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Abstract
For most particle simulations, a time-dependent mapping between the particles’ positions and an underlying grid
is an important component and is used, for example, to increase the efficiency during the collision detection step.
In the case of unstructured grids, which are frequently employed to handle domains of complex shape, obtaining
this mapping is computationally expensive. The process can be accelerated by performing particle tracking, that
is, the repeated localization of particles within a grid by means of tracking the trajectories of the particles. In fact,
particle tracking is an application of event-driven particle dynamics (EDPD), hence, in this work, recent advances in
stable EDPD algorithms are applied to the problem of particle tracking to address inconsistencies which arise due to
numerical errors or imperfect meshes. It is illustrated how interactions of the particles with the system boundaries can
be integrated into the new algorithm consistently. Additionally, it is demonstrated that the modeling of solid objects
via constructive solid geometry can be combined with event-driven particle tracking algorithms to provide a fully
analytical description of complex objects defining or embedded into the simulation domain. A robust particle tracking
algorithm is presented, along with several optimizations with respect to the computational efficiency. The capabilities
of the developed method are exemplified via the simulation of a gas flow through a highly porous medium.
Keywords: particle tracking, particle sorting, event-driven dynamics, constructive solid geometry, complex
geometries

1. Introduction
Particle models are one of the earliest applications of computer simulation, first appearing in 1957 [1]. Initially,
the technique could only be applied to relatively simple problems due to limitations in the available computational resources; however, modern applications of particle-based methods include both complex applied engineering problems
and fundamental research into coupled hydrodynamic and particulate problems. These simulations typically require
accurate descriptions of fluid-particle and fluid-boundary interactions at both the macroscopic scale, such as in the
optimization of chemical reactors, and on the microscopic scale, such as in colloidal suspensions.
A common motif of these simulations (and most modern particle-based schemes) is the interaction of particles
with some sort of structured or unstructured grid/mesh which spans the entire computational domain. The term
interaction is used here to refer to both physical interactions as well as virtual “book-keeping” interactions. Virtual
interactions are often used to implement neighbour-lists [2] which optimise the calculation of physical interactions
between particles; however, virtual interactions may also be used where a mesh represents the computational domain
of a continuum finite-volume or finite-element discretization which is being used to simulate particle interactions with
a fluid phase [3].
Independent of the exact use of the mesh, it must be possible to provide a mapping from the particle position to
the enclosing mesh element and vice versa. There are two general approaches to this: (1) particles are repeatedly
sorted into the elements of the mesh at regular intervals or (2) particles are tracked as they move through the mesh
(after an initial sorting step). For structured grids, the sorting operation is trivial; however, for unstructured grids the
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naive attempt of checking the position against all elements in the mesh is typically too computationally expensive to
perform directly. Instead, additional search data structures like quad-/octrees are commonly employed to expedite the
search [4, 5].
Tracking the trajectory of particles through the mesh avoids the potentially high computational cost of regular
sorting but requires the overhead of determining the transition times when particles cross the boundaries of their
enclosing mesh element (or cell). In complex meshes, this overhead is relatively small and thus a wide variety of
algorithms implementing this approach have become available [6–11]. While these algorithms share many similarities
with event-driven methods, interestingly enough the connection to event-driven particle dynamics (EDPD) is rarely
made. This is unfortunate as EDPD has undergone careful development over the past 50 years and many of the
common pitfalls of tracking algorithms have already been overcome.
The equivalence of particle tracking and EDPD is established in Sec. 2 in detail, which allows improvements
to the numerical robustness of particle tracking to be presented in Sec. 3. The integration of physical interactions
between the tracked particles and the domain boundary of complex shape directly into the robust tracking algorithm
is introduced in Sec. 4. When formulated as an application of EDPD, particle tracking can be extended to handle
complicated boundary surfaces modeled by means of constructive solid geometry (CSG) as described in Sec. 5. With
the addition of CSG, the event-driven particle tracking algorithm gains in complexity. To limit the impact on the
computational performance, in Sec. 6 several optimization strategies are presented. The capabilities of the CSG
modeling combined with the robust particle tracking algorithm are illustrated in Sec. 7, where an open-cell foam is
modeled using analytical geometric shapes for the simulation of a gas flow using a particle-based method. Finally, in
Sec. 8 the presented method and its benefits over previously published methods are summarized.
2. Event-driven particle tracking
Consider a bounded and connected domain, Ω ⊂ Rd , of dimensionality d which is then decomposed into a mesh,
NE
M = {Ei }i=1
, of NE closed non-empty convex polyhedral elements/cells, {Ei }, satisfying,
Ω=

NE
[

Ei .

(1)

i=1

It is also required that the interiors of the elements are exclusive of each other, i.e.,
∀ i , j, int(Ei ) ∩ int(E j ) = ∅

where i, j ∈ {1, . . . , NE }.

(2)

Although the interiors of elements are distinct, neighboring elements must share vertices, edges, and faces as they
are closed sets. This guarantees that there is a complete and unique mapping of positions to elements, except at the
boundaries of each element which are within both neighbouring elements to allow the smooth transfer of particles.
To allow the sorting and tracking of particles within the mesh, algorithms are required which can, at a given point
in time, t, map between the position of particle i, ri (t) : R → Ω, to an element E ∈ M such that ri (t) ∈ E. This
association can be obtained by testing all N particles against all NE elements until a match is found; however, this
has an unattractive complexity of O(NE N). Even optimized sorting procedures using spatial search trees become prohibitively costly for large numbers of particles and complex unstructured grids. Provided an initial sort is performed,
particle tracking algorithms can significantly reduce the cost of updating the particle-element association by using the
spatial localisation of particles and elements to optimize the search for the new containing element.
Let us assume that at an initial time, t0 , a particle i has already been located in an element with an index ci (t0 ) ∈
{1, . . . , NE } such that ri (t0 ) ∈ Eci (t0 ) . At a later time t1 > t0 , the particle has potentially changed to a new, as yet
unknown, element with index ci (t1 ). To determine the new containing element, an artificial linear trajectory based on
the two (known) particle locations ri (t0 ) and ri (t1 ), is constructed. A linear trajectory is always used (even if the true
trajectory is curved) as it is the simplest path connecting the initial and final state of the particle and typically only the
final containing element is required. The apparent velocity along this trajectory is as follows,
v0i (t0 , t1 ) ≡

ri (t1 ) − ri (t0 )
,
t1 − t0
2

(3)

where the superscript prime is used to emphasize that this velocity may not correspond to the physical velocity of the
particle. This allows a simple definition of a position along the trajectory,
r0i (t0 , t1 , τ) ≡ ri (t0 ) + τ v0i (t0 , t1 )

for τ ∈ [0, t1 − t0 ] ,

(4)

where r0i (t0 , t1 , τ) is the position on the artificial linear trajectory and τ is a measure of the progression along that
trajectory. Following the linear trajectory, the next intersection point between r0i (t0 , t1 , τ) and the boundaries/facets

