapod-shaped 70 nm CdSe�CdS octadecylphosphonic acid solvent destabilization section 7.5,
ref 54

chiral one-dimensional helices cubic 13 nm Fe3O4 oleic acid solvent evaporation in magnetic
�eld

section 10.7,
ref 55

cylinder with two spherical caps rod-shaped 30 nm × 7 nm CdSe�CdS octadecylphosphonic acid decomposition of surfactant
micelles

section 7.2,
ref 56

aThese examples highlight the diversity of strategies and techniques employed to achieve ordering of nanocrystals, such as varying the nanocrystal
core geometry, the chemistry of surface ligands, and the assembly conditions and environment. Corresponding electron microscopy images are
contained in Figure 2. The table lists these examples clockwise from the top left in the image.

Figure 3. Experimental approaches to prepare nanocrystal super-
lattices include various evaporation techniques (left), which produce
thin �lm superlattices, and destabilization or sedimentation techniques
(right), which lead to three-dimensional superlattices.
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ard69) to distinguish nanoparticles from coarser particulate
matter. In fact, most of the nanocrystals discussed in this review
fall comfortably below this limit and exhibit assembly behavior
not signi�cantly in�uenced by gravitational forces. Such
emphasis primarily re�ects that of the self-assembly literature,
a result of the availability of synthetic protocols for producing
uniform particles at the lower end of the nanoscale,
fundamental interest in quantum size e�ects, and the ease
with which smaller nanoparticles di�use, explore con�gura-
tional space, and ultimately adopt equilibrated structures than
their larger counterparts.

Akin to the art of protein crystallization,70 nanocrystal self-
assembly is sensitive to several factors beyond the quality of the
starting material. For instance, the choices of solvent,

temperature, and substrate (section 10) play a role in the
ordering of nanocrystal superlattices. Undesired �occulation of
particles in solution before triggering assembly by evaporation
or destabilization can suppress ordering. As such, use of a good
solvent for aliphatic capping ligands (e.g., hydrocarbon liquids
such as hexane, octane, or toluene; chlorinated hydrocarbons
such as chloroform, tetrachloroethylene, chlorobenzene)
promotes dispersal of the colloid and is a good starting point
for assembly experiments. Gentle heating of the assembly
solution facilitates ordering of nanocrystals in superlattices.
Because nanocrystals experience a thermodynamic drive to
eliminate surface area if provided su�cient thermal energy to
coalesce, thermal decomposition of the material presents a
practical upper limit to assembly temperature.62 In addition, the

Figure 4. Self-assembly of colloidal nanocrystals at the air�liquid interface leads to superlattices with uniform thickness and large domain size. (a)
Schematic illustration of Au nanocrystals captured by a quickly receding interface leading to monolayer island growth. (b) TEM overview of a long-
range-ordered monolayer with hexagonal symmetry formed by rapid evaporation of a sessile toluene droplet containing 6 nm dodecanethiol-capped
Au nanocrystals. Top inset: sketch of a pair of hydrocarbon-capped nanocrystals introducing nanocrystal diameter, ligand length, and interparticle
separation. Bottom inset: fast Fourier transform (FFT) of the superlattice. Adapted with permission from ref 61. Copyright 2006 Nature Publishing
Group. (c) Sketch of the freestanding superlattice membrane formed by evaporation over a polar liquid subphase. (d) TEM image of a superlattice
membrane draped over a 0.5-� m-diameter hole, and (e) tilted projection of the same image. Adapted with permission from ref 72. Copyright 2007
Nature Publishing Group. (f) Schematic illustration of nanocrystal interfacial assembly and the substrate transfer process. TEM overview of (g)
(100) projection and (h) (110) projection of an AlB2 binary nanocrystal superlattice. Top insets: zoom of the structures. Bottom insets: electron
di�ractograms. Adapted with permission from ref 64. Copyright 2010 Nature Publishing Group.
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solvent vapor pressure is an important parameter for
evaporative self-assembly experiments. Because the ordering
process requires particles to di�use through solution and
sample various positions, use of volatile solvents may condense
particles too rapidly to allow for self-assembly. Furthermore,
the choice of support (i.e., solid or liquid subphase) in�uences
the assembly outcome, setting dimensions and orientation of
nanocrystal superlattices.
2.2. Evaporation-Based Nanocrystal Self-Assembly
Evaporating a nanocrystal solution over a solid or liquid
subphase typically produces two-dimensional superlattice thin
�lms. Depending on the initial concentration of the nanocrystal
solution and the area over which it is spread, such �lms may be
deposited at submonolayer coverage and up to several unit cells
thick. Typical individual grain sizes reach up to hundreds of
micrometers.71 Maximizing superlattice domain size seems to
require conditions that minimize interaction between nano-
crystals and support during self-assembly. Along these lines,
long-range-ordered hexagonal monolayers of dodecanethiol-
capped Au nanocrystals have been assembled by evaporation of
sessile droplets of nanocrystals dispersed in toluene (Figure
4a,b).61 In this approach, early stage evaporation traps particles
at the air�liquid interface, with subsequent nucleation and
growth proceeding in two dimensions (Figure 4c�e). An
alternative technique employs a pair of immiscible liquids, for
example, a polar subphase of diethylene glycol supporting a
nonpolar hexane solution of nanocrystals on top (Figure 4f�
h).64

2.3. Destabilization-Based Nanocrystal Self-Assembly
Destabilizing solutions of spherical nanocrystals produces close-
packed superlattices not as thin �lms but as platelets, polyhedra,
or spheres. In this case, gradual onset of attractive interactions
between dispersed nanocrystals induces slow clustering of
particles in the solution bulk. For example, transferring a layer
of nonsolvent above a solution of nanocrystals (Figure 5a)
leads to the self-assembly of nanocrystals into �at platelets
(Figure 5b�d) or multiply twinned polyhedra (Figure 5e�g)
depending on particle size.37 This general approach66 has also
been used to assemble nanorod73 and nanoplatelet74 super-
lattices. Along these lines, functionalizing nanocrystal surfaces
with light-triggered molecular switches75 results in colloid
destabilization and similar polyhedral superlattices (section
9.9). Another destabilization-based technique for achieving
three-dimensional superlattices involves inducing solvophobic
interactions by disrupting a surfactant bilayer.76 In this
approach, dodecyltrimethylammonium bromide (DTAB)
surfactant is used to hydrophilize organic-capped nanocrystals,
forming a bilayer held together by van der Waals forces
between aliphatic chains (Figure 5h). Subsequent exposure to
polymer-containing ethylene glycol solution at 80 °C
decomposes the bilayer and leads to the formation of round
superlattices with face-centered-cubic (fcc) internal packing
structure (Figure 5i�l). This approach has also been used to
make spherical and needle-shaped superlattices of nanorods.56

The shape (morphology) of the superlattice polyhedron that
results from destabilization-based self-assembly can be ration-
alized using thermodynamic principles. Like any �nite-size
solid, including the nanocrystal itself, a nanocrystal superlattice
has facet-speci�c surface energies arising from the reduced
coordination of the particles at the surface as compared with
those in the superlattice bulk.66 While nanocrystals have 12
nearest neighbors in the interior of a close-packed superlattice,

nanocrystals at the surface have eight nearest neighbors on
(100), seven on (110), and nine on (111) facets (Figure 6a�c).
By simply counting the number of broken bonds, it is possible
to predict that the surface energy of these facets increases as
E111 < E100 < E110. A surface energy minimizing polyhedron
(known as the Wul� polyhedron) of a solid with fcc or hcp
internal structure then has facet surface areas increasing as A111
> A100 > A110 (Figure 6d). Alternatively, by incorporating low-
energy twin plane defects (section 8) within the interior,
polyhedral superlattices may present exclusively (111) facets
with icosahedral shape (Figure 9a).37

2.4. Kinetics of Nanocrystal Self-Assembly
The equilibrium (or near-equilibrium) aggregation of nano-
crystals into a superlattice is a phase transition that proceeds via
nucleation and growth. Because nucleation is sensitive to
impurities in the system, it is important to distinguish between
homogeneous nucleation and heterogeneous nucleation.
Homogeneous nucleation occurs in solution and requires
overcoming a nucleation barrier. Reducing solvent quality or
increasing particle volume fraction by evaporation increases the
nucleation rate by lowering the nucleation barrier. Rapid
evaporation or destabilization can lead to barrierless
aggregation via spinodal decomposition77 into nanocrystal-
rich and nanocrystal-poor areas similar to demixing observed
upon cooling two �uids below the critical temperature of

Figure 5. Destabilization-based assembly of spherical nanocrystals. (a)
Schematic of self-assembly by slow di�usion of the nonsolvent into the
dispersed nanocrystal colloid. (b) SEM overview of platelet-shaped
superlattices formed from destabilization of a toluene solution of 3 nm
PbS nanocrystals. (c, d) SEM zoom of individual platelet superlattices.
(e) SEM overview of multiply twinned superlattices with icosahedral
or pentagonal (5-fold) symmetry formed from destabilization of
toluene solution of 8 nm PbS nanocrystals. (f, g) SEM zoom of
individual polyhedral superlattices. Adapted from ref 37. Copyright
2010 American Chemical Society. (h) Schematic of self-assembly by
decomposition of the surfactant bilayer. (i) SEM overview of spherical
superparticles produced as shown in (h). (j�l) TEM zoom of
individual superparticles with internal fcc crystallographic assignment.
Scale bars, 20 nm. Adapted from ref 76. Copyright 2007 American
Chemical Society.
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miscibility. However, such far-from-equilibrium processes
typically produce disordered nanocrystal solids.

Heterogeneous (templated) nucleation near an interface
(wall) can be signi�cantly faster than homogeneous nucleation
because the presence of a surface naturally preorders the
colloid. After nucleation, growth proceeds via addition of
individual nanocrystals or groups of nanocrystals to the growing
seed. Growth speed is limited by the availability of nanocrystals
from solution and the energetics of surface defect formation. A
simple model for surface defect formation is the terrace�
ledge�kink model (Figure 6e), which predicts that nanocrystal
integration into a growing superlattice is in�uenced by the
number of bonds formed upon attachment. Under attractive
interparticle interactions, growth proceeds quickly at vacancies
and kinks, which establish many new nanocrystal�nanocrystal
contacts. On the other hand, steps and terraces are
comparatively stable due to fewer contacts gained upon
nanocrystal adsorption.

To minimize total surface energy, a collection of nanocrystals
that �nds itself in the absence of good solvent prefers the
aggregation into a single Wul� polyhedron. In practice,
however, solvent destabilization allows multiple nucleation
sites and produces many superlattice domains from a collection
of particles. This leaves more surface area (broken bonds) than
if all particles incorporated themselves in a single superlattice.
Larger aggregates move slower in solution than individual
nanocrystals or small aggregates, inhibiting coalescence of
superlattice domains. However, their mass promotes large
superlattices to sediment in the bottom of the container,

assisting densi�cation.78 The barrier to nucleation by solvent
destabilization is thus su�ciently low, and the barrier to
merging of domains su�ciently high, such that many nuclei
form but cannot completely coalesce (Figure 7, left pathway).
In contrast, evaporation-based self-assembly often nucleates
superlattices under thin-�lm con�nement, for example at the
air�liquid interface,61 and in the absence of signi�cant
attractive interparticle interactions, producing two-dimensional
�lms (Figure 7, right pathway). These �lms will typically start
out polycrystalline but can improve by defect repair and healing
of internal interfaces given su�cient time during a slow enough
evaporation protocol.79 Such analysis underscores the fact that,
in practice, superstructures produced by nanocrystal self-
assembly are equilibrated only within the pathway taken by
the system.

3. CHARACTERIZATION OF NANOCRYSTAL
SUPERLATTICES

Characterization techniques determine nanocrystal position
and orientation within a superlattice, the size and orientation of
superlattice domains, the presence of crystal defects, and the
existence of secondary structures. Imaging (real-space) and
scattering (reciprocal-space) techniques represent a comple-
mentary set of approaches for collecting local- and ensemble-
structural information. While superlattice preparation requires
only basic laboratory supplies typically including solvent, pipet,
and a solid substrate (e.g., carbon or silicon), superlattice
characterization is often carried out using sophisticated
technology such as an electron microscope or a synchrotron
facility.
3.1. Real-Space Superlattice Characterization
Transmission electron microscopy (TEM) is a common
method of probing superlattice structure. This technique
sends an electron beam through a thin sample specimen,
magnifying and focusing the transmitted electrons onto a
detector screen, subsequently displayed on a computer as a
digital image. TEM images represent a two-dimensional
projection of a three-dimensional structure. Because electron
scattering increases with atomic number, TEM image quality is

Figure 6. Surface area and broken contacts at the superlattice surface
determine facet surface energy and the morphology of superlattices
formed with destabilization-based assembly. Here we show the fcc
lattice as an example. (a) A (100) surface nanocrystal (red circle) has
eight nearest neighbors, four in-plane (light gray) and four below
(dark gray). Modeled three-dimensional structure shown underneath.
(b) A (110) surface nanocrystal has seven neighbors, two in-plane and
�ve below. (c) A (111) surface nanocrystal has nine neighbors, six in-
plane and three below. (d) A superlattice seeks to minimize the total
surface energy by adopting a shape that preferentially expresses low-
energy facets. Shown here: polyhedron with relative facet areas A111 >
A100 > A110. (e) Illustration of the step�terrace�kink model for
monomer addition to a growing crystal.

Figure 7. Superlattice morphology and free energy landscape of
nanocrystal self-assembly at the disorder�order transition. A collection
of nanocrystals transitions from the disordered state with high free
energy (top) to an ordered state with lower free energy. Polyhedral
superlattices form if nucleation occurs in the absence of boundary
conditions (left pathway), while thin �lm superlattices result under
geometric con�nement (right pathway). Note that a part of the system
free energy scales with the surface area, or the number of broken
bonds, left behind after assembly.
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best for high atomic number contrast between sample and
support (e.g., PbS nanocrystals on carbon, Figure 8a). For this
reason, imaging the nanocrystal hydrocarbon capping layer can
be challenging; however, the use of ultrathin or holey support
(i.e., imaging arrays resting on graphene or suspended over a
hole) enables partial visualization of the surface-bound
molecules (Figure 8b). A key strength of TEM for superlattice
characterization is the ability to image a nanocrystal assembly
along various crystallographic directions. In this approach, a
series of images of a single domain is collected by tilting the
sample holder with respect to the incident electron beam,
enabling systematic characterization80 of superlattices for which

an analysis of the normal projection alone may fail to provide
an unambiguous assignment (Figure 8c). Furthermore, such a
tilt series can be fed into iterative tomographic reconstruction
software to obtain a three-dimensional rendering of the imaged
superlattice (Figure 8d), including reconstruction of slices
perpendicular to the plane of the support.81�85 Alternatively,
such slices may be directly imaged in TEM by physically cutting
the superlattice with a focused ion beam (Figure 8e).

