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a b s t r a c t
We study some dynamical properties for the problem of a charged particle in an electric ﬁeld considering
both the low velocity and relativistic cases. The dynamics for both approaches is described in terms of a
two-dimensional and nonlinear mapping. The structure of the phase spaces is mixed and we introduce
a hole in the chaotic sea to let the particles to escape. By changing the size of the hole we show that
the survival probability decays exponentially for both cases. Additionally, we show for the relativistic
dynamics, that the introduction of dissipation changes the mixed phase space and attractors appear.
We study the parameter space by using the Lyapunov exponent and the average energy over the orbit
and show that the system has a very rich structure with inﬁnite family of self-similar shrimp shaped
embedded in a chaotic region.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction
Since the pioneering work of Chirikov in the standard map
[1,2], which describes the dynamics of the kicked rotator, an extensive work has been done in the theory of Hamiltonian systems [3,4]. For the conservative dynamics it is known that three
different structures for the phase space are possible, namely, (i)
integrable, (ii) ergodic and (iii) mixed. In the case (i), the phase
space presents a set of invariant tori, and two examples of dynamical systems with such property are the circular [5] and the
elliptical [6] billiards whose integrability comes from the conservation of the angular momentum in the case of the circle and the
conservation of the product of the angular momentum with respect to the two foci in the case of ellipse [7]. For case (ii), no
regular structure is observed and the evolution of a single initial
condition is enough to ﬁll the entire phase space. Two systems
with this property are the stadium billiard [8] and the Lorentz
gas [9]. Finally the case of mixed phase space is the most common among the three leading different systems [10–18] to present
Kolmogorov–Arnold–Moser (KAM) islands and invariant spanning
curves coexisting with chaotic seas. It is important to emphasize
that the invariant spanning curves work as a barrier limiting the
size of the chaotic sea. However, a possible way of letting the particles to scape is to assume that there is a region in the phase

*

Corresponding author.
E-mail addresses: diegofregolente@gmail.com (D.F.M. Oliveira),
edleonel@rc.unesp.br (E.D. Leonel).
0375-9601/$ – see front matter © 2012 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.physleta.2012.10.052

space or on the boundary that works as a hole to where the particles can through with.
In this work we study the problem of a particle in an electric
ﬁeld of wave packet. Our goals in this Letter are to understand and
describe some of the dynamical properties along the phase space
considering that the particle can escape through a hole as well as
describe the dynamics of the particle in a dissipative regime. It is
important to mention that this is the ﬁrst time that such an approach is applied for the problem of particle in a wave packet. The
phase space is mixed with a set of invariant spanning curves limiting the size of the chaotic sea. We introduce a circular hole in
the chaotic region and study the behavior of the survival probability [19–22], namely, the number of particles that do not leave the
system through the hole as a function of the number of kicks. Our
results show that such a behavior can be described by an exponential decay for short n turning to a slower decay for large n and
certain combinations of control parameters. The slower decay is a
signature of stickness therefore trapping the dynamics near periodic regions.
When the particles are moving fast enough, the Newton’s equations are no longer valid and relativistic effects must be taken into
account. For the relativistic model, the phase space is also mixed
and by introducing a hole in the chaotic sea we compare the survival probability with the slower dynamics. Next, we introduce
dissipation into the system which means that the particle loses energy upon a kick. It is important to mention that the introduction
of dissipation changes the structure of the phase space in the sense
that the chaotic sea turns into a chaotic attractor and elliptical
points might turn into sinks, each of them with its own basin of
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Fig. 1. (Color online.) Phase space generated from map (5) for the control parameters
γ = 5 × 10−4 . If the particle enters the region inside the red circle, we assume that
it scapes and another initial condition is considered.

attraction. By changing the strength of dissipation, the edges of the
basin of attraction of the sink touches the chaotic attractor (which
corresponds to the stable and unstable manifolds of a saddle ﬁxed
point, respectively) and as a consequence the chaotic attractor is
destroyed giving place to a transient. Therefore, by changing one
of the control parameters, the dynamics can change from chaotic
to periodic.
In this sense, we study the parameter space by changing the
parameter which controls the nonlinearity and the dissipation parameter. Using the Lyapunov exponents we classify regions of the
parameter-space with chaotic and regular behavior. Our results
show the existence of inﬁnite family of self similar shrimp-shaped
structures, which corresponds to the periodic attractors embedded
in a chaotic region [23–34]. Finally, we obtain the average energy
over the orbit and we show that it reproduces well the structure
of the parameter space obtained by using the Lyapunov exponents.
The Letter is organized as follows. In Sections 2 and 3 we construct the two-dimensional map that describes the dynamics of
the system and discuss our numerical results for the classical and
relativistic model. Conclusions are drawn in Section 4.