S
Figure 1: The principle of particle tracking illustrated for a particle i moving in an unstructured two-dimensional grid, with Ω = 4j=1 E j . Starting
from the initial position ri (t0 ), with knowledge of the initial element ci (t0 ) = 4, the aim is to determine the element ci (t1 ) corresponding to the final
position ri (t1 ). The transition points from one element to the next are highlighted in red.

of the initial mesh element, ci (t0 ), is determined. Given the mesh connectivity, the element on the other side of the
boundary which is crossed can be obtained. This process is illustrated for a simple domain and an individual particle
trajectory in Fig. 1. By repeated application of the tracking scheme, the final element index ci (t1 ) is determined, under
the condition
∀τ ∈ [0, t1 − t0 ] , r0i (t0 , t1 , τ) ∈ Ω.

(5)

The artificial path must remain within the domain as for concave meshes the artificial trajectory may pass through
unmeshed (and therefore physically inaccessible) regions of space. This can be illustrated using Fig. 1 if element E3
is deleted from the simulation domain and mesh. In this case, the true particle trajectory, ri (t), remains within the
valid domain but the linear trajectory, r0i (t0 , t1 , τ), passes outside of it. Linear particle tracking is still applied even in
concave meshes; however, it is restricted to small time intervals, [t0 , t1 ], to limit the possibility of an invalid linear
trajectory occurring. Later, in Sec. 4, boundary conditions are integrated directly into the tracking algorithm which
prevent this edge case arising and this modification is used in the examples of Sec. 6 and Sec. 7. For the sake of
simplicity in the remainder of this section it is assumed that Ω is of convex shape.
One reason for the large number of published algorithms implementing the tracking approach [6–12] is due to
the challenges of handling numerical errors resulting from the limited precision of floating-point calculations. Eventdriven particle dynamics [13, 14] has already overcome these challenges in a consistent way [15], thus an event-driven
approach is adopted here. In the absence of external forces, EDPD particles follow a linear trajectory in between
discrete interactions or events. As the motion of the particle is known between events, the scheme becomes eventdriven where each algorithmic step is a search for the next event. Neighbor-lists are used to accelerate these searches
and the algorithms to maintain these [16, 17] are exactly equivalent to mesh tracking algorithms. The definition of the
artificial linear trajectory and velocity in Eq. (4) can be substituted into EDPD algorithms to determine the time until
a transition between elements occurs (∆τ1 , ∆τ2 , . . .), and these transitions are executed one after the other in the order
with which they occur to track the motion of the particle through the mesh.
This particle tracking procedure is outlined in Algorithm 1 and it uses the tuple S i ≡ (r0i , v0i , ci ) as the tracking state
of the particle i. This event-driven version of the algorithm requires the initial particle state, (r0i = ri (t0 ), v0i , ci = ci (t0 )),
3

Algorithm 1 Event-driven version of the particle tracking routine using the state S i = (r0i , v0i , ci ).
1: procedure track(S i , τmax )
Require: S i valid: ci ∈ {1, . . . , NE } ∧ τmax > 0 ∧ ∀τ ∈ [0, τmax ], (r0i + τ v0i ) ∈ Ω
2:
τ←0
3:
loop
4:
// Determine time and specifics of next event:
5:
∆τ, e ← nextEvent(S i )
6:
// Update the trajectory:
7:
stream(S i , min(∆τ, τmax − τ))
8:
if τ + ∆τ > τmax then
9:
return S i
10:
else
11:
// Process the next event:
12:
process(S i , e)
13:
end if
14:
τ ← τ + ∆τ
15:
end loop
Ensure: S i valid: r0i ∈ Ω ∧ ci ∈ {1, . . . , NE }
16: end procedure
and the end time, τmax = t1 − t0 , as arguments. The next cell transition, or event, is returned together with the time
until this event, ∆τ, by the call to nextEvent. The subroutine stream performs the time evolution of the position in
S i whereas the actual logical transition of the particle into the next cell is handled in process, again altering the state
S i . This represents a single-particle EPDP simulation over a limited time span [0, τmax ]. As there are no interactions
between particles during the tracking step, these calculations can be executed independently and in parallel without
the requirement for any synchronization. Reformulating the tracking algorithm in this way has two benefits: First, it
allows the consistent extension of the algorithm to handle boundary conditions (Sec. 4) and composite objects (Sec. 5).
Second, the recent improvements in the robustness of the event detection [15, 18] can now be integrated directly into
the particle tracking routine, which is discussed in the next section.
3. Stable event detection for particle tracking
A particle state, S i , is valid iff r0i ∈ Eci . Maintaining this valid state requires exactly tracking the particle as it moves
through the mesh; however, floating-point calculations are inherently inexact and particle systems often numerically
enter invalid states (see Refs. [15, 18] for examples). One source of difficulty is rounding errors in updating the
particle position which cause it to lie outside the domain of the new containing element. It is crucial that the full state
S i of a particle is tracked instead of just its position to allow recovery from these inaccuracies. The state introduced
in Sec. 2 corresponds directly to the logical state employed in the more general stable EDPD algorithm [18].
The event detection can be formalized as finding the roots of the overlap function, f (τ), a function whose sign
indicates whether the configuration is in a valid state at a given time, τ [15]. By definition, the evaluation of the
time-dependent overlap function returns a positive value for a valid and a negative value for an invalid state. There
is some freedom in the choice of f (τ), but ideally the overlap function should be simple enough that its roots can be
found efficiently using an analytical scheme. For convex mesh elements bounded by line segments (2D) or planar
polygons (3D), only one type of overlap function is required as each boundary segment divides space into two halfspaces (indicated by the dashed red lines in Fig. 2). Let F j denote the set of facets forming the boundary of an element
E j ∈ M and k the index assigned to a facet F ∈ F j . Then, assuming a unit normal n̂k pointing inwards into E j and a
point on the planar facet, e.g., the centroid of the facet, ck ∈ F, an overlap function can be defined as


fP (τ + ∆τ) = n̂k · r0i (τ + ∆τ) − ck .
(6)
This somewhat unconventional choice of the normal direction is required by the definition of the overlap function to
evaluate to positive values for valid states. In the stable formulation of the EDPD algorithm [15], an event is scheduled
4