Because TEM requires the sample to be introduced into a
vacuum chamber, characterization of superlattices has typically
been performed ex situ on dry samples. Such an analysis is
helpful for establishing the arrangement of nanocrystals after
evaporation but does not shed light on the self-assembly
pathway. Over the past few years, liquid-cell TEM techniques87

have been developed, enabling wet samples to be introduced
into the instrument vacuum chamber. In this approach,
encapsulation of small (microliter) volumes of nanocrystal
solution between silicon nitride or graphene layers allows
visualization of single nanocrystals in solution. Recently, liquid-
cell TEM has uncovered important information concerning
interparticle interactions and crystallite atomic structure by
following the motions of single nanocrystals or small groups of
nanocrystals in solution. It was also possible to observe the
formation of nanocrystal superlattices in situ.88�90 As imaging
techniques continue to improve, it will be interesting to
compare the kinetics during the ordering transition with that
known for micrometer-sized colloidal particles,91 where direct
imaging is already well-established.

A useful complement to TEM is scanning electron
microscopy (SEM), which scans an electron beam in raster
fashion across the sample surface, detecting backscattered
electrons. This technique probes the specimen surface, enabling
imaging of nanocrystal superlattices that are too thick to permit
electron transmission. SEM has been used to image, for
example, three-dimensional polyhedral superlattices produced
by solvent destabilization (Figure 9a). In addition, SEM is a
convenient tool for probing the surface structure of superlattice
thin �lms (Figure 9b). Similarly, scanning probe microscopy
techniques92 such as atomic force microscopy (AFM) are a tool
to characterize the surface of nanocrystal superlattices (Figure
9c). In this case, a probe tip is rastered across the sample
surface, providing quantitative topographic information.
3.2. Reciprocal-Space Superlattice Characterization

To obtain structural information averaged over a large sample
volume, and to analyze complex nanocrystal superlattices, it is
helpful to examine the structure in reciprocal space. One way to
do this is to perform a fast Fourier transform (FFT) on a real-
space image, an operation available in common image analysis
software packages and numerical libraries. The Fourier
transform is a plot of spatial frequencies in a periodic image,
with each spot in reciprocal space corresponding to a lattice
spacing in the real-space image. Analogously, the electron
di�raction pattern of a nanocrystal superlattice, obtained by
collecting transmitted electrons in the TEM di�raction plane, is
used to distinguish between similar-looking arrangements in
real space (Figure 10a,b). In addition to characterizing the
position of nanocrystals within a superlattice at small scattering
angles, FFT or electron di�raction data at high angle o�ers
information concerning the orientation of nanocrystal inorganic
atomic planes. Such analysis helps in identifying packings with
orientational registry of inorganic cores (Figure 10c).

Figure 8. Transmission electron microscopy (TEM) characterization
of nanocrystals, surface ligands, and self-assembled superlattices. (a)
TEM image of hcp and fcc packing of 7 nm PbS nanocrystals capped
with oleic acid surface ligands. Taken from ref 50. (b) TEM image
reveals dodecene ligands at the surface of Si nanocrystals suspended
over a hole in the graphene support. Adapted from ref 86. Copyright
2012 American Chemical Society. (c) TEM tilting experiments
performed on NaZn13 binary superlattices of two sizes of Fe3O4
nanocrystals reveal six di�erent projections of the same structure (scale
bars, 20 nm). Adapted from ref 80. Copyright 2010 American
Chemical Society. (d) Tomographic reconstruction of a CdSe
superlattice containing Au nanocrystals (highlighted in yellow)
distributed randomly as substitutional dopants throughout the
structure. Adapted from ref 85. Copyright 2015 American Chemical
Society. (e) Cross-sectional TEM image of superlattice of 11 nm
CoFe2O4 nanocrystals obtained by focused ion beam slicing of silica-
encapsulated nanocrystal thin �lm. Adapted from ref 63. Copyright
2010 American Chemical Society.
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Small-angle X-ray scattering (SAXS) is another powerful tool
for characterizing nanocrystals in solution and nanocrystal
superlattices.95 SAXS measurement involves elastic scattering of
X-radiation (photons of subnanometer wavelength) collected at
a two-dimensional detector (Figure 11a). The intensity of X-
rays scattered o� a nanocrystal ensemble is determined by two
parameters: the form factor, which takes into account particle
shape and size, and the structure factor, which depends on the
spatial arrangement of particles. The form factor dominates
SAXS measurement for nanocrystals dispersed in solution,
enabling estimation of average particle size and shape as well as
their distributions (Figure 11b).96,97 When nanocrystals are
packed into an ordered arrangement, the SAXS pattern shows
o�-center spots corresponding to Bragg re�ections from
superlattice planes. Structural data can be collected in
transmission (TSAXS, Figure 11c) or re�ection (grazing
incidence, or GISAXS, Figure 11d) modes. Like FFT or
electron di�raction, wide-angle re�ections probe nanocrystal
orientation within the superlattice. Furthermore, performing
the measurement at ambient pressure enables monitoring the
self-assembly process in situ as nanocrystals move reversibly
between dispersed, colloidal crystalline, and dry states upon
solvent evaporation or condensation.98,99

4. NANOCRYSTAL INTERACTIONS AND
THERMODYNAMICS

Self-assembly brings a set of particles from a dilute state to one
in which particles are contacting their nearest neighbors. As
such, it is important to consider the various contributions to the
nanocrystal�nanocrystal interaction throughout the self-
assembly process. These interactions include van der Waals
forces between inorganic cores and between surface ligands as
well as osmotic, electrostatic, and elastic contributions. The
combination of the interactions is commonly described by an
e�ective interparticle pair interaction.
4.1. Interparticle Potentials at the Ordering Transition
Colloidal nanocrystal solutions remain in the dispersed state as
long as the pair potential is dominantly repulsive (Figure 12a,
darkest trace). Tethering molecular chains (e.g., hydrocarbon
surfactants or neutral polymers) to the nanocrystal surface
enables steric stabilization of nanocrystals, while adsorption of
charged species leads to electrostatically stabilized colloids
(Figure 12b,c). These cases form two fundamentally di�erent
mechanisms to colloidal stabilization and provide complemen-
tary approaches to disperse nanocrystals in nonpolar and polar
solvents, respectively. Such mechanisms need not be mutually
exclusive. Chains with ionizable groups allow for both to be
combined together in the special case of electrosteric
stabilization using polyelectrolyte ligands.101

Aggregation of nanocrystals can be induced by, for example,
removal of solvent, reduction of solvent quality via nonsolvent
addition or cooling the solution, and desorption or cross-
linking of capping ligands. During this process, the e�ective
interparticle interaction changes from repulsive to attractive. In
the dried state, nanocrystals are linked �rmly together by the
interparticle matrix comprised of surface ligands. Complete
removal of solvent freezes a collection of nanocrystals into a
superlattice with interparticle separation set by the balance
between ligand elastic repulsion and van der Waals attraction
forces. Associated nanocrystals then sit in a deep potential well
that far exceeds the characteristic thermal energy (kBT) of the
system (Figure 12a, lightest trace).

Figure 9. Characterization of the superlattice morphology and surface
structure using scanning electron microscopy (SEM) and atomic force
microscopy (AFM) techniques. (a) SEM image of a twinned three-
dimensional superlattice of PbS nanocrystals formed by solvent
destabilization. Adapted from ref 37. Copyright 2010 American
Chemical Society. (b) Silver octahedra assemble into a complex
superstructure that consists of tetramer motifs (accented with false
color) as elucidated by high-resolution SEM. Adapted with permission
from ref 68. Copyright 2011 Nature Publishing Group. (c) Height
pro�le of a liquid crystalline array of Au nanorods revealed by AFM.
Adapted from ref 93. Copyright 2013 American Chemical Society.

Figure 10. Reciprocal-space analysis of superlattice thin �lms. (a)
TEM overview of an Archimedean tiling binary superlattice comprised
of Au and Fe3O4 nanocrystals. Inset: electron di�ractogram reveals 4-
fold rotational symmetry. (b) TEM overview of a dodecagonal
quasicrystal binary superlattice assembled from the same nanocrystals.
Inset: electron di�ractogram reveals 12-fold rotational symmetry. Note
the clear di�erence in reciprocal space despite similar appearance of
both structures in real space. Adapted with permission from ref 94.
Copyright 2009 Nature Publishing Group. (c) bcc superlattice of PbS
nanocrystals. Upper inset: FFT shows high-frequency arcs (indicated
by arrow) arise from atomic lattice fringes, suggesting orientational
registry of the inorganic nanocrystal cores. Lower inset: zoom into the
FFT center shows spots corresponding to superlattice periodicity
(small angle). Taken from ref 50.
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Rapid destabilization results in uncontrolled, out-of-equili-
brium growth of disordered nanocrystal aggregates producing
dendrites102 or gel networks.103 On the other hand, faceted,

polyhedral superlattices can be obtained by assembly near
equilibrium conditions,37 where interparticle attractions remain
comparable to kBT for a su�ciently long time to allow
nanocrystals to sample multiple sites on the superlattice surface
before irreversible attachment.
4.2. van der Waals Forces between Nanocrystal Cores

The van der Waals interaction between inorganic cores stems
from transient �uctuations in the distribution of electrons. It is
typically attractive and favors �occulation of the colloid. In
general the theory of the interatomic van der Waals attraction
at the nanoscale is complex104 but for the purpose of a coarse-
grained description may be expressed as an e�ective pair
potential
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where � 1 and � 2 are the number of atoms per unit volume in
two interacting bodies and the constant C is the coe�cient in
the interparticle interaction. This constant is large for materials
with free electrons (e.g., metals). The total van der Waals
energy of attraction between two particles with volumes V1 and
V2 can be obtained by pairwise summation of van der Waals
interaction between all atoms in the constituent particles
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This integral can be solved analytically105 for two spherical
nanocrystal cores with radii R1 and R2
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Figure 11. Small-angle X-ray scattering (SAXS) analysis of nanocrystal solutions and superlattice thin �lms. (a) Sketch of the SAXS experimental
setup. (b) Radial pro�le of SAXS measurement of Au nanocrystals in solution (red circles) with �tted form factor for spheres (black trace). Such an
analysis allows for estimation of average core size and standard deviation. Adapted from ref 100. Copyright 2015 American Chemical Society. (c)
Transmission SAXS measurement shows re�ections o� superlattice planes within a single domain of close-packed CoFe2O4 nanocrystals. Red pixels
denote areas with highest detected counts. (d) Grazing-incidence SAXS measurement of AlB2 binary superlattice comprised of Bi and Au
nanocrystals. Adapted from ref 71. Copyright 2014 American Chemical Society.

Figure 12. Pair interactions of nanocrystals in the dispersed state and
the assembled state. (a) Evolution of the e�ective pair interaction
potential U at interparticle separation distance r for nanocrystals from
the beginning (darkest trace, dispersed state) to the end point (lightest
trace, close-packed state) during the self-assembly experiment. This
plot was constructed using 6�12 power-law potentials and serves only
as a qualitative representation of nanocrystal pair interactions. (b)
Sketch of a pair of interacting nanocrystals with hydrocarbon (top)
and ionic (bottom) surface ligands. (c) Sterically stabilized solution of
oleate-capped CdSe in nonpolar toluene phase (left photo, upper
layer). Exchange of oleate ligands to potassium sul�de results in a
phase transfer of the nanocrystals to the polar formamide phase (right
photo, bottom layer). Adapted from ref 41. Copyright 2011 American
Chemical Society.
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with Hamaker constant A = � 2C� 1� 2. A good approximation at
close contact, d = r � R1 � R2 � min(R1,R2), is
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Equation 4 forms the basis of the Derjaguin approxima-
tion,106 which estimates the van der Waals energy between two
particles of arbitrary shape from the curvature of their surfaces
and integration of the interaction energy of in�nite parallel
plates.
4.3. Steric Stabilization
The van der Waals interactions between nanocrystal cores can
be su�ciently screened by the ligand shell to impart
predominantly repulsive interactions and maintain stable
colloidal solutions of even strongly interacting materials (e.g.,
metals with large Hamaker constant A). Osmotic and elastic
repulsion between chains in good solvent form the basis of
steric stabilization of hydrocarbon- and polymer-capped
nanocrystals and beads, as well as solutions of surfactant,
dendron, and polymer micelles. In this case, good solvent
implies negative free energy of chain�solvent mixing.107 An
osmotic term resulting from unfavorable exclusion of solvent
molecules within the ligand interaction region acts upon a pair
of particles as soon as their ligand coronas begin to overlap.
This e�ect occurs over the whole range of steric interaction,
beginning at interparticle distances d lower than twice the width
L of the capping layer (d < 2L). Compression of the ligand
chains results in an elastic contribution to the potential at
smaller surface separations. Because this elastic component
quickly exceeds thermal energy, the predominant region
sampled during a Brownian collision is the moderate
interpenetration (L < d < 2L) domain.108

In the interpenetration domain, the free energy of inter-
penetration of two chains tethered to the nanocrystal surfaces
brought from in�nite separation together in volume dV may be
expressed with the Flory�Krigbaum theory109 as
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where vs, vi, and � are the Kuhn segment volume, solvent
molecular volume, and Flory�Huggins chain�solvent inter-
action parameter, respectively. The segment density distribu-
tion functions � 1 and � 2 are derived from the geometry of a
cone-shaped available ligand volume and can be evaluated
numerically. Accordingly, in good solvent (� < 1/2),
intermingling of hydrocarbon segments from neighboring
nanocrystals is penalized (�G > 0), and particles experience
repulsion upon contact. On the other hand, clustering of
nanocrystals is favorable in poor solvent (for � > 1/2, �G < 0).