In this section we revisit the problem of a classical particle of
mass m and charge e moving in an electric ﬁeld wave packet [35]
which in general can be written as

e
m

∞


E n cos(kn x − n t ),

ẍ =

(1)

n=−∞

where E n is the amplitude of the n-th Fourier component of the
electric ﬁeld wave. Considering that the wave packet is with the
broad spectrum, we assume E n = E 0 for all n and n ≈ 0 + n
and kn ≈ k0 + nk. Additionally, the group velocity of the wave
packet is v g = d /dk ≈  /k. However, if the particle’s velocity v = ẋ is much larger than v g , one can use the approximation
n ≈ 0 . Using all these assumptions we obtain

e
m

∞


E 0 cos(k0 x − 0 t )

cos(nkx),

(2)

n=−∞

and therefore using the Fourier decomposition of the periodic
Dirac delta function we have

ẍ =

e
m

∞


L E 0 cos(k0 x − 0 t )

δ(x − nL ),

(3)

n=−∞

where k = 2π / L. Since nothing happens between the delta kicks,
a system of the two ﬁrst order ordinary differential equations for ẋ
and v̇ emerge from (3) and it can be formulated as a discrete map.
Deﬁning θ = k0 x − 0 t and η = mv | v |/2 (kinetic energy), we can
write the mapping as



2. The nonrelativistic dynamics

ẍ =

Fig. 2. (Color online.) (a) Behavior of the survival probability P as a function of the
number of kicks n for different values of r; (b) plot of B as a function of r, after
a ﬁt with a second order polynomium we obtained B = 1.3432 × 10−6 − 1.440 ×
10−2 − 438.75r 2 .

ηn+1 = ηn + e E 0 L cos(θn ),
√
θn+1 = θn + k0 L sign (ηn+1 ) − 0 L m/2|ηn+1 |,

(4)

where sign(ηn+1 ) = 1 if ηn+1 > 0 or sign(ηn+1 ) = −1 if ηn+1 < 0.
Deﬁning φ = 2η/m02 L 2 and β = θ/2π − 1/4, the mapping (4) can
be rewritten as



P:

φn+1 = φn + γ sin(2π βn ),
βn+1 = [βn − 2π |φ 1 |1/2 + δ sign(φn+1 )] mod(1),

(5)

n +1

where γ = 2e E 0 /m02 L and δ = k0 L /2π . It is important to emphasize that the system is area preserving, since the determinant of
the Jacobian matrix is equal to the unity [Det( J ) = 1] and γ is the
parameter which controls the transition from integrability (γ = 0)
to non-integrability (γ = 0). Fig. 1 shows the phase space obtained
by iterating map P . As can be seen, the structure of the phase
space is mixed, in the sense that KAM islands are surrounded by a
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Fig. 3. (Color online.) (a) Phase space generated from Eq. (14) for the control parameters K = 3.5 and β = 0.2; (b) Convergence of the positive Lyapunov exponent for the
same parameters used in (a).

chaotic see which is limited by a set of invariant spanning curves.
Here, the invariant spanning curves work as a barrier, in the sense
that, the energy of the particle cannot go to inﬁnite. As it was
shown in [36], the position of the ﬁrst invariant spanning curve
bordering the chaotic sea can be estimated by making a connection with the standard map, and the expression is given by

 ∗
φ  ∼
=



γ
2K eff

2/3
,

(6)

where K eff = 0.971635 . . . is the critical parameter where the last
invariant spanning tori is destroyed and the transition from local to
global chaos takes place in the Chirikov’s standard map. As can be
seen in Eq. (6), by changing the value of γ , the size of the chaotic
sea changes.
Let us assume that the particle scapes if it enters a given region in the phase space. Such a region can be deﬁned in different
ways, i.e., by removing some region on the boundary as it has been
done for the stadium billiards [21] and the time dependent oval
billiard [37], or by deﬁning a minimum energy (below the minimum energy on the ﬁrst invariant spanning curve) [22]. Here, we
introduce a circular hole of radius r in the chaotic sea as can be
seen in Fig. 1. Our main goal is to verify the survival probability of an ensemble of initial conditions that survive the dynamics
without visiting the hole. The ensemble is not considered simultaneously. It means that the dynamics of a particle is considered
until the escape is observed or the limit time is reached. Then a
second particle is let to evolve, then a third one and so on. Thus,
the survival probability is deﬁned as