Figure 2: The exterior of a convex element E j ∈ M can be described using planar half-spaces determined by the set of facets F j bounding the
element. Each half-space is defined by a point ck contained in the facet F ∈ F j with index k and the inward pointing unit normal vector n̂k . The
points marked by the hexagons correspond to the intersection points of the trajectory of particle i and the facets k2 and k1 , respectively.

for the smallest non-negative time interval, ∆τ, that satisfies the condition




f (τ + ∆τ) ≤ 0 and f˙ (τ + ∆τ) < 0 .

(7)

The sign of the derivative of f (τ) with respect to time is used as an indicator whether an invalid state ( f (τ) < 0)
deteriorates with time ( f˙(τ) < 0) or not. So in addition to Eq. (6), it is also necessary to consider the time derivative
of fP (τ), which for the linear trajectory is given by
f˙P (τ + ∆τ) = n̂k · v0i .

(8)

The condition f˙P (τ) < 0 limits the viable set of facets for an event to the ones the particle approaches along its trajectory. It is noteworthy, that this condition is commonly found in other particle tracking algorithms as an optimization
technique [6, 9], but here it prevents spurious recollisions with faces the particle has already passed through. Solving
for the root of the overlap function, that is, fP = 0, under consideration of the sign of f˙P yields the following expression



n̂k ·[ ck −r0i (τ)]



if n̂k · v0i < 0
 max 0,
n̂k ·v0i
,
(9)
∆τ = 

∞

if n̂ · v0 ≥ 0
k

i

where the case of no intersection between the particle trajectory and the facet with index k is treated explicitly as an
infinite event time. For a precise simulation without any numerical errors, clamping the result to zero in the first case
of Eq. (9) is not required, as no negative values can appear. In real implementations, however, the limited machine
precision of floating-point calculations will allow particles to enter invalid states. Such invalid states can be entered,
for example, when the final tracking position of particles numerically coincides with a facet (see Fig. 3 of [15] for
a similar example). Another typical source of invalid states are faces which are not precisely planar or small gaps
between mesh elements [9, 10]. Independent of the source of the invalid state, a robust event-driven particle tracking
algorithm must be able to recover and stabilize the system, and, if possible, return it to a valid state. This becomes
feasible by the generation of stabilizing events, that is, events with ∆τ = 0, as according to Eq. (9), instead of ignoring
these cases and/or allowing negative values for ∆τ.
Performing the event detection in nextEvent used by Algorithm 1 for a given particle and cell pairing requires the
calculation of all event times according to Eq. (9) for each facet of the current cell. These event candidates are then
5

sorted in order of ascending event time, including the stabilizing events. In Algorithm 1, the particle state is updated
every time before an event is executed by calling stream. As for the tracking solely the final cell is relevant, this
step can in fact be skipped with the event detection only generating events for facets the particle is approaching. This
optimization is commonly referred to as delayed execution of events in EDPD [12].
The usage of the overlap function of Eq. (6) is restricted to certain mesh elements; while it is required that the
individual elements are convex, this does not limit the general applicability as concave meshes can be composed of
convex elements. Additionally, if for some reason concave elements have to be employed, these can be decomposed
into convex sub-elements. The restriction to planar boundary facets significantly reduces the complexity of the overlap
function. It is possible in principle to employ an overlap function of higher complexity, but the additional cost in
finding the roots of this overlap function will limit the practical relevance to simple cases like bilinear patches [19].
4. Discrete boundary interactions
For particle models with discrete interaction schemes, that is, interactions with vanishing duration such as hardsphere collisions, the handling of boundary conditions can be directly integrated into the tracking algorithm. Whenever
a particle trajectory intersects with a boundary facet F ⊂ ∂Ω, an interaction between the particle and the boundary at
this intersection point can be performed. Such discrete interactions are integral to EDPD, but they are also employed in
many time-driven simulation methods such as direct simulation Monte Carlo (DSMC) [20] or multi-particle collision
dynamics (MPC) [21]. Especially for the case of DSMC, the integration of boundary interactions into a particle
tracking algorithm is a commonly employed technique [6, 8, 9, 22]. Among the commonly found boundary conditions
are reflective boundaries using specular reflection, diffuse reflection, or a combination of both or simple bounce-back
rules [23, 24].
In this case, the events generated for facets at a domain boundary have a physical meaning and are not virtual
bookkeeping events, as the ones used for the particle tracking. Thus, the tracking trajectory and the physical trajectory
of a particle become tightly coupled and the integration of the trajectory in time via the subroutine stream must not
be skipped any more. This scheme of adding physical interactions into the tracking algorithm can also be extended
to moving boundaries by adjusting the overlap function accordingly. Due to the stable event detection, erroneous
repeated interactions caused by numerical errors are prevented. While this is not as critical for some boundary conditions such as walls resulting in a diffuse reflection, for other boundary conditions the correct number of boundary
interactions is crucial. An example are surfaces tied to some chemical reaction model where repeated interactions can
have a significant impact.
5. Constructive solid geometry
In Sec. 3, the tracking algorithm relies on the facets describing the surface of mesh elements and the topological orientation of these facets. This representation is commonly referred to as boundary representation or b-rep of
an object [25, 26]. Assuming again a convex element E and denoting by F the set of facets of E, the boundary
representation of E is given as
[
b-rep (E) =
F,
(10)
F ∈F

that is, the union of all facets bounding E. While it may seem tempting to directly employ this boundary representation
of objects in EDPD, this is problematic due to the requirement for the overlap function as a crucial part of the stable
event detection algorithm [15]. Since the boundary representation is only a description of the surface, but not the
interior of the cell, it is not possible to define a numerically robust overlap function for the boundary representation.
Hence, for the tracking algorithm an alternative representation of E using (overlapping) planar half-spaces is used in
Sec. 3, which allows the definition of a robust overlap function f (τ) according to Eq. (6). This representation using
half-spaces is not an arbitrary choice, as in fact this corresponds to a modeling technique called constructive solid
geometry (CSG) [26]. In CSG, simple solid objects termed primitives, regularized Boolean operations, and affine
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transformations are combined to represent a more complicated solid object. For a d-dimensional Euclidean space the
primitives are formed by algebraic half-spaces
H = {x ∈ Rd | g(x) ≤ 0} ,