From this analysis it can also be seen that the steric repulsion
strength depends on grafting surface curvature.110 On highly
curved surfaces, found for example on small nanocrystals or the
tips of pointy nanocrystals, each ligand enjoys access to a large
cone-shaped volume. In this case, the segment density � rapidly
decays away from the grafting surface. The spatial concen-
tration of ligand segments given by the overlap integral � V � 1� 2
dV, and thus the free energy change upon corona inter-
penetration, is small. In contrast, for nearly �at surfaces, the
overlap integral, and thus |�G|, is large. Such logic predicts
increasing per-ligand repulsion energy with decreasing surface
curvature and might account for the counterintuitive propensity

of smaller nanocrystals to form clusters in solution.111 Although
not treated in the simple steric barrier model, signi�cant
melting enthalpy of solid ligand bundles (particularly for long-
chain n-alkanes) has recently been uncovered as an important
factor working against nanocrystal solubility.112,113

Importantly, the total steric interaction energy between two
particles is the sum of individual ligand�ligand potentials given
in eq 5. For the case of the nanocrystal diameter greatly
exceeding the thickness of the ligand capping layer, accurate
estimation of interparticle interaction can make use of the
Derjaguin approximation. However, this approach overesti-
mates the steric repulsion between particles with stabilizing
shell thickness on the order of the particle diameter (e.g., sub-
10-nm nanocrystals capped with C18-length hydrocarbons),
where tilting of chains away from the contact axis can be
signi�cant.114 Modeling steric interaction between particles
with comparable diameter and corona thickness remains an
area of active research.115

Enhancing steric stabilization is a strategy to improve self-
assembly success. One possibility is introducing unsaturation
along the hydrocarbon backbone (e.g., cis-9-octadecyl chains of
oleic acid or oleylamine) to suppress the tendency of long-
chain saturated (e.g., stearic acid or octadecylamine) ligands to
crystallize on the nanocrystal surface, promoting chain�solvent
mixing and nanocrystal solubility. Tethering end-functionalized
polymers116 to the nanocrystal surface is another possibility.
Such chains can be considered entropic springs with elastic
response from both stretching and compressive deviations from
random-walk dimensions.117

4.4. Hydrocarbon Ligand Packing in Nanocrystal Solids

At the late stage of drying a nanocrystal solution, or upon
nonsolvent addition, interpenetrating coronas are no longer
swollen with solvent molecules and begin to freeze together
under the in�uence of attractive van der Waals interactions
between hydrocarbon chains. The attraction experienced by
two parallel chains118 scales with the length L of overlap and
decays quickly with backbone separation x as

�
�

= ŠU x A
L
x

( )
3
8vdW 2 5 (6)

where � is the sp3 carbon�carbon bond length (� � 0.15 nm)
and A is the Hamaker constant (A � 0.1 kcal/mol) for
attraction between methylene units whose centers are separated
by roughly 0.5 nm in the close-packed ligand bundle.

Saturated hydrocarbon chains tethered to a �at surface
readily crystallize into an all-parallel backbone arrange-
ment.119,120 Predictions from molecular dynamics simulations
and experimental analysis using vibrational spectroscopy
indicate that bundles of parallel ligand chains can form on
the surface of nanocrystals in the absence of good solvent.121,122

Such bundling is most common for longer (C12�C18) chains
tethered to the surface of larger-diameter particles. On the
other hand, vibrational spectroscopy has revealed that ligands in
nanocrystal solids have a signi�cant concentration of gauche
defects in the chain ends, which propagate toward the interior
with increasing temperature.123 Upon addition of nonsolvent to
the nanocrystal solution, coronas contract to reduce contact
with poor solvent and nanocrystals cluster for the same reason.
Upon evaporation of a nanocrystal solution, however, hydro-
carbon coronas are swollen with solvent when nanocrystals are
initially crowded together. As a result, interparticle separations
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are typically about 33% larger for evaporation-based assembly
than for destabilization-based assembly.124

The packing of hydrocarbon chains between nanocrystal
cores and the resulting interparticle separations (Figure 13a)
has not only been treated with molecular dynamics simulations
but also using simple geometric models. These models
postulate space-�lling of ligands along the bond axis (optimal
packing model (OPM),125 Figure 13b) or space-�lling of
ligands within the entire volume of the corona overlap (overlap
cone model (OCM),126 Figure 13c). Experimental separations
measured from TEM images of hexagonally ordered mono-
layers of alkanethiol-capped Au nanocrystals are consistent with
the �rst model (Figure 13d,e).49 However, they also con�rm
the existence of many-body interactions between nanocrystal
capping layers predicted by the second model, which cause the
e�ective corona thickness to vary with nanocrystal coordination
number (Figure 13f,g). Together, molecular dynamics simu-
lations and experimental data suggest that the nanocrystal
ligand corona is a deformable surface coating that can support a
variety of chain packing structures in the nanocrystal super-
lattice depending on chain length, surface curvature, and
coordination state. Structural analysis of liquid crystals has
recently inspired a conceptual framework to treat corona

deformation as a set of topological defects (e.g., vortices or
disclinations) constrained by the geometry of the grafting
surface. This approach has yielded a ligand packing model (the
orbifold topological model, or OTM127) which anticipates the
relative stability of candidate binary superlattices in good
agreement with an experimental phase diagram of binary
mixtures of nearly spherical, hydrocarbon-capped nanocrystals.

All-atom or united-atom molecular dynamics simulations
with classical or coarse-grained force �elds investigated the
ligand shells of nanocrystals and estimated e�ective interparticle
potentials. The interaction can be quanti�ed by calculating the
potential of mean force between nanocrystals.115 Recent studies
suggest that the ligand capping layer structure, and thus ligand-
mediated interparticle interactions, is sensitive to factors such as
solvent,128,129 temperature and bonding strength,130,131 grafting
surface curvature,132,133 coating thickness,134 core size,135 and
facet dimensions.136,137 However, there is no attempt to strictly
separate the factors in these works, and in practice they all
compete.
4.5. Electrostatic Stabilization

Adsorption of charged ions enables dispersion of nanocrystals
in polar solvent (Figure 12b, bottom, and Figure 12c, right).
Such surfaces may be obtained by ligand exchange of
hydrocarbon-capped nanocrystals38 or by synthesizing nano-
crystals directly in polar medium (e.g., citrate-capped Au138 or
thioglycolic acid capped CdTe nanocrystals139). The nano-
crystal surface charge is then balanced by oppositely charged
counterions surrounding the particle. Solvents with high
dielectric constant (e.g., water, formamide) e�ciently screen
the electrostatic attraction between surface-bound ions and
charge-neutralizing counterions, promoting the formation of an
electrical double layer. Close approach of charge-stabilized
nanocrystals in polar solution results in the overlap of
counterion clouds, inducing a local osmotic pressure between
surfaces, which causes an e�ective repulsion. Reducing the
dielectric screening of the solvent by addition of less polar
liquids (e.g., toluene, acetonitrile) induces collapse of the
counterion cloud, enabling close approach of nanocrystal
surfaces and promoting �occulation.

The interaction potential between a pair of charge-stabilized
nanocrystals, including both electrostatic repulsion and van der
Waals core�core attraction, is often treated in a �rst
approximation using the Derjaguin, Landau, Verwey, and
Overbeek (DLVO) theory.107 The repulsive term decreases
approximately exponentially with particle separation and can be
estimated using the Derjaguin approximation at small
separations and linear superposition at larger distances.140

Analytical approximations provide an alternative to numerical
integration. For example, the screened Coulomb (Yukawa)
repulsive potential for two spheres of charge Z1 and Z2 in
solution, separated by distance r < � �1, is given by
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Here � �1 is the Debye screening length, � B = e2/(4�	 0	 rkBT)
is the Bjerrum length, and charge is expressed in units of the
elementary charge e. The total DLVO interaction energy is then
the sum of the repulsive electrostatic (Coulombic) and
attractive van der Waals terms.

Figure 13. Packing of hydrocarbon ligands in nanocrystal superlattices.
(a) Sketch of interdigitating hydrocarbon coronas between a
nanocrystal pair showing core radius R, ligand length L, and e�ective
radius Reff. (b) Illustration of the optimal packing model (OPM)
prediction of a small axial volume of space-�lling hydrocarbons
between nanocrystal cores. (c) Sketch of the overlap cone model
(OCM) prediction of a larger overlap volume with space-�lling
hydrocarbons. (d) Histogram plot of the reduced separations
measured from TEM images of a hexagonally ordered monolayer of
alkanethiol-capped Au nanocrystals. (e) Summary of the TEM
measurements collected from several ligand length�core radius
combinations using Au and PbS nanocrystals. (f) TEM image showing
various coordination states of nanocrystals deposited at submonolayer
surface coverage. (g) Deformability of the hydrocarbon corona
revealed by the measured reduction in e�ective nanocrystal size in
low-coordination position. Adapted from ref 49. Copyright 2015
American Chemical Society.
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4.6. Contributions to Free Energy of Nanocrystal Solutions
Nanocrystal self-assembly is a�ected by the interplay of many
chemical and physical forces. The equilibrium superlattice
structure is the one that minimizes the system free energy (F),
expressed in terms of energetic (U) and entropic (S)
components as F = U � TS. Similarly, the free energy change
�F upon self-assembly provides the driving force for ordering
and results from corresponding changes in system internal
energy and entropy, �F = �U � T�S.

The internal energy change of the assembling system can be
broken down approximately into core and ligand contributions,
�U � 
 Ucores + 
 Uligands, as can be entropy, �S � 
 Scores +

 Sligands. Energetic interactions between nanocrystal cores are
described by the set of van der Waals interactions, 
 Ucores �

 UvdW � 
 ULondon + 
 UKeesom + 
 UDebye. The �rst term, the
London dispersion attraction141 between instantaneously
induced dipoles, is present for all nanocrystal core materials.
The second and third terms are dipole�induced dipole and
dipole�dipole interactions, respectively, which relate to
materials with permanent electric dipole moments (e.g.,
CdSe). The combined strength of all three is described by
the Hamaker constant A (section 4.2). In the general case,
magnetic dipole moments (e.g., Fe3O4) and Coulombic
interactions between charged particles may also be present.
For charged nanocrystals there exist additional contributions
from charge�charge, charge�dipole, and charge�induced
dipole to the system internal energy.142 On the other hand,
particle core entropy has con�gurational, translational, and
rotational terms, 
 Scores � 
 Sconf + 
 Strans + 
 Srot. The �rst term
is related to rearrangements of the particles in the system
ignoring local e�ects. In the superlattice it counts the number
of ways to exchange particles. The other two terms handle local
motions only, such as individual or collective �uctuations about
equilibrium positions and orientations.

When sterically stabilized particles contact in good solvent,
densi�cation of ligand segments results in an osmotic penalty,

 Sligands � 
 Sosmotic.107 Similarly, for charge-stabilized nanocryst-
als dispersed in polar solvent, condensation of counterion
clouds gives rise to osmotic pressure between surfaces. In
addition, upon interpenetration of hydrocarbon coronas,
compression or extension of the backbone can distort torsion
angles along the chain and introduce gauchedefects, giving rise
to elastic energetic penalty upon contact.143 In the absence of
good solvent, this elastic resistance to chain deformation
balances the attractive London dispersion interaction between
aliphatic chains: 
 Uligands � Uelastic + 
 ULondon.

While the above considerations give a rough idea of various
factors governing nanocrystal self-assembly, other terms might
be present depending on the chemistry of the system and the
experimental setup.1,15,144 The abundance of contributing
elements to the interparticle potential, unknown relative
weights of each term, nonlinear and nonadditive coupling and
evolution during self-assembly, the �nite size of solvent
molecules and solvated ions, inhomogeneity of the nanocrystal
and its surroundings, and other e�ects make devising an
accurate expression for the total free energy of the system
extraordinarily complicated.34 At present, the treatment of
nanocrystal self-assembly in theory and simulation requires
simplifying assumptions concerning particle shape (i.e., perfect
spheres, cubes, etc.) and interactions at the disorder�order
transition (purely repulsive, attractive, or absent). Fortunately,
fundamental factors (such as nanocrystal core geometry) often
dominate the formation of superlattices, allowing coarse-

grained models to explain many of the outcomes of self-
assembly experiments.

5. SELF-ASSEMBLY OF HARD PARTICLES: ENTROPY
MAXIMIZATION AND DENSE PACKINGS

Predicting the self-assembly of nanocrystals into ordered
superlattices requires comparing the relative stabilities of
candidate structures. In general, taking into account all
energetic or entropic contributions present in the system is
not possible. Approximations are necessary to estimate free
energies numerically. Yet, just as Pauling’s rules proved useful
in understanding the structure of ionic compounds in the early
days of crystallography,145 rather general considerations help to
clarify fundamental factors, such as the role of particle shape,146

and elucidate the relationship between the geometry of building
blocks and the superlattice into which they assemble.147 The
hard particle model is well-suited for such a study and a good
approximation for nanocrystals with predominantly repulsive
interactions or with only weak attraction over short distances.
5.1. Entropy Maximization Principle for Hard Particles
It was established in the 1950s that crystallization of particles
can occur even when energetic interactions are entirely absent.
Entropy-driven crystallization of hard spheres, the so-called
Kirkwood�Alder transition, was predicted theoretically148�150

and subsequently observed in concentrated solutions of
micrometer-sized colloidal beads with steep repulsive (i.e.,
nearly hard) interactions (Figure 14a).151,152 Such particles
experience strong repulsion upon contact and are well
described by the hard sphere model (Figure 14b). Hard
particles interact solely through excluded volumes. They strive
to minimize the Helmholtz free energy F = �TS under the
condition of constant volume V, and minimize the Gibbs free
energy G = PV� TSunder the condition of constant pressure
P. Importantly, the most stable phase of a hard particle system
at a given volume corresponds to the phase maximizing the
total entropy of the system.

By measuring all energies and pressure in units of kBT, the
phase behavior of a hard particle system becomes independent
of temperature and only dependent on the particle volume
fraction (Figure 14c). The volume fraction (also called packing
density or packing fraction) � = NV0/V is the ratio of the
average particle volume = �V V N/i i0 to the volume V/N
available to each particle in the system. Dimensionless free
energy and pressure are then de�ned as F* = F/kBT and P* =
PV0/kBT, respectively.

When suspended in �uid at high volume fraction, a collection
of hard particles has greater total entropy in an ordered crystal
than as a disordered �uid (Figure 14d,e). Speci�cally, the
con�gurational entropy loss incurred by collective ordering of
mean particle positions (loss of con�gurational entropy) is
more than o�set by extra free volume (“wiggle room”) a�orded
to particles for local vibrations around their equilibrium lattice
positions and rotations about their average orientations in the
colloidal crystal (gain of translational and rotational entropy).
In other words, the increase in visible order is associated with
an increase in microscopic disorder.153

The entropy of N particles may be expressed using free
volume theory154 in terms of the volume fraction � and the
structure-dependent jamming limit � c
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where f is the e�ective number of degrees of freedom per
particle and Sc is an additive constant due to collective excluded
volume e�ects. The jamming limit is de�ned as the density that
can be reached with rapid compression avoiding crystallization.
While free volume theory is only an approximation, eq 8
becomes exact at high density, i.e., close to � c. This means the
densest phase is then thermodynamically favored. Only if
several con�gurations have the same density does the additive
factor Sc matter. Thus, because spheres can be packed in fcc up
to � c � 0.74 before jamming, fcc must be more stable than a
disordered collection of spheres that only accommodates
spheres up to a limit of � c � 0.64 before becoming jammed.