P=

M
1 

M

N suv (n),

(7)

n =1

where M is the number of the ensemble. In our simulations we
considered M = 107 and the initial conditions are φ0 = 10−3 γ
and β is randomly chosen in the interval [0, 1]. N suv is the number of initial conditions that do not enter the hole until the n-th
kick. Once the particle enters the hole, we assume that it escapes and another initial condition is taken. Fig. 2(a) shows the
behavior of the survival probability P as a function of the number of kicks for different values of r. As can be seen, for small

values of n, the survival probability remains constant, meaning
that no particles reached the hole at that time, and then it starts
to decay until all the particles leave the chaotic sea. Such a behavior can be described by an exponential function of the type
P = P 0 e Bn as it is shown in Fig. 2(a) for r = 6 × 10−5 where
P 0 = 0.9985 and B = −1.4987 × 10−6 . It is important to mention that for r = 10−3 the behavior of the survival probability is
deﬁned by an exponential decay up to 104 , but after that the
behavior of P changes. Such a change happens because eventually the particles are trapped in a stick region [38]. Fig. 2(b)
shows the behavior of B as a function of h in a log-linear scale.
After a numerical ﬁtting, such a behavior can be described by
B = 1.3432 × 10−6 − 1.440 × 10−4 r − 438.75 × 10−2 r 2 .
3. The relativistic dynamics
In this section we revisit the model of a relativistic particle in
a wave packet, as introduced by Zaslavsky et al. [35,39,40], where
the electric ﬁeld E (x, t ) given by

E (x, t ) =

∞


E n sin(kn x − ωn t ),

(8)

n=−∞

where E n is the amplitude of the n-th Fourier component of the
electric ﬁeld wave and assuming that the wave packet has a broad
spectrum such that one can make the approximations E n = E 0 ,
kn = k0 and ωn = nω , the electric ﬁeld E (x, t ) can be rewritten
as

E (x, t ) = E 0 sin(k0 x)

∞


cos(nωt ),

(9)

n=−∞

and by using the Fourier decomposition of the periodic Dirac delta
function we have

E (x, t ) = E 0 T sin(k0 x)

∞


δ(t − nT ),

(10)

n=−∞

where the period T is T = 2π /ω . Assuming that the motion of an
electron in an electric ﬁeld given by Eq. (10) can be described by
the relativistic Hamiltonian
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Fig. 4. (Color online.) (a) Behavior of the survival probability P as a function of the
number of kicks n for different values of r; (b) plot of B as a function of r, after a
ﬁt with a second order polynomium we obtained B = −1.1008 × 10−6 + 3.8547 ×
10−4 r − 5.5189 × 10−2 r 2 .

H (x, p , t ) =



p 2 c 2 + m20 c 4 −

e E0 T
k0

cos(k0 x)

∞


δ(t − nT ),

n=−∞

(11)
where c is the speed of light, m0 is the rest mass, −e 
is the charge
and the relativistic momentum is given by p = m0 v / 1 − ( v /c )2 .
Thus between the delta kicks we have free motion of the particle
and therefore the system of the two ﬁrst order ordinary differential
equations for ẋ and ṗ emerging from (11) are given by

ẋ = 

pc 2

(12)

,

p 2 c 2 + m20 c 4

ṗ = −e E 0 T sin(k0 x)

∞


δ(t − nT ).

(13)

n=−∞

Deﬁning θ = k0 x, β = ω/kc, I = k0 p /m0 ω and introducing the
dissipation parameter δ , the dissipative relativistic standard map1
is written as

S:

I n+1 = (1 − δ) I n + K sin(θn ),
θn+1 = θn + √ I n+1 2 ,

(14)

1+(β I n+1 )

where K = 2π e E 0 k0 /m0 ω2 is the control parameter which controls the transition from integrability (K = 0) to non-integrability
(K = 0), δ ∈ [0, 1] is the dissipation parameter. Additionally, in the

1

For aesthetic reasons we have shifted θ → θ + π .
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Fig. 5. (Color online.) (a) Phase space for a dissipative relativistic standard map
where two attracting ﬁxed points (red and green asterisks) and a chaotic attractor
are shown. (b) Bifurcation diagram of I vs. K for the dissipation parameter β = 0.15,
δ = 0.85 and the initial conditions (θ0 , I 0 ) = (3, 10−2 ).

limit of β → 0 the relativistic standard map is reduced to the Newtonian standard map.
From the map S [see Eq. (14)], the Jacobian matrix, J , is deﬁned
as