(11)

with g(x) : Rd → R being an irreducible polynomial. The regularized Boolean operations union, intersection, and
difference are defined such, that the result is the closure of the interior of applying the Boolean operation to the two
operands. This ensures that the object generated by a regularized Boolean operator is again a solid object without
any “dangling” lower-dimensional features, e.g., a plane in three dimensions [26]. A CSG solid is usually represented
with the help of a (binary) tree, where the leaf nodes are primitives and the internal nodes convey regularized Boolean
operations. Affine geometric transformations can then be applied at arbitrary nodes in order to transform primitives
and, via sub-trees, parts of the model. Constructive solid geometry is a standard technique both in solid modeling
and computer graphics. In the latter, “photons” are ray-traced in an environment containing complex (solid) objects
described by CSG modeling [27]. Similar procedures are routinely applied for simulations of radiation transport
problems [28]. The overlap function f (τ) as it was introduced in Sec. 3 shares a core characteristic with the function
g(x) defining a CSG half-space: Both functions serve as indicators to distinguish two sets of points or sub-spaces.
For constructive solid geometry, g(x) divides space into two sub-spaces, namely the closure of the interior of the solid
(g(x) ≤ 0) and the exterior (g(x) > 0). Similarly, the overlap function partitions the configurational space into invalid
( f (τ) ≤ 0) and valid ( f (τ) > 0) configurations or states. Due to this equivalence of the indicator function in the CSG
and EDPD formalisms, it is possible to directly adapt the concept of CSG modeling to simulations using EDPD.
In principle, the particles of the EDPD simulation can themselves be represented using CSG, leading to interactions between different CSG objects. Here, however, we will only consider the simpler case where point particles are
to be tracked in complex geometries defined by CSG. Further, we will only consider the three-dimensional case and
the two primitives given by an infinite planar half-space and a spherical half-space or closed ball, respectively. The
corresponding algebraic half-spaces HP and HB are defined using a point c ∈ R3 and a unit normal vector n̂ ∈ R3 for
the direction, or the scalar radius r ∈ R>0 , respectively, according to:
HP (c, n̂) = {x ∈ R3 | (x − c) · n̂ ≤ 0} , and
3

2

2

HB (c, r) = {x ∈ R | (x − c) ≤ r } .

(12)
(13)

The result of applying the regularized Boolean operator union denoted by ∪∗ to two half-spaces A and B, with
A, B ⊂ R3 is defined as
A ∪∗ B = cl (int ({x | x ∈ A ∨ x ∈ B})) ,

(14)

while the regularized intersection of the two half-spaces denoted by ∩∗ is given as
A ∩∗ B = cl (int ({x | x ∈ A ∧ x ∈ B})) ,

(15)

with cl (·) denoting the closure and int (·) denoting the interior of the argument.
The union of planar half-spaces is already used implicitly in Sec. 3, when selecting the next event for the particle
tracking. As a further example, the case of the union of a planar half-space and several closed balls forming a
composite CSG object is examined. This geometry as sketched in Fig. 3 could for example be used as a prototype for
a microscopic model of a surface with spherical asperities. Combined with discrete boundary interactions (Sec. 4),
a fully analytical description of the boundary without the need for any surface discretization is feasible. A possible
CSG binary tree for this model is shown in Fig. 4, consisting of the five primitives as leaf nodes and four regularized
Boolean operations as internal nodes.
Generally, geometric transformations can be applied at any node in a CSG tree. For the detection of the intersection points, however, it can be advantageous to propagate these geometric transformations downwards towards
the primitives at the leaf nodes. For the event-driven particle tracking algorithm, this CSG tree can be used directly
to detect the next event a tracked particle encounters. To this end, the tree is traversed recursively starting from the
root and each primitive is tested using the corresponding overlap function. The resulting events are then sorted in
ascending order according to their respective event times and the earliest event is selected, corresponding to finding
the minimum event time for all leaf nodes.
7

Figure 3: A rough surface modeled as the union of a planar half-space and several spherical half-spaces. The trajectory of a tracked particle i
starting at the point r0i (τ) intersects three of the primitives at the highlighted points, but only the first intersection corresponding to the minimum
time must be considered.

∪∗
Hp

∪∗

∪∗
Hb 1

∪∗
Hb 2

Hb 3

Hb 4

Figure 4: Example binary tree for the CSG description of the surface model (Fig. 3) using the union of one planar (Eq. (12)) and four spherical
half-spaces (Eq. (13)).