Entropy-driven ordering is predicted for mixtures of two
sizes of hard spheres.155 Similarly, noninteracting anisotropic
particles (e.g., rods or plates) at su�ciently high volume
fraction may align, generating a discontinuous phase transition
from isotropic solution to a liquid crystalline state (Figure
14f).156 This process, known as the Onsager transition,157

increases translational entropy at the expense of rotational
entropy, and is predicted for ellipsoids of length-to-breadth
ratio of more than 2 or less than 0.5.158 For polyhedral

particles, entropy maximization leads to complex phases
including entropically driven solid�solid phase transitions.159

Several methods have been proposed to identify entropy-
maximizing con�gurations for various hard particles.160

Stochastic sampling via modern Monte Carlo simulation
tools161 or solving Newton’s equations of motion via event-
driven molecular dynamics simulation162,163 are brute-force
methods that directly emulate aspects of the experiment and do
not require a priori assumptions about the ordered phases.
Candidate phases can also often be guessed using small
systems, for example via the �oppy-box Monte Carlo
simulation.164 Once candidate phases are known, direct free
energy calculation is possible to high precision via thermody-
namic integration or Frenkel�Ladd integration.165,166 Given a
su�ciently large set of candidate structures, these powerful
techniques are almost arbitrarily accurate (limited only by
compute power) and rely on numerically tracking thermody-
namic parameters such as pressure (or density) during slow,
continuous variation of other parameters such as density (or
volume, or particle interactions, e.g., from hard to soft). For
example, the change in Helmholtz free energy during a density
change from � 1 to � 2 is

�� �
�

�
�* Š * =

*
�

�
F F N

P
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( )
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2
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Other similar formulas can be derived starting from the
fundamental thermodynamic relation. Special precaution is
necessary when handling partially disordered phases160 and
symmetry-equivalent particle orientations in an ordered
phase.167

5.2. Dense Packings as Candidate Structures for
Nanocrystal Superlattices
One assumption has routinely been invoked for predicting the
outcome of nanocrystal self-assembly: dense packings are
favored. Dense packings appear for hard particles in the high-
pressure/high-density limit where the PVterm in the Gibbs free
energy dominates the entropy term TS. A densest packing
(minimal V) will eventually be the maximum entropy state and
therefore be the most stable. This can be seen directly from free
volume theory, eq 8. Densest packings have the same meaning
for hard particle systems as thermodynamic ground states for
systems of interacting particles: they are the states reached
when all dynamics of the system has ceased and entropy can be
ignored. Finding the densest packing for a given shape is thus a
natural starting point for predicting the structure of self-
assembled nanocrystal superlattices.

Packing shapes has a long history that goes back to ancient
Greece, at which time Plato developed a polyhedron-based
theory of matter (�re is comprised of tetrahedra; air, octahedra;
earth, cubes; water, icosahedra). In 1900, David Hilbert
challenged mathematicians as part of the 18th of his 21
problems171 to �nd the optimal way to “build up space from
congruent polyhedra”. This plain wording, however, belies its
complexity. More than a century after Hilbert’s proposal, it has
been proven for only one shape, the sphere. The Kepler�Hales
theorem states that face-centered cubic (fcc), hexagonal close-
packed (hcp), and other stacking variants of hexagonal layers
are the densest packings for spheres (Figure 15a,b), �lling � fcc =
� /�18 = 74.04...% of space.172 Resolving the entropy
di�erence between these two phases requires high-precision
free energy calculations. The outcome of the calculation is a
small entropic preference of �s= 0.001164(8)kB per sphere for

Figure 14. Entropy-driven crystallization of hard spheres and hard
spherocylinders. (a) SEM image of close-packed spherical colloidal
beads. Adapted from ref 168. Copyright 1999 American Chemical
Society. (b) Hard sphere interaction potential. (c) Phase diagram of
noninteracting spheres showing �uid phase at low density, crystal at
high density, and coexistence of the two phases over an intermediate
density range. Adapted with permission from ref 169. Copyright 2002
Nature Publishing Group. (d, e) The accessible free volume available
to each particle increases upon adoption of an ordered colloidal crystal
state (d) instead of a jammed state (e). In this schematic we ignore
rattlers, which sets Sc = 0. (f) Phase diagram of noninteracting
spherocylinder rods as a function of shape anisotropy and density.
Adapted with permission from ref 170. Copyright 1997 AIP
Publishing.
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fcc173 over hcp due to phonon contributions.174 Optimal
packings for space-�lling solids (the cube, for example, and
several other polyhedra167,175) are also known and represent
trivial Hilbert solutions.

Nowadays, searching for the densest packing is a special case
of a mathematical optimization problem. Only with the advent
of modern computers it became possible to study the packing
of a wide range of shapes numerically. Many solutions have
been found that are believed to be optimal or at least near
optimal. Yet, due to the complexity of the packing problem,
searching for new rigorous mathematical results has turned out
to be extremely di�cult even in simple situations. Small steps
forward thus represent signi�cant mathematical advance-
ments.176

For hard spheres, the ordered phases observed in the
Kirkwood�Alder transition coincide with the densest packing
of spheres, yielding primarily fcc or hcp packings. Alternative
candidate structures such as bcc, simple hexagonal (sh), and
simple cubic (sc) (Figure 15c�e) have packing densities of 68,
60, and 52%, respectively, leaving more void space in the lattice
than fcc and hcp (Figure 15f). Such arrangements of hard
spheres are not stable, because they provide less free volume for
local translations in the colloidal crystal than fcc and hcp
packing.

The packing of polyhedra is particularly relevant in the
context of nanocrystal self-assembly because polyhedral nano-
crystals are frequently encountered as energy-minimizing Wul�
shapes comprised of an atomic single crystal or twinned
polycrystal.181 Densest packings of most regular convex159 and
concave164,182 polyhedra, as well as families of polyhe-
dra,183�185 have been reported using numerical techniques.

The regular tetrahedron, for example, is the simplest Platonic
solid. It has pyramid shape with four equilateral triangle sides.
In one of the earliest recorded mistakes in the history of
mathematics, Aristotle suggested that copies of the regular
tetrahedron �ll space completely.186 In fact, no such arrange-
ment is possible, although a series of recent works179,180,187�189

demonstrated that there exist several ways to pack tetrahedra
more densely than spheres (Figure 15f�i). Self-assembly of
tetrahedrally shaped colloids mediated by excluded volume
interactions can be expected to produce such arrangements in
the high-pressure limit.
5.3. Dense Packings of Binary Hard Particle Mixtures

The search for dense packings of two sizes of spheres was
encouraged by the discovery of gem opals comprised of
bidisperse silica beads.190 Binary sphere mixtures often pack
more densely than a single component alone, for example, by
�lling the voids in a close-packed sphere lattice with smaller
spheres. When evaluating ways to densely pack sphere
mixtures, there are two degrees of freedom that in�uence the
maximally achievable packing density: the radius ratio (or size
ratio), � = RB/RA, and the stoichiometry, x = nB/(nA + nB), of
the large (A) and small (B) spheres. Recent studies191�194

uncovered more than 15 unique binary sphere packings that
exceed the densest single-component (fcc) arrangement
(Figure 16). Such analyses provide a natural starting point for
anticipating the structures formed by spherical nanocrystals that
seek to maximize packing density at high particle volume
fraction. However, in the limit of similar sphere radii (� > 0.66),
phase separation into separate fcc (or hcp) lattices of large and
small spheres provides the densest packing, while in the limit of
very disparate sizes (� < 0.2) depletion e�ects (section 10.6)
strongly disfavor the achievement of dense packings in
experiment.

Beyond these space-�lling considerations, con�gurational
entropy and entropy of mixing provide an additional driving
force for cocrystallization of two sizes of hard spheres at
intermediate density. Such second-order e�ects can stabilize
binary structures that compete with, but do not exceed, the

Figure 15. Dense and less dense crystalline packings of spheres and
tetrahedra. (a) Unit cell of spheres in fcc packing. (b) Structural motif
of spheres in hcp packing. (c) Unit cell of spheres in bcc packing. (d)
Unit cell of spheres in simple hexagonal packing. (e) Unit cell of
spheres in simple cubic packing. (f) Double dimer (densest known)
tetrahedron packing. Adapted with permission from ref 177. Copyright
2002 American Physical Society. (g) Quasicrystalline tetrahedron
packing. Adapted with permission from ref 178. Copyright 2009
Nature Publishing Group. (h) Wagon wheel (nonamer) tetrahedron
packing. Adapted with permission from ref 179. Copyright 2008
Springer. (i) Icosahedron (20-mer) tetrahedron packing. Adapted with
permission from ref 180. Copyright 2009 Nature Publishing Group.

Figure 16. Summary of densest known binary sphere packings.
Maximum packing density (z-axis) surface plot shown as a function of
radius ratio (x-axis) and stoichiometry (y-axis). Unit cells or
characteristic structural motifs for selected structures are shown
above. The proposed maximum density is claimed by the AB11
structure, which �lls space with about 82% e�ciency at radius ratio
close to 0.22. The radius ratio for which binary packings exceed single-
component close packing is � < 0.66. Adapted with permission from
ref 194. Copyright 2012 American Physical Society.
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density of phase-separated packings. Examples are the NaZn13
arrangement within size ratio range 0.54 < � < 0.61 (ref 155)
and Laves phases within 0.76 < � < 0.84 (refs 195, 196). In this
way, translational and con�gurational contributions to system
entropy can stabilize a hard sphere binary crystal in some
instances if its density is above about 65%. So far the complete
phase behavior of binary sphere mixtures away from the limit of
densest packings shown in Figure 16, and thus the role of
entropy in the formation of binary sphere crystals, has not been
investigated for all values of the radius ratio, stoichiometry, and
packing density.

The phase diagram of mixtures of spheres and rods is even
more complex because it contains the rod aspect ratio as a third
parameter. Although the packing of rods and spheres has not
been investigated in full generality, at least one binary structure
of spheres and rods with aspect ratio 2 exceeds the density of
demixed phases (Figure 17a). Closely related to the AlB2
arrangement of spheres, this AB2 binary phase has a stability
range of 0.5 < � = Rsphere/Rrod < 0.58, similar to where an
equivalent phase is found in a binary sphere mixture (Figure
17b). The rod�sphere system is an example where the densest
packing is not the only ordered maximum entropy solution. At
intermediate density, bulk demixing into rod-rich and rod-poor
phases, and microphase separation into a variety of
morphologies, has been predicted and observed in experiment
(Figure 17c).197,198 Cocrystallization is expected if these
competitor phases are avoided, as recently con�rmed in an
investigation of the experimental phase behavior of mixtures of
rod-shaped and sphere-shaped nanocrystals.199

5.4. Cataloging Stable Phases of Hard Polyhedra
Packing arguments200 and self-assembly studies may be
extended to all manner of hard shapes to predict their phase

behavior and elucidate the relationship between particle shape
and the stable phase. To this end, Monte Carlo simulations
revealed a large diversity of ordered maximum entropy phases
in systems of hard polyhedra belonging to Platonic,
Archimedean, Catalan, and Johnson solid groups,159 many of
which are experimentally accessible for nanocrystals prepared
by colloidal synthetic techniques. At intermediate density in the
0.5 < � < 0.6 range, spontaneous ordering occurs for a majority
of high-symmetry polyhedra. In this case, nucleation and
growth leads to well-ordered superlattices and is generally fast.
Lower-symmetry polyhedra, however, remained disordered
even after prolonged simulation. On the other hand,
particularly densely packing polyhedra (e.g., cubes and rhombic
dodecahedra) order faster than spheres.

Three structural categories (Figure 18) were observed. One
such category is that of the crystal phases, with both
translational and orientational long-range order. The other
two categories, intermediate between liquid and solid, are
examples of mesophases,201 with either orientational or
translational order but not both. For instance, the roundest
shapes often arrange themselves on a lattice without preference
for particle orientation (plastic crystals or rotator crystals),
while large zero curvature surfaces direct particles onto a lattice
with orientational registry (nematic, smectic, and columnar/
discotic liquid crystals), as shown in Figure 18b. The assembly
behavior of polyhedra can be predicted from particle sphericity
and local order in the �uid. Sphericity is measured by the
isoperimetric quotient 36� V2/A3 for a particle with volume V
and surface area A (ref 159) or via the asphericity factor 
 =
RA/3V, where R is the mean radius of curvature. Both
parameters are normalized such that they are 1 for a sphere.
The asphericity factor appears in the second virial coe�cient of
hard particles which is known analytically, B2 = V(1 + 3
 ) (refs
202, 203).

Ordered phases can be surprisingly complex, and include the
close-packed sphere lattices fcc and hcp, the soft particle lattice
bcc, the topologically close-packed (Frank�Kasper and pseudo-
Frank�Kasper204,205) phases � -brass, � -Mn, and � -W (iso-
structural to the A15 phase) for weakly faceted spheres, a few
Bravais lattices, and a few others including diamond (Figure
18a). In addition to these single-polyhedron assemblies, the
phase behavior of binary mixtures of polyhedra has recently
been investigated.206 Such studies reveal packing complemen-
tarity for particular shape pairs. For instance, octahedra and
tetrahedra, which necessarily leave gaps when phase-separated,
can �ll space when mixed in a 1:2 ratio provided they have
identical edge lengths. Indeed, a binary phase of hard tetrahedra
and octahedra has been observed in simulation.207

This notion of �at surfaces directing orientational registry of
hard rods or plates (Figure 14, bottom) and faceted polyhedra
(Figure 18b, center) has given rise to the concept of directional
entropic forces.183,208 These entropic forces between aniso-
tropic particles strive to maximize local dense packing by
aligning faces and can be quanti�ed by using the potential of
mean force and torque.209 Under compression, the system
shows a strong preference for coordination via centering the
faces, for example of neighboring cubes irrespective of the
presence of a high density of vacancies.210 Directional entropic
forces allow for the possibility of designing entropic assemblies
by constructing entropically patchy particles211 or using shapes
given by the Voronoi tessellation of the target crystal
structure.167 It is then possible to aim for novel entropically
stabilized phases or speci�c symmetries by modifying the

Figure 17. Packing rods and spheres. (a) Modeled AB2 packing of
rods and spheres at size ratio 0.56. (b) At intermediate volume
fraction, simulations predict phase separation into rod crystal and
mixed �uid. (c) Plot of packing e�ciency of phase-separated (green
trace) and AB2 binary nanocrystal shape alloy (BNSA, blue trace) for
simple hard rod (spherocylinder) and sphere shapes. Excluded volume
(hard particle) interactions between rods and spheres stabilize dense
binary structures at size ratios 0.50 < � < 0.58. Adapted from ref 199.
Copyright 2013 American Chemical Society.
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attributes of building blocks.212 For example, particle shapes
have been designed to yield chiral crystals213 or cholesteric
(chiral nematic) liquid crystals.214 Advancements in the
theoretical understanding of hard polyhedron crystallization,
coupled with shape-controlled synthesis of colloidal nanocryst-
als,215�219 provides a blueprint for preparing novel superlattice
structures via shape-directed nanocrystal self-assembly.