J=

 ∂ I n +1

∂ In
∂θn+1
∂ In

∂ I n +1
∂θn
∂θn+1
∂θn



,

(15)

with coeﬃcients given by

∂ I n +1
= 1 − δ,
∂ In
∂ I n +1
= K cos(θn ),
∂θn


∂ I n +1
(β I n+1 )2
1
∂θn+1

,
=
−
3
∂ In
∂ In
1 + (β I n+1 )2
[1 + (β I n+1 )2 ] 2


∂ I n +1
(β I n+1 )2
∂θn+1
1

. (16)
=1+
−
3
∂θn
∂θn
1 + (β I n+1 )2
[1 + (β I n+1 )2 ] 2
After some algebra one can show that the area preservation is obtained only for the conservative dynamics (δ = 0), since the determinant of the Jacobian matrix is det( J ) = 1 − δ . Before considering
the dissipative dynamics, let us present the phase space for the
conservative case. Fig. 3(a) shows the phase space obtained by iterating the map S and using the control parameters K = 3.5 and
β = 0.2. As can be seen, the phase space is very rich and presents
a complex structure with KAM islands, a set of invariant spanning
curves and a chaotic sea with positive Lyapunov exponent. The Lyapunov exponent is an important tool to classify systems as chaotic
or not and according to Eckmann and Ruelle [41], the Lyapunov
exponents are deﬁned as
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Fig. 6. (Color online.) Parameter space for a dissipative relativistic model (a) the maximum Lyapunov exponent, where the exponents were coded with a continuous color scale
ranging from red–yellow (negative exponents) to green–blue (positive exponents); (b) Magniﬁcation of the main structure in box A in (a); here black indicates chaos (positive
Lyapunov exponent) and periodic solutions (negative Lyapunov exponent) are shown in different colors, each indicating a given period: green corresponds to period 8, red to
period 16, light green to period 32 and so on.

λ j = lim

n→∞

1
n

ln |Λ j |,

j = 1, 2,

(17)

n

where Λ j are the eigenvalues of M = i =1 J i (θi , I i ) and J i is
the Jacobian matrix evaluated over the orbit (θi , I i ). If at least
one of the λ j is positive then the orbit is classiﬁed as chaotic.
Additionally, in conservative systems λ1 + λ2 = 0 while in dissipative systems λ1 + λ2 < 0. The average Lyapunov exponent for
the chaotic sea shown in Fig. 3(a) obtained by using 10 different
initial conditions λ̄ = 0.367 ± 0.001 where the value 0.001 corresponds to the standard deviation of the ten samples. As one can
see in Fig. 3(b), for small values of n, λ̄ ﬂuctuates, however as n
increases all the curves tends to a constant plateau. Fig. 3(c) shows
the behavior of λ̄ as a function of the parameter K , for values
of K up to K = 30, λ̄ increases very fast, then it remains constant up to K = 40 and then it starts to decay slowly. In order to
compare the survival probability between the relativistic and the
classical dynamics, we introduce a circular hole or radius r in the
chaotic sea of Fig. 3(a). In this case the position of the hole is at
(β, I ) = (5, 5.5). Fig. 4 shows the behavior of P (see Eq. (7)) as
a function of n for different values of r. Such a plot shows that
the relativistic and the classical dynamics produces similar behavior for the survival probability, namely, for small number of kicks
P is constant and after a crossover it decays very fast until all the
particles scape through the hole. Such a behavior can be described
by a exponential decay, P = P 0 e Bn where P 0 1 and B strongly
depends on r. Additionally, the behavior of B as a function of r
is described by a polynomium of second order as can be seen in
Fig. 4(b).
When dissipation is taken into account, the structure of the
phase space is changed and elliptical ﬁxed points might turn into
sinks (attracting ﬁxed points) a chaotic sea may be replaced by a
chaotic attractor. Fig. 5 shows a typical plot of the phase space for
the dissipative relativistic standard map. For such a case, we have
used the following control parameters K = 8, β = 0.15 and δ = 0.3.
For such a combination of control parameters there are three different attractors, namely: (i) two of them are the attracting ﬁxed
points and (ii) a chaotic attractor where each of them have their
own basin of attraction. As it was shown in [42], decreasing the
value of the dissipation parameter, the chaotic attractor touches