The event detection for intersecting half-spaces is significantly more complex than for the union of half-spaces.
It is not enough to recursively find the minimum event time in the tree as for the union. As an example for the
intersection of half-spaces, the case of three intersecting closed balls with equal radii shall be considered. A twodimensional projection of the configuration into the plane containing the center points of the balls is shown in Fig. 5.
The trajectories of the two particles illustrate different cases, where in the first case (r01 (τ)) the composite CSG object,
i.e., the intersection of the three balls is missed, while in the second case (r02 (τ)) the trajectory actually hits the
solid object. The intersection points of the trajectories and the surface of the individual primitives are marked by
red hexagons and crosses, indicating the points where the trajectories enter and leave the half-spaces defined by the
primitives.
One method for detecting the event where a particle hits the composite CSG object can be borrowed from algorithms used for ray-tracing. Here all points in time where the trajectory intersects the surfaces of the elements in
an intersection are taken into account and the maximum time the trajectory enters an object (red circles in Fig. 5)
bounded by the minimum time the trajectory exits one of the objects intersecting (red crosses) is picked. If one of
the objects in an intersection is missed, as it is the case for the second particle in Fig. 5, the particle does not hit the
composite object. While this approach has the benefit of being straightforward to implement, there are two drawbacks
in the context of EDPD. First, all the roots of the corresponding overlap functions have to be evaluated, contrary to the
case of unions where only the next root is required. Depending on the complexity of the primitives, this process can
become rather expensive, especially if, as in the case of particle tracking, the particles do not move too far within one
tracking step. Second, and more importantly, it is not always possible to correctly predict the next event for special
configurations like (locally) very thin CSG objects resulting in numerically coinciding roots of the respective overlap
functions. Here, in some cases, it is possible to miss an interaction due to the numerical imprecision of floating-point
calculations.
Due to these difficulties, an alternative approach for handling intersections in the proposed event-driven particle
tracking scheme is taken. The concept of the logical state introduced in [18] to distinguish captured and uncaptured
square-well particles is applied to CSG modeling in order to determine whether a tracked particle is located within
8

Figure 5: The projection of three intersecting balls Hb1 , Hb2 , and Hb3 onto the plane defined by their center points. The trajectory of two tracked
particles starting from the points r01 (0) and r02 (0), respectively, intersects the individual primitives at the highlighted points, where red hexagons and
crosses mark the points where the trajectory enters/leaves a primitive half-space and the filled hexagon indicates the point of interaction with the
CSG solid for the second particle.

a given CSG primitive or not without relying on the relative position on the particle. Accordingly, the state S i is
augmented by Pi , the set of primitives within the CSG tree that the particle is currently contained in. Ignoring the
limitations of floating-point precision and assuming a CSG tree consisting of NH primitive half-spaces forming the set
H
of leaf nodes P = {H j }Nj=1
, for a particle i this results in
Pi = {H ∈ P | gH (r0i (τ)) ≤ 0} ,

(16)

where gH denotes the indicator function for the half-space H. As it is not possible to robustly recover Pi from a
particle’s current position r0i (τ) due to the peculiarities of floating-point calculations, the set must be manipulated
exclusively via the execution of events. This is done via virtual events similar to the events for particle tracking in
meshes. Reconsidering the configuration sketched in Fig. 5, virtual events are scheduled at the points highlighted with
red rings as well as any point where the trajectory exits a primitive half-space marked by red crosses; those events only
add or remove primitives to/from Pi . By examining this set and the number of primitive sub-nodes of an intersection
in a CSG tree it is then possible to accurately decide that an interaction event has to be scheduled at the point of the
trajectory in Fig. 5 marked with the full circle. This scheme can directly be combined with the handling of unions to
allow for compound CSG objects.
As an additional benefit, this explicit tracking of the particle state allows the modeling of permeable objects. So an
CSG object does not have to correspond to a solid obstacle in combination with an appropriate boundary condition any
more. Instead, it is possible to define complex-shaped regions within the computational domain where for example
certain interactions are activated locally. One example could be the surrounding volume of an actual solid where
additional forces act on the particles. Another possibility is the optimization of the event detection in a CSG tree via
bounding objects, as described in Sec. 6.
The regularized difference or relative complement of the half-spaces A and B, given by
A \∗ B = cl (int ({x ∈ A | x < B})) ,

(17)

is not easily translatable into a robust event-driven particle tracking scheme. Instead, the absolute complement AC =
 C
U \∗ A of a half-space A and the universe U ≡ R3 is used. With AC ≡ A and recursively applying De Morgan’s
laws
(A ∪ B)C ≡ AC ∩ B C , and
C

C

C

(A ∩ B) ≡ A ∪ B ,
9

(18)
(19)

any occurrence of A \∗ B in a CSG tree can be replaced by A ∩∗ B C . For the interior nodes of the tree only these laws
have to be applied, whereas for a primitive half-space H with the corresponding indicator function gH at a leaf node
of the tree a different transformation is required according to
H C = R3 \ ∗ H
= R3 \∗ {x ∈ R3 | gH (x) ≤ 0}
 

= cl int {x ∈ R3 | gH (x) > 0}

(20)

3

= {x ∈ R | g(x) ≥ 0}
= {x ∈ R3 | −g(x) ≤ 0} ,
leading to an inversion of the indicator function. This inversion can be performed analogous for the overlap function
f (τ) used in the event detection for the particle tracking. In the case of planar half-spaces, as an optimization, the
normal vector n̂ can be inverted directly, obviating the need to treat the complement explicitly. For the complement
of a spherical half-space, the overlap function provided in Appendix 2 of [18] can be employed. After transforming
the entire CSG tree accordingly, the resulting solid object is then defined solely by primitives and the two Boolean
operators union and intersection. Expressing the difference using the complement, it is now possible to transform the
model of the spherical asperities on a planar surface (Fig. 3) to a model of spherical indentations in a planar surface
as shown in Fig. 6.

Figure 6: Spherical indentations in a planar surface can be modeled as the difference between a planar half-space and the union of several spherical
half-spaces. The difference can then transformed into the intersection with the absolute complement of the spherical half-spaces according to
S
T
H p \∗ ∗ 4j=1 Hb j = H p ∗ 4j=1 HbC .
j