6. SELF-ASSEMBLY OF SOFT PARTICLES: INTERNAL
SURFACE AREA MINIMIZATION

So far, we rationalized the phase behavior of nanocrystals by
considering only the shape of the particle core in the hard
particle model. However, after synthesis, colloidal nanocrystals
are typically covered by a layer of hydrocarbon surface ligands.
The presence of this corona of semi�exible “hairs” has two
e�ects: it softens the interaction of the inorganic cores and,
assuming uniform coverage, results in an e�ective nanocrystal
shape that is always more spherical than the underlying core.
These e�ects require a modi�cation of the hard particle model
when applied to surfactant-stabilized nanocrystals. The soft

particle model is a complementary approach to the hard
particle model for studying the self-assembly of nanocrystals. It
replaces the hard particle assumption of perfect particle rigidity
by the assumption of perfect particle elasticity coupled with
incompressibility. In other words, soft particles can deform as
long as their volume does not change.
6.1. Hard and Soft Particles Are Two Extremal Models for
Nanocrystals

The prime example of soft particles are block copolymer
micelles. Block copolymers are a class of macromolecules with
two or more chemically distinct polymer segments (blocks),
which may be, for example, hydrophobic and hydrophilic
(poly(styrene)-block-poly(ethylene oxide), PS�PEO). They
adopt a number of ordered nanostructured phases including
the spherical phase, which segregates the minority block into
spheres surrounded by a corona of chains of the majority
component.220 The polymer melts are easily deformable, but
necessarily completely �ll space because liquids do not support
local density variations. Using this logic, block copolymer

Figure 18. Cataloging the phases formed by Monte Carlo computer simulations of 145 convex polyhedra. (a) Illustrations of the polyhedra forming
crystals, plastic (rotator) crystals, liquid crystals, and glasses. (b) Representative particle shapes that select one of the three phase families. Nearly
spherical polyhedra rotate in the ordered phase forming plastic crystals, faceted polyhedra resemble covalent (directionally bonded) crystals, and
highly anisotropic polyhedra only partially order their position forming liquid crystals. Adapted with permission from ref 159. Copyright 2012
American Association for the Advancement of Science.
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micelles may be considered, in good approximation, as
incompressible, deformable particles.

While the self-assembly of hard particles is driven by
maximization of packing density in the limit of high pressure
(section 5), soft particles strive to minimize contact area
between particles in the limit of low temperature.221 For block
copolymer micelles, this minimization is caused by the
conformational entropy penalty associated with elastic chain
deformation. Density maximization and area minimization lead
to di�erent solutions. For example, while hard spheres
frequently assemble into fcc and hcp arrangements, block
copolymer micelles do not. Instead, these soft particles typically
prefer to adopt bcc ordering.222

The combination of rigid inorganic core and soft organic
corona naturally places colloidal nanocrystals between the hard
and the soft particle models (Figure 19). Perhaps unsurpris-
ingly, therefore, colloidal nanocrystals, often with 2�10 nm
core diameter and C8�C18 (about 1�2 nm length) hydro-
carbon surfactant shells, self-assemble into phases characteristic
of both dense packings and contact area-minimizing con�g-
urations.223 Interestingly, the search for minimal-area soft
particle phases, like the search for dense-packing hard particle
phases and Hilbert’s 18th problem, appears to conveniently
intersect with another famous problem of mathematics.
6.2. Area-Minimization Principle and Tetrahedral
Close-Packing

In 1887, Lord Kelvin asked the question: what regular partition
of space into cells of equal volume has the smallest surface area
of cells? This concept is also known as the internal surface area
minimization principle (or in short, area-minimization
principle). Kelvin proposed the bcc lattice to be the most
area-minimizing structure. Indeed, bcc was considered optimal
for more than 100 years until Weaire and Phelan uncovered a
more e�cient partitioning of space, the A15 phase.224

Isostructural with Cr3Si and � -tungsten, the A15 structure
features mutually orthogonal dimers centered on the faces of a
bcc lattice (Figure 20a). It is a poor choice for e�cient sphere
packing, having a density similar to that of the simple cubic
lattice (52%). However, A15 represents a partitioning of space
with even less internal surface area than Kelvin’s choice of bcc
arrangement.

The property of e�ciently partitioning space is captured by
examining the shape of the Voronoi cell (also known as
Wigner�Seitz polyhedron). The Voronoi cell is the space
available to each particle on the lattice or, mathematically
speaking, the volume that comprises all points in space that are
closer to a given particle than to any other. An equivalent
formulation of Kelvin’s question is, which structure maximizes

the average isoperimetric quotient for its Voronoi cells or
minor modi�cations thereof? A15 (isoperimetric quotient
0.764) narrowly beats bcc (0.757), which in turn beats fcc
(0.741). Since the pentagonal dodecahedral and tetrakaideca-
hedral Voronoi cells of A15 (Figure 20b) are more spherical
than the truncated octahedral Voronoi cell of the bcc lattice,
they require less deformation of a spherical soft hydrocarbon
shell.

The Frank�Kasper phase family is de�ned to comprise all
phases that feature exclusively tetrahedral voids (i.e., they are
tetrahedrally close-packed, tcp).204,205 Notably, the A15
arrangement is an example of a Frank�Kasper phase. Only
tetrahedral voids are present in A15, as evidenced by the
coordination polyhedra with exclusively triangular faces (Figure
20c). One-third of the voids in the fcc lattice, by contrast, are
octahedral. Frank�Kasper phases generally have Voronoi cells
with high values of the isoperimetric quotient.

An arrangement with even less internal surface area emerges
if Kelvin’s requirement for equal-volume partitions is removed.
The new optimal phase, the Frank�Kasper � phase,
isostructural with intermetallic Fe46Cr54, has an unusually
large unit cell built from 30 particles (Figure 20d). The � phase
divides space into �ve distinct Voronoi polyhedra with about
15% spread in volumes (Figure 20e) and is comprised of

Figure 19. Schematic illustration of colloidal nanocrystals (middle)
bearing similarity to both block copolymer systems (left, soft particles)
and micrometer-sized colloidal beads (right, hard particles).

Figure 20. Frank�Kasper phases are tetrahedrally close-packed
structures. (a) The A15 phase divides space into equal-volume
partitions with minimal internal surface area. The unit cell is
comprised of a bcc sublattice (green spheres) with face-centered
sites (orange spheres) positioned along three mutually perpendicular,
interlocking columns. (b) Dodecahedra and tetrakaidecahedra are the
Voronoi cells of the A15 phase. Adapted with permission from ref 225.
Copyright 2011 Nature Publishing Group. (c) Coordination polyhedra
for sites in the A15 phase. Note that the polyhedra have exclusively
triangular faces, which means A15 has only tetrahedral voids. (d, e)
Relaxing the requirement for equal-volume partitions, the Frank�
Kasper � phase has even less internal surface area than the A15 phase.
The � phase unit cell is comprised of 30 spheres, with 8j particles
forming tiling vertices highlighted in green. Adapted with permission
from ref 226. Copyright 2010 American Association for the
Advancement of Science. (f) Decomposition into triangle (left) and
square (right) tiling units. (g) Space-�lling polyhedra with volumes
shown underneath. (h, i) Tiling from triangle and square units with
only 3.4.32.4 vertices in the � phase and by including other vertices in a
dodecagonal quasicrystal. Adapted with permission from ref 227.
Copyright 2004 Nature Publishing Group.
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triangle (Zr4Al3 type) and square (Cr3Si type) tiling units
(Figure 20f,g). The two polygonal units (“squares” and
“triangles”) can be used to construct tilings of the plane.
They can be arranged periodically in the 3.4.32.4 Archimedean
tiling (Figure 20h) with three triangles and two squares
meeting at each vertex and no sharing of edges between
squares. A quasicrystalline arrangement results by incorporating
36 vertices (six triangles meeting at a point, Figure 20i). The
appearance of such complex phases is no complete surprise
because tetrahedral local order is incompatible with long-range
order and thus di�cult to extend linearly.

Intriguingly, A15, � , and quasicrystal phases are readily
observed in soft matter systems such as micelle-forming block
copolymers,226,228 dendrons,227,229 and surfactant solutions230

(Figure 21) and can even be targeted via precisely controlled
positional interactions between micelles of giant macro-
molecular tetrahedra.231 There is signi�cant overlap between
the phases observed for soft micelles and colloidal nanocrystals:
for example, Frank�Kasper MgZn2 (C14 Laves phase), � , and
quasicrystalline phases result from assembly of binary nano-
crystal mixtures (section 7.6). The area-minimizing, tetrahe-
drally close-packed, and often complex arrangements like
Frank�Kasper A15, � , and quasicrystalline phases would not be
uncovered by searching for e�cient sphere packings but
naturally arise when interactions between soft ligand shells are
taken into account.

Simulations performed on modeled spherical micelles
support the notion that complex arrangements can be stable
for building blocks favoring regular tetrahedral interstices.232 In
this work, mobile surface entities and shape polydispersity are
crucial for consistently assembling quasicrystals and/or
approximants, indicating that polytetrahedral order is possible
by appropriate particle functionalization and shape. Indeed,
Frank�Kasper and related complex phases are often achieved
by starting from hard spheres and introducing shape
anisotropy.159 In this way, imperfections in particle size and
shape, as frequently found in nanocrystals, are analogous to an
e�ective softness in the nanocrystal interaction and destabilize
fcc/hcp lattices. Whenever disfavoring close-packing, for
example by softening the interaction potential,233 structures
corresponding to bcc and tetrahedrally close-packed lattices are

found to naturally appear. Quite general theoretical consid-
erations suggest that while bcc is typically favored near the
melting line, icosahedral local symmetries, as found in
tetrahedrally close-packed lattices, are favored in amorphous
solids.234 In similar fashion, more diverse phases and a richer
phase diagram are also obtained in binary soft particle systems
by varying the degree of softness away from pure excluded
volume repulsion by changing the exponent of e�ective inverse
power law interaction potentials.235,236

6.3. Area-Minimization Principle for Hydrocarbon-Capped
Nanocrystal Superlattices
Only some of the phases experimentally observed for nearly
spherical nanocrystals are explained by hard-sphere-packing
arguments. For example, the bcc phase is a suboptimal sphere
packing arrangement (Figure 15) but is frequently observed
upon evaporating solutions of quasi-spherical nanocrystals.237

Nanocrystal “softness”, expressed as L/R, where L is the
molecular length of the capping ligand and R is the radius of the
inorganic core, plays a crucial role in selecting between close-
packed and non-close-packed sphere arrangements: alkanethiol-
capped metal nanocrystals experience an fcc-to-bcc transition
for L/R > 0.7.223,238 Similar arguments also hold for DNA-
mediated nanocrystal assembly into the bcc phase, where long
linkers were identi�ed as the cause for the deviation from close-
packing.239

Along these lines, recent attempts to rationalize nanocrystal
superlattice phase behavior have evaluated superlattice packings
on the basis of an area-minimization principle. Assuming
hydrocarbon chains must �ll the interparticle matrix after
solvent evaporation, the shape of the space a�orded to each
particle (Voronoi cell or Wigner�Seitz polyhedron) packed in
fcc or bcc arrangements (Figure 22a,b) determines the extent
to which ligands are forced to compress or expand to �ll space
(Figure 22c). Plotting the distance separating the polyhedron
center and all points on its surface reveals a wider spread for the
rhombic decahedron (fcc cell) than the cuboctahedron (bcc
cell), implying a larger elastic penalty for hydrocarbon capping
ligands packed in the fcc arrangement (Figure 22d).
Accordingly, for nanocrystals with signi�cant soft character
contributed by surface-tethered hydrocarbon ligands, phase
behavior re�ects a contribution from both sphere packing and
area-minimizing components. Such arguments have been
extended to rationalize the recent experimental observation of
the C14 Laves (Frank�Kasper) phase assembled from
monodisperse 2 nm Au nanocrystals capped with hexanethiol
ligands at L/R � 0.84.240 Furthermore, evidence of an area-
minimizing contribution to nanocrystal assembly has been
observed for the case of binary superlattices of spherical
nanocrystals (section 7.6). In one notable example, solid-state
binary assembly via Ostwald ripening of monodisperse
nanocrystal superlattices heated above 120 °C yielded only
Frank�Kasper or pseudo-Frank�Kasper binary structures.241

In these cases, the absence of large octahedral voids in the
tetrahedrally close-packed phases, and resulting minimal
distortion of surface-bound hydrocarbon chains required to
�ll the interparticle matrix, may be the driving force to form
such unusual sphere packing arrangements.

7. SELF-ASSEMBLY OF HYDROCARBON-CAPPED
NANOCRYSTALS

In the following section, we highlight examples of superlattices
formed by spherical and anisotropic nanocrystals and nano-

Figure 21. Experimental soft matter systems ordering onto area-
minimizing lattices. Organic molecules such as block copolymers,
dendrons, and surfactants (e.g., from top left to bottom left,
polyisoprene-b-lactide, 3,4,5-tris(n-dodecyl)benzyloxy, and dodecyl-
polyethylene glycol) assemble into hairy spherical micelles (center)
with phase behavior reminiscent of nanocrystal superlattices, including
tetrahedrally close packed Frank�Kasper � phase, quasicrystal, and
A15 (Weaire�Phelan) structure, as well as bcc phase. Center panel
adapted with permission from ref 228. Copyright 2014 National
Academy of Sciences.
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crystal mixtures capped with aliphatic surface ligands. We
connect the observed superlattices to the physical concepts
underlying the self-assembly of hard shapes (section 5) and soft
shapes (section 6). An overview of self-assembled structures
obtained for various nanocrystal shapes is provided in Table 2.
Due to high chemical potential of high-curvature surfaces,
anisotropic nanocrystals typically have rounded or truncated
corners. Descriptions of an inorganic core shape as cube,
octahedron, and tetrahedron in Table 2 should therefore be
understood as slightly truncated/rounded versions of the shape.
7.1. Quasi-Spherical Nanocrystals

Self-assembly of nearly spherical (e.g., cuboctahedral, rhombi-
cuboctahedral, or multiply twinned icosahedral252) nanocrystals
by solvent evaporation often results in the formation of fcc or
hcp superlattice thin �lms. Because superlattice domains are
typically oriented with the close-packed plane making contact
with the support, fcc and hcp phases are often observed to

assemble with the 3-fold axes parallel to the normal of the thin
�lm. These phases are built up from hexagonally ordered
monolayers with ABCA- or ABAB-type overlay pattern (Figure
23a, left and right insets). In line with hard sphere phase
expectations, fcc and hcp are most common for particles with
surface ligands that make a minimal contribution to total
particle volume (small softness value L/R). The small free
energy di�erence between fcc over hcp predicted for hard
spheres173 appears to be negligible in nanocrystal self-assembly
experiments as both phases are commonly produced.

However, fcc and hcp are not always observed with equal
probability. Experiments with 5-nm-diameter alkanethiol-
capped Ag nanocrystals indicate that evaporation-based
assembly from higher-boiling solvents (e.g., octane) favors
hcp structure, while lower-boiling solvents (e.g., hexane)
typically produce fcc superlattices.253 Along these lines, it has
been hypothesized that solvent �ow through the interstitial sites

Figure 22. Wigner�Seitz evaluation of sphere packings. The bcc structure requires less distortion of the ligand corona than fcc arrangement. (a) bcc
unit cell and the corresponding Wigner�Seitz polyhedron. (b) bcc unit cell and the corresponding Wigner�Seitz polyhedron. (c) Illustration of the
compression and extension of hydrocarbon chains required to occupy the entire Wigner�Seitz cell. (d) Asphericity of both Wigner�Seitz cells. The
spread in center-to-surface distances of the bcc Wigner�Seitz polyhedron (blue trace) is narrower than that of the fcc Wigner�Seitz polyhedron
(green trace), and thus requires less distortion of capping ligands. Adapted from ref 242. Copyright 2015 American Chemical Society.

Table 2. Examples of Prior Work on Self-Assembly of Monodisperse Hydrocarbon-Capped Nanocrystals into Three-
Dimensional Superlatticesa

core shape core material surface ligands approx core size (nm) self-assembled struct lit. example

sphere CdSe C4, C8, C16 3�10 fcc, hcp ref 58
Au C12 2�7 fcc, hcp, bcc ref 223
Pb(S,Se,Te) C18 3�10 fcc, hcp, bcc, sh refs 37, 243

cube Pt C7, C8, C12, C16, C18 2�10 sc, bct refs 244, 245
Fe2O3 C6 8.5 bct ref 246
Pb(S,Se,Te) C18 10 sc, bct, rh refs 245, 247
Pd C12 10 sc, rh ref 248

octahedron Pt3Ni C18 10 bcc ref 249
InCdO C18 50 Minkowski ref 250

tetrahedron CdSe C9, C14, C18 10 bco ref 110
octapod CdSe/CdS C18 100 bct ref 54
rod CdSe, CdSe/CdS C18 30 × 5 N, S, hcp refs 73, 251
plate GdF3 C18 20 × 2 C, L ref 53

aStructure key: fcc = face-centered cubic, hcp = hexagonal close-packed, bcc = body-centered cubic, sh = simple hexagonal, sc = simple cubic, bct =
body-centered tetragonal, rh = rhombohedral, bco = base-centered orthorhombic, N = nematic, S = smectic, C = columnar, L = lamellar.
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of close-packed spheres may play a role in favoring fcc packing
by directing the third layer of spheres toward the threefold sites
open to solvent �ux.254,255 Furthermore, dipole�dipole
interactions between spherical nanocrystals favor antiferro-
electric ordering of dipole moments and promote formation of
phases that maximize dipolar energy. As a result, the alignment

of such particles along columns with head-to-tail dipole�dipole
orientation can stabilize hcp or even simple hexagonal phases
over fcc.256

Subtle di�erences in the shape of quasi-spherical metal
nanocrystals in�uences the presence or absence of orientational
registry in self-assembled superlattices. For example, typical
syntheses of Au nanocrystals often result in a mixture of single-
crystalline (cuboctahedral) and polycrystalline (multiply
twinned icosahedral) nanocrystals. Slow destabilization of
such colloids results in phase separation of the two
components: the more spherical polycrystalline icosahedral
nanocrystals assemble into rotationally degenerate fcc super-
lattices, while the larger facets of crystalline cuboctahedral
nanocrystals direct formation of fcc superlattices with orienta-
tional registry between Au nanocrystal cores.257 But core�core
registry need not result in identical nanocrystal orientations.
Detailed structural analysis of fcc superlattices of PbS
nanocrystals indicates that particles occupying corner sites of
the unit cell can be oriented di�erently than those occupying
the face-centered sites.258

Nanocrystals with signi�cant soft character often assemble
into bcc superlattices following the prediction of the soft
particle model. The well-established phase behavior of
alkanethiol-capped Au nanocrystals, for example, shows a
critical softness value that serves to di�erentiate fcc from bcc
forming Au nanocrystals at L/R � 0.7.223 Along these lines,
installation of octadecanethiol (C18) chains on 2-nm-diameter
spherical Au nanocrystals (L/R � 1) yields bcc superlattices
(Figure 23b), while the same ligands on 5-nm-diameter
spherical Au nanocrystals (L/R � 0.5) yields hcp structures
(Figure 23c). Such observations are consistent with the
proposition that the geometry of the space available to a
particle in the fcc/hcp arrangement deforms surface hydro-
carbon chains more signi�cantly than that of the bcc lattice,
destabilizing fcc/hcp arrangements of nanocrystals with
signi�cant contribution from the soft ligand shell.
7.2. Rod-Shaped Nanocrystals

Rod- and platelet-shaped nanocrystals synthesized by colloidal
chemistry approaches enable exploration of the self-assembly
behavior of anisotropic particles. Besides the isotropic liquid
(random position and orientation) and the crystalline solid
(�xed position and orientation), there are two families of
mesophases, or states of matter with characteristics of both
solid and liquid phases (Figure 24, top). Rod-shaped particles

Figure 23. Assembly of quasi-spherical nanocrystals into fcc, hcp, and
bcc superlattices. (a) Evaporating a dilute solution of 11 nm CoFe2O4
nanocrystals capped with oleic acid surface ligands frequently produces
thin �lms with three or more monolayers (ML) of fcc (left inset) and
hcp (right inset) packing arrangements. Adapted from ref 63.
Copyright 2010 American Chemical Society. (b) The assembly of
Au nanocrystal superlattices depends on the softness parameter L/R.
Shown here: [110]-oriented bcc packing of 2.2 nm Au nanocrystals
capped with octadecanethiol ligands (L/R� 1) and (c) [100]-oriented
hcp of 4.5 nm Au nanocrystals with the same ligands (L/R � 0.5).
Taken from ref 50.

Figure 24. Liquid crystalline phases of rods and disks. Rods (top) and disks (bottom) adopt arrangements with (left to right) random particle
position and orientation, ordering of particle orientation only, and ordering of both particle position and orientation. In the smectic B phase, rods
remain free to rotate about their long axis. The crystal phase is characterized by orientational registry about all rod axes.
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can adopt nematic (random position, �xed orientation) and
smectic (�xed position in a plane only, �xed orientation)
packings. In close analogy, platelet-shaped disks adopt nematic
and discotic columnar (�xed position along one axis only, �xed
orientation) mesophases (Figure 24, bottom).

Colloidal chemistry techniques have produced uniform
collections of nanorods and nanowires which assemble into a
number of ordered structures.259,260 For instance, metal (e.g.,
Au261 and Ag262) nanorods grow from seeds in the presence of
cationic surfactant (e.g., cetyltrimethylammonium bromide,
CTAB) micelles. In such systems, optimizing surfactant
mixtures has proven crucial to suppressing undesired shape
byproducts. Exceptional size and shape uniformity of Au
nanorods has recently been achieved using CTAB and sodium
salicylate,51 CTAB and sodium oleate,263 and alkyltrimethy-
lammonium chloride and sodium oleate.264 Furthermore,
semiconductor (e.g., CdSe,265 CdSe�CdS266) nanorods can
be prepared via high-temperature precursor decomposition in
nonpolar solution.267 In this case, rapid monomer incorpo-
ration along weakly passivated nanocrystal surfaces induces
unidirectional growth along a particular crystallographic axis.
More recently, synthetic routes to two-dimensional semi-
conductor268 (e.g., CdS, CdSe, CdTe) and various oxide and
�uoride269 (e.g., UO2, LaF3, etc.) nanoplates have been
developed.

Evaporating a solution of colloidal nanorods yields super-
lattices in which the rods are highly aligned but exhibit some
disorder in their position of rod centers (Figure 25a,b). Layers
of similarly oriented rods (lamellae) often contain hexagonally
close-packed rods (smectic B phase). Optical micrographs of
nanorod liquid crystals show schlieren textures and disclina-
tions common to conventional organic molecular liquid
crystals.270 CTAB-capped Au nanorods sometimes assemble

tip-to-tip in a comparatively open superlattice structure not
anticipated by simulations of hard rods. This behavior can be
explained by recent in situ TEM experiments,271 which
provided evidence for anisotropic repulsion interaction
resulting from reduced charge density at the tips of CTAB-
stabilized Au nanorods in water. Self-assembly of uncharged
nanorods (e.g., CdSe�CdS dot-in-rods capped with octadecyl-
phosphonic acid, ODPA, ligands) by solvent evaporation
produces smectic B superlattice �lms with either horizontal
or vertical alignment (Figure 25c,d) depending on the choice of
subphase (section 10.1).251 The interplay between hexagonal
close-packing within rod lamellae and the hexagonal cross
section of wurtzite CdS rods facilitates orientational registry of
the rods about their symmetry axes, maximizing cohesive
interactions between �at rod faces after solvent evaporation
(Figure 25d, inset).

Destabilization of the colloidal solution by nonsolvent
addition,73 depletant addition,272 or micelle decomposi-
tion56,273 o�ers alternative routes to novel morphologies of
rod assemblies. In one notable example, Cao and co-workers
demonstrated that CdSe�CdS nanorods capped with ODPA
surface ligands and water-solubilized by overcoating with
dodecyltrimethylammonium bromide (DTAB) surfactants
controllably aggregate in ethylene glycol into nearly spherical
(Figure 26a�c) or needle-shaped (Figure 26d�f) micrometer-
sized colloidal superparticles. Detailed characterization revealed
that the superparticles with >80 000 rods are comprised of a
central cylindrical domain of close-packed rods (Figure 26c, red
rods) capped by two domes (Figure 26c, blue rods). The
amount of DTAB present in the aqueous nanorod solution
controls the size of superparticles. An embryo growth
mechanism was proposed, whereby small rod domains below
the critical radius of stable nuclei coalesce into the capped
cylinder shape. On the other hand, destabilization of the colloid
by gradual di�usion of polar nonsolvent produces platelet-
shaped nanorod assemblies (Figure 26d�h). In addition, �at
sheets of hexagonally packed nanorods have been prepared by
oleic acid addition, triggering nanorod assembly via depletion
attraction (Figure 26i).
7.3. Platelet-Shaped Nanocrystals

Thermal decomposition of precursors in coordinating solvents
has been applied to prepare two-dimensional nanocrystals
(nanoplates) from cadmium chalcogenides268 and rare-earth
halides.269 For colloidal nanoplates lacking uniform lateral
dimensions, both solvent evaporation and destabilization
approaches produce face-to-face stacks of ribbon-like one-
dimensional superstructures.74,274,275 On the other hand,
nanoplates with uniform size and shape, including circles,
hexagons, rhombi, ellipses, and tripods, assemble into two- and
three-dimensional superlattices. Slow evaporation of dilute
solutions of nanoplates at the liquid�air interface induces self-
assembly into area-tiling superlattices with the plate c-axis
perpendicular to the support. Because the plate footprint
determines the densest tiling arrangement, varying platelet
shape leads to a variety of two-dimensional patterns including
hexagonal, square, and rhombic tilings as con�rmed by
simulation276 and experiment269 (Figure 27a�d).

While entropy is a main driving force in larger, micrometer-
sized colloidal plates such as Brownian squares278 and
triangles,279 self-assembly of nanometer-sized plates can be
understood from maximization of tiling density only to �rst
approximation. For the case of irregular hexagonal DyF3

Figure 25. Self-assembly of nanorods. (a, b) SEM images of Au
nanorods passivated with CTAB bilayers packed into superlattice with
smectic ordering. Adapted from ref 51. Copyright 2012 American
Chemical Society. Adapted from ref 263. Copyright 2013 American
Chemical Society. (c) TEM overview of CdSe�CdS nanorods (6 × 28
nm) packed in smectic B superlattices with long axes lying parallel to
the support. Adapted from ref 251. Copyright 2015 American
Chemical Society. (d) TEM image of CdSe�CdS nanorods packed
in smectic B superlattice with long axes perpendicular to the imaging
direction. Inset: HRTEM con�rms atomic registry of nanorods within
the hexagonal packing. Adapted from ref 272. Copyright 2010
American Chemical Society.
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nanoplates, comprised of four (101) edge (“A”) facets at the
tips and two (002) side (“B”) facets in the middle, an
alternating arrangement resembling the herringbone packing is
formed (Figure 27e). Geometric analysis reveals that while the
alternating arrangement perfectly tiles a surface at intermediate
plate aspect ratio (edge lengths, B/A), the parallel arrangement
is area-tiling regardless of aspect ratio (Figure 27f). Because the
alternating arrangement never covers a surface more e�ciently
than the parallel arrangement, this system requires an
explanation beyond the entropy-maximizing perspective of
e�cient polygon packing. In fact, density functional theory
calculations presented in the same work revealed that oleic acid
surface ligands bind strongly to the (101) tip edge (A) facets
and weakly to the (002) middle edge (B) facets. Assuming
edge�edge attractions arising from ligand van der Waals
interaction after solvent evaporation increases with the number
of interacting alkyl chains, in-plane cohesion energy is greater
for the alternating plate arrangement that avoids weakly
interacting B�B contacts. Indeed, Monte Carlo simulations

incorporating such an edge-speci�c interaction asymmetry
predict a stability range for the alternating arrangement.