The event detection for a particle i and a CSG tree can be implemented as shown in Algorithm 2. In addition to
the extended state S i , the routine requires a non-empty set of nodes N as input, which initially is set to the root node
of the CSG tree. The tree is then processed recursively, examining the type of each node and either descending further
down the tree, or, if a leaf node is encountered, detecting the next event for the corresponding primitive using the
subroutine nextPrimitiveEvent. The handling of CSG objects requires three distinct event types, indicating a particle
entering (line 8, event type csgEnter) or leaving (line 21, event type csgLeave) a half-space, as well as actually
hitting the surface or boundary of a CSG object (line 18, event type csgBoundary). The first two are virtual events,
leading only to an adjustment of Pi , while the latter indicates an interaction with a boundary, as detailed in Sec. 4.
The recursive calculation of the number of intersected primitives ς and the modification of the event type on line 8
are only required to correctly handle intersections. Hence, if the CSG tree is known to consist solely of unions, the
algorithm can be simplified significantly.
6. Optimization of particle tracking using CSG
In the previous section, the basic methodology for event-driven particle tracking including discrete boundary
interactions in the presence of objects described using CSG is introduced. For simulations using more elaborate
CSG models than the examples in Sec. 5 consisting only of a few primitives, however, the event prediction using the
full CSG tree can become a bottleneck. Considering complex-shaped particles, such as the ones depicted in Fig. 7
assembled from a larger number of primitives, walking the entire CSG tree to detect a single event will prove too
expensive in many cases.
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Algorithm 2 Implementation of the event detection for CSG objects employing the extended state S i = r0i , v0i , Pi of
a tracked particle i and a set of nodes N, initialized with the root node of the CSG tree T .
1: procedure nextEvent(S i , N)
H
Require: CSG tree T with the set of primitives P = {H j }Nj=1
as leaf nodes
Require: S i valid: Pi ⊆ P
Require: N , ∅ ∧ N ⊆ nodes(T )
2:
∆τ ← ∞, e ← null, ς ← 0
3:
for n ∈ N do
4:
if n < P then
5:
∆τn , en , ςn ← nextEvent(S i , children(n))
6:
if type(n) = intersection then
7:
if type(en ) = csgBoundary ∧ (ςn + 1) < | {c ∈ children(n) | c ∈ P} | then
8:
setType(en , csgEnter)
9:
else if ςn = | {c ∈ children(n) | c ∈ P} | then
10:
ς ← ς + boolean(ςn )
11:
end if
12:
else if type(n) = union then
13:
ς ← ς + boolean(ςn )
14:
end if
15:
else
16:
if n < Pi then
17:
∆τn , en ← nextPrimitiveEvent(n, S i )
18:
setType(en , csgBoundary)
19:
else
20:
∆τn , en ← nextPrimitiveEvent(complement(n), S i ), ς ← ς + 1
21:
setType(en , csgLeave)
22:
end if
23:
end if
24:
if ∆τn < ∆τ then
25:
∆τ ← ∆τn , e ← en
26:
end if
27:
end for
28:
return ∆τ, e, ς
29: end procedure

(a)

(b)

(c)

Figure 7: Complex-shaped particles constructed with the multi-sphere method as the union of an increasing number of spherical half-spaces.
Images taken from [29].

A standard technique to reduce the number of required intersection tests is the use of bounding volumes. For CSG
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modeling such bounding boxes or bounding spheres are often integrated directly into the CSG tree at the interior nodes
[30]. The idea is to determine bounding volumes for the primitives at the leaf nodes and iteratively combine these
bounding volumes at the interior nodes based on the respective Boolean operation. By applying this procedure not
only upward but also downward, it can also be used to prune effectively empty sub-trees from a CSG model, based,
e.g., on an intersection higher up in the tree. A commonly used bounding volume is the axis-aligned bounding box
(AABB), that is, the minimum d-dimensional cube bounding an object under the constraint that its edges are parallel
to the coordinate axes. Such bounding boxes are trivial to determine for typical primitives and the Boolean operations
required for CSG modeling are efficiently computable for any two given AABBs.
In principle, there are two viable approaches to integrate the handling of bounding volumes into the robust particle
tracking algorithm. The first is to explicitly handle particles entering and leaving bounding volumes by also tracking
the state of the primitives describing the bounding volumes via the set Pi for each particle i. Only if a particle is
inside of a bounding volume, the (sub-)tree bounded by this volume has to be tested for events. The drawback of
this conceptionally appealing solution is the fact that, for a large number of CSG objects in a system, also a large
number of bounding boxes have to be taken into account during the event detection step. Hence, in our reference
implementation we use an alternative solution: The bounding volumes are not handled explicitly, but an additional
(possibly unstructured) grid covering the simulation domain is employed and the bounding volumes of the CSG
objects are mapped to the cells defined by this grid. This results in a two-level approach, where for each CSG object
first the corresponding AABB is calculated and then the AABBs of the grid cells intersecting the CSG AABB are
determined, as sketched for an example in Fig. 8, where these cells are shaded in red. Each CSG obstacle is then

Figure 8: Multi-level approach to determine an optimized, implicit bounding volume via an underlying grid using intersection tests for the axisaligned bounding box (AABB) of the CSG object introduced in Fig. 5 and the AABBs of the individual grid cells. The cells whose AABBs intersect
the AABB of the CSG object directly are shaded in red. The cells whose slightly enlarged AABBs intersect the CSG AABB are shaded in orange,
leading to an expanded, numerically robust bounding volume. A regular grid is used for illustrative purposes, the same approach is feasible with
unstructured grids.