In addition to tiling a �at surface, colloidal nanoplates also
self-assemble into three-dimensional superlattices. Evaporating
a hexane solution of rhombic GdF3 nanoplates over glycol
liquid support yields either columnar or lamellar structures
(Figure 27g,h). Both columnar and lamellar plate phases feature
face-to-face contacts between plates, an observation that may be
rationalized based on Onsager-type entropic arguments as well
as maximization of cohesive van der Waals interactions between
the plates after solvent drying. One-dimensional lamellar
superlattices of triangular Au nanoprisms featuring anomalously
large interplate separations have been rationalized by treating
the cetyltrimethylammonium bromide surfactant contribution
to both attractive depletion forces and repulsive electrostatic
forces.280

7.4. Polyhedral Nanocrystals
The body of knowledge collected by Monte Carlo simulations
of phase behavior of hard polyhedra (Figure 18) serves as a
logical starting point for considering the self-assembly of highly

Figure 26. Superlattices formed by destabilization of nanorod colloids. (a) TEM overview of nearly spherical micrometer-sized superparticles
comprised of CdSe�CdS dot-in-rods. (b) TEM zoom and (c) model of the superparticle microstructure revealing that rods are packed into a central
cylindrical domain capped on either end by a multilayer dome. (d) TEM overview of single-domain elongated needles formed by preferential rod�
rod attachment via highly solvophobic tips. (e) TEM zoom and (f) model of superparticle needles. Adapted with permission from ref 56. Copyright
2012 American Association for the Advancement of Science. (g) Destabilization of a CdSe�CdS nanorod solution by nonsolvent addition results in
the precipitation of superparticle platelets onto the solid support exhibiting a Maltese cross luminescence pattern when viewed through crossed
polarizers. (h) Proposed structure of the nanorod solids consistent with the optical signature. Adapted from ref 73. Copyright 2004 American
Chemical Society. (i) Monolayer sheet of vertically oriented CdSe�CdS nanorods precipitated from solution by addition of excess oleic acid.
Adapted from ref 272. Copyright 2010 American Chemical Society.
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faceted colloidal nanocrystals with regular polyhedral shape.
Maximization of translational entropy in solution and
interparticle cohesion after solvent evaporation both favor
formation of dense polyhedron packings with a preference for
face-to-face contacts. Rotational entropy, on the other hand,
favors structures that assemble polyhedra in many orientations
but leave space for particle reorientations. Indeed, Yang and co-
workers demonstrated that 500 nm Ag polyhedra with
adsorbed poly(vinylpyrrolidone) (PVP) ligands sediment
from methylformamide (good solvent for PVP) under gravity
(Figure 28a�c) to form densest packings known for cubes,
cuboctahedra, and octahedra (Figure 28d,e). Similarly, 10 nm
cubes of semiconductor,281 metal,282,283 and metal oxide55,284

materials form close-packed arrangements with face-to-face
contacts and cubic superlattice symmetry. Metal oxide

octahedra (edge length about 35 nm) assemble into the
densest packing available to the shape,250 and metal oxide
tetrahedra with similar edge lengths also readily establish face-
to-face contacts.285 Even highly complex phases like the
network phase isostructural with high-pressure lithium found
for weakly rounded octahedra68 (Figure 9b) can be explained
within the hard particle model.183

However, the entropy maximization principle is not su�cient
to predict the self-assembly behavior of smaller particles.
Octahedra and tetrahedra with comparatively short edge
lengths on the order of 10 nm show phase behavior distinct
from the expectations set by hard-particle studies and distinct
from observed superlattices of analogous particles with size on
the order of 100 nm. CdSe tetrahedra110 (Figure 29a,b) and
Pt3Ni octahedra249 (Figure 29c,d) in this size regime form
superlattices with tip-to-tip contacts. Such tip-to-tip contacts
preserve avoidable void space in the lattice, which is disfavored
for hard object packings.

The superlattices of smaller polyhedral nanocrystals can be
rationalized by considering the in�uence of surface curvature on
repulsive ligand�ligand interactions during evaporation-based
self-assembly. As nanocrystals are condensed into a small
volume of solvent, overlapping ligand coronas experience
unfavorable accumulation of hydrocarbon segments. The
resulting repulsion energy depends on the geometry of the
nanocrystal contact (Figure 29e). Overlap of face-bound
ligands results in stronger spatial concentration of chain
segments than overlap of ligands tethered to curved nanocrystal
surfaces (Figure 29f). Accordingly, the osmotic penalty
associated with unfavorable exclusion of good solvent gives
rise to a signi�cant di�erence in per-chain repulsion energy
between face- and vertex-bound ligands (Figure 29g) favoring
contact between nanocrystal tips in the crowded assembly
solution. Besides this energetic argument, the e�ective rounding
of vertices and edges decreases the facet area that can be in
contact, weakening directional entropic forces.209 In addition,
the sacri�ce of two of the three rotational degrees of freedom
upon establishment of face�face contacts further penalizes
arrangements incorporating such geometry. Energetic and
entropic factors can thus favor superlattice structures not
anticipated by hard polyhedron packing arguments.

Just as in the case of rods (Figure 26b), application of the
destabilization approach to assembling polyhedral nanocrystals
leads to an intriguing set of superlattice shapes from
nanocrystals with cubic, rectangular, rhombic dodecahedral,
octahedral, and truncated octahedral core geometries.284,286,287

For example, aqueous precipitation of 40 nm polyhedral Au
nanocrystals passivated with alkylammonium halide surfactant
bilayers results in micrometer-sized superlattices with morphol-
ogy that varies systematically with nanocrystal shape.288

7.5. Branched and Multicomponent Nanocrystals

Branched structures are yet another shape accessible to
colloidal nanocrystals. CdSe�CdS tetrapods, for example,
have been prepared by growth of four CdS arms extending
from zinc blende phase CdSe seeds.266 Despite the prediction
of stable liquid crystalline tetrapod phases,289 only disordered
networks have been reported,290 perhaps because these
nanostructures are susceptible to jamming at high densities.

On the other hand, CdSe�CdS branched octapods (eight
arms) readily form superlattices under both evaporation- and
destabilization-based self-assembly conditions. This unique
nanocrystal morphology developed by Manna and co-workers

Figure 27. Two- and three-dimensional nanoplate superlattices. (a)
TEM image of a two-dimensional hexagonal superlattice comprised of
20 nm diameter circular LiF3 nanoplates. Insets: zoom of the plates.
Adapted from ref 277. Copyright 2015 American Chemical Society.
(b) TEM image of a hexagonal superlattice of hexagonal NaYF4
nanoplates. Adapted with permission from ref 269. Copyright 2010
National Academy of Sciences. (c, d) TEM images of a rhombic
superlattice of rhombohedral DyF3 and irregular hexagonal EuF3
nanoplates. (e) TEM overview of an alternating two-dimensional
arrangement of DyF3 nanoplates. The relative length of the (101) and
(002) facets (A and B edges, respectively) determines the plate aspect
ratio, B/A. (f) Area tiling fraction for parallel (blue) and alternating
(green squares) plate arrangements for various aspect ratios. Adapted
with permission from ref 93. Copyright 2013 Nature Publishing
Group. (g, h) TEM images of columnar and lamellar three-
dimensional nanoplate superlattices. Insets: zoomed TEM images in
top left; small-angle electron di�raction pattern in bottom right.
Adapted from ref 53. Copyright 2011 American Chemical Society.
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has been achieved by transforming Cu2�xSe seeds into the
CdSe phase via cation exchange followed by overgrowth of CdS
arms.291 Colloidal octapods (60 nm center-to-tip distance,
Figure 30a) are well-dispersed in chloroform but slowly form

interlocked linear oligomers with neighboring octapods
mutually rotated by 45° (Figure 30b) in toluene. Upon
addition of acetonitrile, octapods form long chains that
subsequently pack into three-dimensional superlattices with

Figure 28. Self-assembly of densest polyhedron packings by gravitational sedimentation of polymer-stabilized, 500 nm Ag nanocrystals. (a�e) SEM
images (left) and modeled structures (right) of dense polyhedron (cube, truncated cube, cuboctahedron, truncated octahedron, octahedron)
packings. Adapted with permission from ref 68. Copyright 2011 Nature Publishing Group.

Figure 29. Open superlattices from polyhedral nanocrystals. (a) TEM image and (b) zoom of a superlattice of 10 nm tetrahedral CdSe nanocrystals
capped with oleic acid ligands. Inset: modeled structure revealing contacts between tetrahedron tips. Adapted from ref 110. Copyright 2014
American Chemical Society. (c) SEM image and (d) zoom of a superlattice of about 10 nm octahedral Pt3Ni nanocrystals capped with oleylamine
ligands. Inset: modeled bcc packing featuring similar tip-to-tip contacts. Adapted from ref 249. Copyright 2011 American Chemical Society. (e)
Sketch of the axial steric ligand interaction showing key parameters, surface curvature R, and extent of ligand overlap D/L. (f) Spatial overlap
between the ligands involved in face�face (left) and tip�tip (right) contacts. (g) Osmotic repulsion calculated for the overlap of two ligands tethered
to highly curved (red) or nearly �at (blue) nanocrystal surfaces. Adapted from ref 110. Copyright 2014 American Chemical Society.
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tetragonal crystal structure (Figure 30c,d).54 The authors
rationalize the one-dimensional octapod self-assembly via
interlocked pair con�guration by noting that the structure
maximizes ligand cohesive interactions in the absence of good
solvent. This nucleation and growth mechanism was sub-
sequently con�rmed by in situ TEM experiments.90 Evapo-
ration of the octapod solution over a solid support, in contrast,
yields two-dimensional octapod assemblies. In this case, four of
eight pods make contact with the substrate in a square lattice,
an observation that has been rationalized by excluded volume
interactions between octapods.292 When drop-cast from solvent
containing 1% by volume of polymer (poly(methyl meth-
acrylate), PMMA, 120 kDa), only one of eight pods makes
contact with the substrate, yielding hexagonally ordered
monolayers partially embedded in the polymer melt.293

The CdSe�CdS branched nanocrystals highlighted above
and the well-studied core�shell morphology are an example of
nanoheterostructures featuring two or more chemical compo-
nents joined within a single particle.294,295 Such mixed
compositions, accessible by overgrowth296 or partial cation
exchange,297 o�er new approaches to nanocrystal assembly. For
instance, semiconductor rods and tetrapods may be linked
together by coalescence of Au domains localized at their tips.298

CdSe rods with a single Au tip form multiarmed star-like
structures and elongated objects,299 while the same rods with
two Au tips assemble side-by-side into smectic layers.300 Future
work to improve size and shape uniformity of the starting
material may enable self-assembly of extended arrays of
complex nanocrystals mediated by interaction between distinct
chemical components, possibly with chemically distinct ligand
shells on each component.

7.6. Sphere + Sphere Nanocrystal Mixtures
In addition to superlattices formed by self-assembly of size- and
shape-uniform nanocrystals, cocrystallization of two nanocrystal
species is also possible.301 Micrometer-sized spherical colloids
have been shown to assemble, depending on size ratio, into a
few phases of three-dimensional302,303 and two-dimension-
al304,305 binary superlattices that may be rationalized based on
sphere packing principles. As in the case of octahedra (section
7.4), however, simple hard-shape phase behavior observed for
micrometer-sized particles gives way to more complex
superlattice structures at the sub-20-nm length scale. Along
these lines, Murray and co-workers observed more than 15
unique binary nanocrystal superlattices (BNSLs) by evaporat-
ing a solution containing two sizes of quasi-spherical nano-
crystals about a decade ago.142 Since then, the number of
unique binary structures has continued to grow. Recent
additions are a quasicrystalline BNSL,94,306 one isostructural
with C60K6 (also called bcc-AB6),307 one with A6B19
stoichiometry,84 and the Li3Bi structure.49 More recent
variations on this theme include ternary nanocrystal super-
lattices,82 two-dimensional BNSLs,308 BNSLs assembled from
polystyrene-capped nanocrystals,46 and BNSLs incorporating
polyoxometallate clusters.309 Such diversity is often observed
even within a single sample, which may present a few di�erent
binary structures together with phase-separated domains (e.g.,
ABm + ABn + fccA + fccB). In Figure 31 we show 16 unique
BNSL structures assembled from quasi-spherical hydrocarbon-
capped nanocrystals, and in Table 3 we tabulate, to the best of
our knowledge, all binary structures observed to date.

Although the stability of some BNSL phases (e.g., NaCl,
AlB2, C60K6) can be rationalized as dense packings of a mixture
of two sizes of spheres, most structures observed to date have
lower sphere packing density as compared to the phase-
separated fccA + fccB alternative (Figure 32). The treatment of
nanocrystal self-assembly as a packing problem is exact only in
the high-pressure limit, however. At �nite pressure (i.e.,
intermediate particle volume fractions), the con�gurational
contribution to total system entropy can stabilize lower-density
phases with large and complex unit cells such as NaZn13 and
MgZn2 (section 5.3). Thus, if the observed (dry) BNSL
structures are a re�ection of the stable phase in the colloidal
(wet) crystal, only those with density above approximately 0.65
might be rationalized based on hard-sphere interactions.

Particularly for sub-10-nm nanocrystals, the application of
packing arguments is further complicated by the presence of
the hydrocarbon ligand shell. The ligand shell, which can make
a signi�cant contribution to the total particle size, can be
accounted for by taking the e�ective size ratio to be the
quotient of the e�ective diameters of large and small
nanocrystals measured from center-to-center separations in
phase-separated, close-packed �lms. The experimentally
observed e�ective size ratio can be compared to the size ratio
calculated as

	 =
+

+

D L

D L

2

2eff
B B

A A (10)

where DA (LA) and DB (LB) are the core diameters (e�ective
ligand thicknesses) of large and small nanocrystals, respec-
tively.49 However, even with this adjustment, experimental data
con�icts with the stability range predicted from the hard sphere
model. For example, NaZn13 and MgZn2 structures are
observed across radius ratio ranges (0.46 < � eff < 0.74 and

Figure 30. Hierarchical assembly of branched CdSe/CdS octapods
into three-dimensional superlattices by colloid destabilization. (a)
STEM reconstruction of a single branched nanocrystal (octapod). (b)
Reconstruction of a chain of octapods revealing interlocking along the
4-fold direction. Scale bar, 40 nm. (c) SEM image of chain aggregates
with half unit cells shown in blue. Inset, large-area SEM image with
micrometer-scale aggregates. (d) Proposed mechanism of the octapod
assembly. Chains form in toluene and aggregate upon nonsolvent
addition. Adapted with permission from ref 54. Copyright 2011 Nature
Publishing Group.
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0.65 < � eff < 0.81, respectively, Figure 32b). These ranges lie
outside the boundaries for which these hard sphere phases are
predicted155,196 to be stable (0.54 < � < 0.61 and 0.76 < � <
0.84, respectively).