registered with only the selected cells, as no csgBoundary events (see Algorithm 2) can be generated involving this
obstacle and particles contained in other cells.
As a result of the implicitly defined bounding volumes, a particle i tracked via the application of Algorithm 1
can enter the interior of primitives used in Boolean intersections without generating any events adjusting the set Pi ,
leading to an invalid state. In the example configuration sketched in Fig. 8, this is the case for all cells highlighted in
red. In order to recover the valid state of each particle, i.e., the state Pi would have without any skipped events, one
might be tempted to reinitialize the state using the indicator function for all primitives contained in the CSG objects
in the respective cell by evaluating Eq. (16). Due to the inherent imprecision of floating-point calculations, however,
this would violate the robustness of the event-driven tracking algorithm, as close to the surface of CSG primitives the
indicator function become unreliable. To overcome this problem, the bounding volume formed by the cells of the grid
is increased by slightly expanding the AABBs of the individual cells. For the previous example of three intersecting
spherical half-spaces, in Fig. 8 these additional cells included in the bounding volume are shaded in orange. While
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this reduces the efficiency of the bounding volume by increasing the encompassed volume, it ensures that the tracking
algorithm maintains its numerical robustness: As the indicator function for the individual primitives is only evaluated
at the interface between two cells, this modification guarantees that the indicator functions are only evaluated in a safe
distance to the surface of the CSG object. From this, Pi can be safely adjusted based on the CSG objects registered
with the two cells on either side of a facet. For obstacles present in both cells, it is crucial that the state is transferred
without modifications.
While this approach building on the final AABB of each individual CSG object works well for systems with
many smaller objects, its efficiency decreases with increasing complexity and overall size of the CSG objects. As
an example, the cluster comprised of a large number of spherical half-spaces shown in Fig. 7(c) shall be considered.
Even though the porosity of the cluster is high, for a finely resolved grid representing the bounding volumes the
AABB of the cluster will result in a large number of cells being marked. For each event detection step within one of
these cells, the whole CSG tree with hundreds of nodes has to be considered. To reduce the computational cost, we
instead employ a compact representation of the global CSG objects within each cell, which contains only the nodes
intersecting this specific cell. To this end, the nodes whose AABBs do not intersect the AABB of a given cell are
pruned from the tree using the compact CSG representation. Again, to avoid the evaluation of the indicator functions
near the surface of the CSG objects, the cell AABBs are enlarged slightly. The handling of the state Pi as described
above ensures the particles maintain a valid state, by recovering the “missing” state via the indicator functions upon
the transitioning between cells.
In order to evaluate the efficiency of bounding volumes for CSG objects based on the AABBs of the individual
nodes as describe above, the cluster formed by the union of 790 spherical half-spaces depicted in Fig. 7(c) is embedded
into a plane Poiseuille flow. The fluid phase is modeled using a variant of the direct simulation Monte Carlo method
optimized for flows featuring low Mach numbers [31]. The boundary conditions for the pressure-driven flow are
no-slip walls at the top and bottom, while in the third dimension periodic boundaries are used. The CSG object is
positioned in the center of the cubical domain, covering approximately 1.77 % of the simulation volume. The ratio
between the average diameter of the slightly polydisperse balls forming the cluster and the width of the channel is
3.5 %. The number of tracked fluid particles inside of the simulation domain is approximately 25.2 × 106 .
A series of simulation runs are performed for identical configurations except for a stepwise refinement of the grid
defining the cells by which the CSG object is bounded. For the fluid phase, a grid with a fixed resolution of 643 is
employed, which is derived from the grid used for the bounding volumes by uniform refinement. The particles are
always tracked on the finest grid, which can be directly mapped to the coarser grid without significant overhead as
no interpolation is necessary. The baseline for the benchmark is established by not using any bounding volumes,
corresponding to including the CSG tree with all 790 primitives in each event detection step, independent of the
relative positions of the tracked particles. For each simulation run, the total number of primitive events detected for
the CSG object by Algorithm 2 is recorded. Additionally, the number of events actually leading to an interaction
between a tracked fluid particle and the boundary condition assigned to the CSG solid is registered. Most of the
detected events are discarded by the sorting based on the event time, leaving either zero or one event per tracked
particle, depending on whether the particle is moving away from the CSG solid or not. The number of executed
CSG events has to be independent of any optimization employed, while the objective is to decrease the number of
superfluous events detected. All event statistics collected in the simulation runs are averaged over 1000 tracking steps.
Table 1 shows several key figures for each of the tested grid resolutions, namely statistics on the number of CSG
primitives registered with the compact representation of the CSG object in the individual cells, the number of events
generated by the event detection routine as well as the (constant) number of CSG events actually processed. Finally,
the relative efficiencies both for the event generation and the execution time for one tracking step are given, using the
unoptimized case with no bounding volumes as the baseline. These results clearly show the effect of the optimization
via the bounding volumes, leading to an increase in the computational efficiency of up to a factor of 44.5. The increase
of the computational efficiency levels out for finer grids, as the event-driven tracking scheme also has to generate and
process the events related to the tracked particles moving in the grid defining the cells. The number of transition
events is independent of the resolution of the grid defining the bounding volumes and with about 2.26 × 107 events
per tracking step progressively dominates the computational performance.
Even though the introduction of the compact representation of the locally pruned CSG trees greatly improves
the efficiency of the event-driven particle tracking algorithm, the selection of the primitives to keep based on the
intersection of the AABBs is not always sufficient. While the approach works well for the small spherical half-spaces
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Primitives per cell
Grid cells
–
23
43
83
163
323
643

Min.
–
173
0
0
0
0
0

Max.
–
294
236
86
27
12
8

Avg.
–
228
29.1
4.80
1.02
0.291
0.122

Number of events
Generated

Relative efficiency

Executed

10

4

3.79 × 10
1.09 × 1010
1.20 × 109
1.74 × 108
3.14 × 107
7.54 × 106
2.70 × 106

7.93 × 10
7.93 × 104
7.93 × 104
7.93 × 104
7.93 × 104
7.93 × 104
7.93 × 104

Event generation

Computational

1.00
3.46
31.5
217
1.2 × 103
5.02 × 103
1.4 × 104

1.00
3.21
17.4
35.8
42.2
43.6
44.5

Table 1: Impact of the resolution of the grid used to determine the bounding volumes of the CSG primitives forming the cluster depicted in Fig. 7(c)
when embedded as a solid obstacle into a fluid flow simulated using a particle-based method. The primitives are filtered via the intersection of their
individual AABBs and the AABBs of the grid cells.

forming the cluster in this example, for infinite objects such as planar half-spaces or the complement of spherical halfspaces, AABBs cannot provide an efficient bounding volume as they also become infinite. A solution to this issue
can be found by exploiting the property of the event-driven tracking algorithm that CSG events are only generated
at the surface of primitives. Hence, as an alternative to pruning parts of a CSG model based on the AABBs, a more
aggressive reduction can be performed by pruning all primitives whose surface does not intersect a certain bounding
volume. As bounding volumes again polyhedral grid cells can be used, as due to the simplicity of the CSG primitives
intersection tests for these geometric objects are highly efficient. Similar to the case of AABBs, a certain tolerance
has to be included in these intersection tests, in order to avoid the issue of the surface of primitives having no volume.
For a numerically robust intersection detection, the surface of the primitives is transformed into a solid object by
taking the Minkowski sum of the respective surface and a spherical half-space with a certain radius. This radius can
for example be determined as a fixed fraction of the diagonal of the AABB of the polyhedron being tested. When
assembling the compact representation of a CSG model by pruning primitives and empty sub-trees, special care has
to be taken for Boolean intersections: As primitives can be pruned for cells contained entirely within a primitive, a
record has to be kept in this case in order to ensure the correct working of the event detection routine. To this end,
line 5 of Algorithm 2 has to be adapted to account for this number of implicit intersections.
The introduction of Pi as a per-particle property required by Algorithm 2 comes at the cost of storing and maintaining this dynamic set. One possibility to store Pi is the usage of associative containers provided, e.g., by the C++
standard library. While the asymptotic complexity per particle can be reduced to O(1) by employing hash tables instead of binary search trees, the storage overhead for the container data structure itself as well as the cost of dynamic
memory allocations can become prohibitive. As an alternative, we use a fixed-size bit array or bitset Bi for each particle. The individual bits are assigned to the primitives in the CSG tree, so the manipulation of the state Pi is performed
via bit operations on Bi . This approach has the benefit of low memory requirements as well as profiting from the fact
that bit operations are highly optimized for modern CPUs. A potential drawback of this method is that the number of
primitives that can be handled is limited by the number of bits in Bi . While even for moderate storage requirements
of 4 or 8 bytes per Bi the number of allowed primitives is already 32 or 64, respectively, for large systems this may
still become an unacceptable constraint. But when combined with the previously introduced concept of locally optimized CSG models with a reduced number of primitives, the limited number of possible primitives within one cell is
sufficient, even for complex models.
Depending on the CSG models employed in a specific simulation configuration, several of the strategies introduced
in this section can be combined. While the last two concepts, that is, the extraction of the surface of CSG models and
the usage of a fixed-size bitset to store the particle state, are of lesser relevance for the simulation of the flow around
the cluster, in the next section a more advanced CSG model is constructed, where especially these two optimizations
are crucial.
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7. Application example: Open-cell foams
The advantages of using a CSG representation of a domain boundary of complex shape for a particle-based simulation can be illustrated using the example of fluid flows through open-cell foams. These foams feature a high porosity
which makes them attractive for reactive gas flows due to the combination of a large surface area with a low pressure drop. It is this high porosity, however, which poses a challenge for numerical simulations as the struts between
the pores of the foam require a finely resolved mesh [32]. Instead of generating a conforming mesh which can be
challenging both in terms of mesh quality and computing time, we borrow an approach used in analytical studies
of open-cell foams [33]. Here, an unit cell for an open-cell foam is constructed as the inversion of five overlapping
spheres arranged in a hexagonal packing. The model is able to reproduce the characteristics of metal foams with
porosities of up to 96 %. An example unit cell is depicted in Fig. 9(a), revealing that this inversion of a sphere packing

(a)

(b)

Figure 9: The unit cell of an open-cell foam constructed from an inverted sphere packing [33] is shown in sub-figure (a). This unit cell can be
modeled using CSG as the relative complement of a polyhedron and five spherical half-spaces. In sub-figure (b), multiple unit cells are combined,
resulting in a fully analytical description of a highly porous material.

can be modeled using the CSG approach as the difference of a polyhedron and several spherical half-spaces. When
several of these unit cells are combined periodically, a highly porous material resembling an open-cell foam is formed
as shown in Fig. 9(b).
Rather than utilizing this model to generate a volume mesh covering the free volume, i.e., the part of the domain
not obstructed by the solid foam, the CSG model is to be used directly in a particle-based fluid simulation. To
this end, we extract a periodic section of cubical shape from a large enough assembly of unit cells. The resulting
structure is embedded into a domain discretized by a regular grid, which defines the cells used both to perform the
interactions between the fluid particles [31] and to serve as the bounding volume for the CSG primitives. The CSG
model defining the foam-like structure contains 266 spherical half-spaces, but with the method introduced in Sec. 6
to extract for each bounding volume only the primitives featuring a surface intersection with this bounding volume,
a state Pi implemented as a fixed-size bitset with 32 entries is sufficient. Employing these optimizations is crucial,
as the example simulation uses approximately 115 × 106 particles to resemble the fluid phase, so a minimal memory
footprint for each particle is desirable. A total of 320 processor cores across 16 physical nodes each containing two
Intel Xeon E5-2660 v2 CPUs are used in the example run. During each tracking step, approximately 1.1 × 108 events
are executed, with the fraction of CSG events encountered by particles impinging the surface of the foam structure
being about 8 %.
In Fig. 10, the pressure profile and streamlines obtained for the steady state solution of a pressure-driven laminar
flow through the foam structure is shown. The surface-triangulation of the foam used in this snapshot is generated
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purely for the purpose of visualization, for the actual simulation the whole geometry is described analytically and no
discretization of the foam surface is required.
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Figure 10: Pressure profile and streamlines obtained from the steady-state solution of a gas flow through a foam-like structure driven by a pressure
gradient along the longitudinal axes. The simulation employs a variant of the direct simulation Monte Carlo method optimized for flows with low
Mach numbers [31]. The streamlines a colored according to the velocity magnitude at the respective position.

8. Conclusions
The tracking of particles in unstructured grids can be considered a special case of event-driven particle dynamics
and as such can benefit from recent improvements in the numerical robustness of the method. With this, it is possible
to construct an inherently stable event-driven particle tracking scheme. This event-driven tracking scheme can be
extended to allow the integration of complex-shaped boundaries modeled using the technique of constructive solid
geometry (CSG). Using this mathematically exact representation of boundaries, efficient particle-based simulations in
domains of challenging shape are achievable. The benefit of this approach lies in the independence of the boundary
description from any surface discretization. This is a clear advantage over previously published particle-tracking algorithms, where the simulation domain is discretized and represented solely via unstructured grids and the resolution of
the boundaries is hence tied directly to the resolution of the mesh. With the method proposed in this work, depending
on the specifics of the problem, a combination of unstructured grids and analytically described boundaries can be
used. Several optimization strategies to improve the efficiency of the event-driven tracking scheme in the presence of
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complex CSG objects are suggested. Along with the integration of discrete boundary interactions, the abilities of the
event-driven tracking algorithm are illustrated by the particle-based simulation of a gas flowing through an open-cell
foam structure.
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