It is tempting to explain the discrepancy between
experimental BNSL phases and hard sphere predictions by
considering the nanocrystal ligand corona. For example, particle
tracking measurements of single-component and binary
nanocrystal arrays reveal changes in the e�ective capping
layer thickness for nanocrystals in various coordination
environments.49 From this data it was concluded that a
di�erence in hydrocarbon segment density across asymmetric
brush contacts leads to corona deformation. The deformation
allows the softer component to �ll space more e�ciently than a
rigid sphere placed in the same lattice site, increasing the
density of the binary structure beyond that possible within the
hard sphere approximation. Furthermore, unanticipated BNSL

structures may also incorporate area-minimizing character
(section 6) that minimizes elastic deformation of surface-
bound hydrocarbon chains by providing particles with more
spherical Voronoi cells than those o�ered by the set of densest
sphere packings. Indeed, the observation of tetrahedrally close-
packed (tcp) structural motifs in several common BNSLs
including Frank�Kasper MgZn2 and pseudo-Frank�Kasper
CaCu5 and NaZn13 phases is an indication that there exists
some area-minimizing component to BNSL assembly.

Thermodynamic calculations con�rm that short-range, soft
repulsive potentials enrich the phase diagram beyond that of
hard spheres by stabilizing many common BNSL phases
including AlB2, MgCu2, CaCu5, C60K6, and NaZn13.

235 Such
soft repulsive potentials, explored in detail as e�ective
interactions for star polymers and other soft matter systems,315

mimic ligand�ligand steric interactions well.

Figure 31. Assembly of a mixture of spherical nanocrystals with two sizes produces a wide range of binary superlattice structures. Each image shows
large-area TEM overview of a structure. Inset: unit cell structure (left) and TEM zoom (right). Taken from ref 50. Adapted from ref 84. Copyright
2013 American Chemical Society. Adapted with permission from ref 94. Copyright 2009 Nature Publishing Group. Adapted from ref 310. Copyright
2006 American Chemical Society. Adapted from ref 62. Copyright 2010 American Chemical Society. Adapted from ref 311. Copyright 2005
American Chemical Society.
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Energetic interactions between particles may also contribute
to formation of BNSL structures unanticipated for systems
dominated by hard-sphere phase behavior. For example, self-
assembly of PbSe and Pd nanocrystals from solutions between
�20 and 85 °C was observed to produce seven di�erent BNSLs
across the temperature series.62 In this study, the BNSLs
observed at low temperatures frequently incorporated clusters
of metal nanocrystals (e.g., CaCu5, NaZn13), suggesting that
cocrystallization under such conditions proceeds by integration
of preassembled clusters of strongly interacting metal nano-
crystals. In addition, electrostatic charging has also been
implicated as a potential source for rich binary phase
behavior.142,316 Indeed, complex binary structures reminiscent
of BNSLs were observed in ionic colloidal crystals of oppositely
charged particles,317 and similarly rich binary phase diagrams
have been calculated with addition of electrostatic interactions
between nanocrystals.316 Even so, the poorly screening
nonpolar solvents in which hydrocarbon-capped nanocrystals
are prepared and assembled (e.g., octadecene, octane, toluene,
etc.) should be an unlikely environment to observe charge
separation.

The preceding analysis reveals that, 10 years after its
revelation, the surprising structural diversity of BNSLs has yet
to be fully explained. Nevertheless, progress has been made
toward uncovering potential sources of counterintuitive phase
behavior including ligand corona deformability, elastic prefer-
ence for area-minimizing lattices, and kinetic integration of
preformed clusters. Combining any or all of the above e�ects
with established principles of hard-sphere crystallization may be
necessary to achieve de novo BNSL structure prediction.
7.7. Nanocrystal Shape Mixtures

The investigation of nanocrystal cocrystallization naturally
extends to mixtures of nanocrystal shapes. Several permutations
of shape alloys are possible, including spheres with rods,199

spheres with plates,53 rods with plates,277 plates with
plates,318,319 and octopods with spheres.320 In several of these
examples, cocrystallization is observed at size ratios for which
phase separation could yield denser packing. For example, a
system of hard spheres and hard rods is expected to phase
separate at intermediate density,197,198 as observed in mixtures
of cellulose nanorods and latex nanospheres,321 but is
nevertheless observed in experiment (Figure 33a�d). To
replicate experimental miscibility, rod�sphere attraction must

Table 3. Overview of Self-Assembled Multicomponent Superlattices from Quasi-Spherical Nanocrystals (NCs) with
Hydrocarbon Capping Ligandsa

structure NC A: core, ligands NC B: core, ligands
e�ective size

ratio
ideal size ratio

(packing density) other notes
lit.

example

NaCl 13.4 nm Fe2O3, C18 5.0 nm Au, C12 0.43 0.41 (� = 0.79) B NCs in fcc octahedral
voids

ref 310

AB
orthorhombic

5.8 nm PbSe, C18 3.0 nm Pd, C12 0.55 pseudo-Frank�Kasper ref 310

A2B3 11.2 nm Fe3O4, C18 6.4 nm Au, C12 0.59 bilayer binary phase ref 308
CuAu 7.0 nm PbS, C18 4.1 nm Au, C9 0.62 0.74 (� = 0.73) NCA orientational registry ref 49
AB 16.5 nm Fe3O4, C18 6.4 nm Au, C12 0.43 0.41 (� = 0.92) monolayer ref 308
AlB2 15.0 nm Fe3O4, C18 6.0 nm FePt, C18 0.44 0.52 (� = 0.76) B NCs in trigonal

prismatic voids
ref 64

AB2 16.5 nm Fe3O4, C18 3.1 nm FePt, C18 0.24 0.17 (� = 0.95) monolayer ref 308
ABC2 (A) 16 nm, (B) 7.0 nm Fe3O4, C18 (C) 3.1 nm FePt, C18 0.46, 0.24 ternary bilayer phase ref 308
MgZn2 7.8 nm PbSe, C18 5.8 nm CdSe, C8 0.75 0.81 (� = 0.72) Frank�Kasper phase ref 312
Cu3Au 5.8 nm PbSe, C18 3.4 nm Ag, C12 0.64 0.41 (� = 0.63) NCA orientational registry ref 310
Li3Bi 10.2 nm Fe2O3, C9 4.1 nm Au�C18 0.56 0.21 (� = 0.76) B NCs in fcc tetr and oct

voids
ref 49

AB3 16.5 nm Fe3O4, C18 6.0 nm FePt, C18 0.44 binary bilayer phase ref 308
A6B19 6.5 nm PbSe, C18 3.4 nm CdSe, C8 0.67 0.63 (� = 0.69) A NCs in Kagome layers ref 84
DDQC (AB3.86) 13.4 nm Fe2O3, C18 5.0 nm Au, C12 0.43 0.42 (� = 0.72) quasicrystal with AlB2,

CaB6 units
ref 94

3.4.32.4 (AB4) 13.4 nm Fe2O3, C18 5.0 nm Au, C12 0.43 0.42 (� = 0.72) crystal tiling with AlB2,
CaB6 units

ref 94

Fe4C 5.8 nm PbSe, C18 3.0 nm Pd, C12 0.55 tetrahedral B-clusters ref 310
AB4 7.7 nm PbSe, C18 3.4 nm Pd, C12 0.53 alternating B-tetrahedra ref 62
ABC4 (A) 12 nm, (B) 7.9 nm PbSe, C18 (C) 5.8 nm CdSe, C8 0.65, 0.48 three-dimensional ternary

phase
ref 82

CaCu5 7.0 nm CdTe, C18 4.4 nm CdSe, C18 0.71 0.65 (� = 0.70) pseudo-Frank�Kasper
phase

ref 313

CaB6 13.4 nm Fe2O3, C18 5.0 nm Au, C12 0.43 0.41 (� = 0.75) octahedral B-clusters ref 310
C60K6 14.0 nm Fe3O4, C18 4.6 nm Au, C12 0.40 0.28 (� = 0.76) B-occupied bcc

tetrahedral voids
ref 307

NaZn13 11.0 nm Fe2O3, C18 6.0 nm PbSe 0.55 0.56 (� = 0.74) pseudo-Frank�Kasper
phase

ref 314

AB13 5.8 nm PbSe, C18 3.0 nm Pd, C12 0.55 0.57 (� = 0.70) cuboctahedral B-cluster ref 311
aSuperlattices are ordered by stoichiometry from equal composition (AB) to signi�cant surplus of the small species (AB13). In columns 2 and 3, core
material and diameter are listed. Ligands are described by length of hydrocarbon chains (e.g., oleic acid is C18, dodecanethiol is C12, etc.). In column
4, e�ective size ratio includes the ligand shell. In column 5, ideal size ratio is de�ned as the size ratio that maximizes density for the structure. Sphere
packing fraction � (or disk packing fraction � for two-dimensional superlattices) values are provided in parentheses. In column 6, Frank�Kasper
phases feature only tetrahedral voids. Pseudo-Frank�Kasper phases feature only tetrahedral voids between B nanocrystals.
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be incorporated into Monte Carlo simulations to extend the
stability of the AB2 binary crystal to conditions present during
self-assembly in experiment.89 The rod-with-disk shape mixture
also forms binary superlattices, with size ratio setting the
stoichiometry (either AB, AB2, or AB6) of resulting structures
(Figure 33e�h),277 as anticipated by construction of dense
circle tilings. Similarly, e�cient packing explains cocrystalliza-
tion of shape-complementary pairs of nanoplates with
complementary surface curvature elements (Figure 33i�k).318

8. DEFECTS IN NANOCRYSTAL SUPERLATTICES
In a perfect crystal the radial distribution function, or
probability that the unit (atom, molecule, nanocrystal, bead,
etc.) will be found at distance r from any other, is a periodic
array of delta functions, indicating that order is deterministic
and units are �xed at de�nite locations. In practice, however,
thermal motion and crystal defects contribute structural
disorder to crystals. The presence of defects increases the
enthalpy H of the solid, since energy input is required to break
bonds and accommodate strain. However, such defect
incorporation can lower the total Gibbs free energy G of the
solid by increasing con�gurational entropy S. As a result, free
energy is minimized at �nite temperature for nonzero defect
concentration (Figure 34a).

The considerable e�ort recently invested in understanding
the binary phase behavior of colloidal nanocrystals49,62,310 has
created as a byproduct an extensive TEM library of BNSLs.
Such images, in contrast to ensemble-level (i.e., scattering) data,
provide microstructural information and serve as a convenient
platform for the systematic characterization of defects in

nanocrystal superlattices,322 mimicking the behavior of atomic
and molecular crystals. Based on this analogy, four defect
categories describe superlattice crystallographic imperfections
according to the dimensionality of the defect region: point
defects (zero-dimensional), line defects (one-dimensional),
planar defects (two-dimensional), and volume defects (three-
dimensional).
8.1. Zero-Dimensional Defects: Vacancies, Interstitial and
Substitution Sites

Point defects cover a range of imperfections occurring at one
point. They are by far the most common defects observed in
BNSLs. A vacancy describes one missing nanocrystal (Figure
34b, “1”; Figure 34c), an interstitial defect is the insertion of a
nanocrystal into a site not normally �lled by the lattice (Figure
34b, “2”; Figure 34d), and substitutional defects involve the
occupation of a lattice site by a di�erent nanocrystal species
(Figure 34b, “3” and “4”; Figure 34e).
8.2. One-Dimensional Defects: Dislocations, Disclinations,
and Vortices

Line defects fall under the categories of dislocation or
disclination. They are topological defects breaking translational
symmetry (dislocation) or rotational symmetry (disclination)
of the crystal. The line defects shown in Figure 35 run
perpendicular to the imaging plane, and thus appear as a point
in these two-dimensional projections.

The magnitude and direction of a dislocation is uniquely and
unambiguously characterized by the Burgers vector, which
corresponds to the additional translation required to complete
a circuit around the dislocation line (red arrows, Figure 35a,b).
The dislocation energy per unit length scales with the square of
the Burgers vector magnitude. Depending on the orientational
relationship between the direction of the Burgers vector and
the dislocation line, one distinguishes edge dislocations
(Burgers vector perpendicular to dislocation line) and screw
dislocations (Burgers vector parallel to dislocation line). An
edge dislocation is e�ectively the insertion of a half-plane into
the lattice (Figure 35b). The formation of periodic arrays of
half-planes inserted in BNSLs re�ects the ability of such defects
to relieve strain in superlattice domains growing at the curved
solvent meniscus,323 similar to the stress relief on curved
surfaces provided by grain boundary scars in spherical
crystallography.324,325 Screw dislocations are di�cult to observe
in TEM, but can be recognized in SEM as an adlayer that
appears to bury itself into a smooth surface (Figure 35c,
bottom).

Disclinations e�ectively involve the insertion (or removal) of
a wedge into (from) the lattice. Disclination strength,
analogous to Burgers vector magnitude, is the extent to
which a vector aligned along one of the crystallographic
directions is rotated upon parallel transport along a closed path
around the disclination (Figure 35d). Disclinations in a
hexagonal array, for example, result in a point with 5-fold
(�1) or 7-fold (+1) rotational symmetry, which often exist as
tightly bound pairs in BNSLs (Figure 35e). In addition,
superlattices comprised of anisotropic nanocrystals can contain
additional defects resulting from the orientation of particles.
For example, the vortex defect structure observed in liquid
crystals326,327 and colloidal nanorods251 (Figure 35f) results
from violation of rotational symmetry featuring rod director
varied around the defect center in a left- or right-handed
fashion.

Figure 32. Structural diversity of binary nanocrystal superlattices and
low packing density predictions. (a) Models of 12 commonly observed
binary phases showing larger A-spheres in green and smaller B-spheres
in orange. (b) Plot of packing fraction versus size ratio for spheres
packed in these arrangements. Overlay: data points for phases
observed in BNSL studies using the reported e�ective size ratios.
Most observed BNSLs are open arrangements with lower density than
close-packed monodisperse hard spheres (dotted line). Works cited:
� , ref 310; � , ref 62; � , ref 307; � , ref 94; � , ref 312; � , ref 313.
Figure adapted from ref 49. Copyright 2015 American Chemical
Society.
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