even crosses the border2 between its basin of attraction and the
basin of attraction of the attracting ﬁxed points and as a result, the
chaotic attractor as well as its basing of attraction is destroyed giving place to a chaotic transient. Such an event is called boundary
crisis [43–46]. Therefore, by changing slightly the control parameter, the behavior of the initial conditions can change from chaotic
to periodic. Fig. 5(b) shows the behavior of I vs. K . For such a
case we have used the dissipation parameter δ = 0.85 and the initial conditions ( I 0 , θ0 ) = (3, 10−2 ). As one can see there are many
regions with periodic and chaotic behavior. The periodic regions
evolve to an inﬁnite sequence of bifurcations as K increases. Thus,
in order to have a more general view of the dynamics of the model
we investigate the parameter space where both the kicking parameter K and the dissipation parameter δ can be varied simultaneously. Here, we consider two approaches, namely, (i) the maximum
Lyapunov exponent and (ii) the average energy over the orbit. Considering case (i), starting with initial conditions ( I 0 , θ0 ) = (3, 10−2 )
we proceed as follows: after a transient of n = 107 kicks we computed the Lyapunov exponent for the next n = 105 kicks for each
combination of ( K , δ). After that, we used the last pair of values
obtained for ( I , θ) before the increment, as the new initial condition after the increment. Additionally, it is important to emphasize
that, in principle, multiple attractors might exist, however, it is
possible to attribute only one color for each combination of ( K , δ).
Fig. 6(a) shows the parameter space for a relativistic standard map
taking into account dissipative effects. As one can see, the structure
of the parameter space is very rich with many well deﬁned structures of shrimp-shaped (negative Lyapunov exponent) embedded
in a large region which corresponds to the chaotic behavior (positive Lyapunov exponent). The exponents are coded with a continuous color scale ranging from green–blue (positive exponents)
to red–yellow (negative exponents). Additionally, each shrimp is
formed by a main body with period k followed by a inﬁnite sequence of bifurcation following the rule k × 2n . Fig. 6(b) shows the
upper big inside box A in structure shown in Fig. 6(a), in such a
case, k = 8 and it is shown in green, red corresponds to period 16,
light green denotes period 32 and so on. Turquoise corresponds

2
The border between the basin of attraction corresponds to the stable manifolds
of a saddle ﬁxed point, and they are obtained by using the inverse of the map S.
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Fig. 7. (Color online.) (a), (b) Magniﬁcation of the boxes A and B in Fig. 2(a); (c) is a magniﬁcation of the box C in Fig. 7(a); (d) corresponds to the region inside box E; (e) is
a magniﬁcation of box F in Fig. 7(d); (f) magniﬁcation of box G in Fig. 7(e); (g) is an enlargement of box H in Fig. 7(f); (h) represents the region inside box D in Fig. 7(a) and
ﬁnally, Fig. 7(i) is the enlargement of box I in Fig. 7(h) where a inﬁnite sequence of shrimps can be observed. The numberings represent the period of the main structure of
each shrimp.

the case of k = 24 and on the right upper corner k = 12 and it
is shown in violet. Chaotic behavior is shown in black. It is important to mention that when the nonrelativistic limit is attained,
i.e. β → 0, the parameter space for the dissipative kicked rotator is
recovered [47].
Fig. 7 shows several plots of different regions in the parameterspace. The color scaling was re-normalized from plot to plot.
Fig. 7(a), (b), (c) shows the enlargement of the structures inside
boxes B, C and D in Fig. 6(a), here, the period of the main structures are (a) k = 4, (b) k = 5, (c) k = 5 and k = 10. Fig. 7(d) shows
the magniﬁcation of box E in Fig. 7(a). Fig. 7(e) is an enlargement
of box G. Fig. 7(f) shows the parameter space inside box H, here
one can see a family of shrimps organized in a preferred direction
in the parameter space. The numbers represent the period of the
main structure of each shrimp, starting from 20 and increasing by

a factor 4 (20 → 24 → 28 → 32 → 36 → 40 . . .). Fig. 7(g) is an enlargement of box F. Fig. 7(h) shows the region inside box I. In such
a case the period of the main structure starts with k = 12 [see
Fig. 7(g)] and it increases also by a factor 4, however, it is important to mention that as the dissipation parameter decreases and
the intensity of the kicks increases, it seems that there are three
shrimps coexisting and it becomes clear for structures with k > 32.
It is important to mention that Fig. 7(a)–(h) shows only enlargement of some region of the parameter space shown in Fig. 6(a),
however, such structures are also observed in another regions of
the parameter space as can be seen in Fig. 7(i).
Considering now case (ii), the main idea is to verify if the periodic structures in the parameter space can be observed by using
another observable, namely, the average energy over the orbit. We
have chosen the average energy because it is commonly used to
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Fig. 8. (Color online.) Parameter space obtained by using the average energy over the orbit for different regions o the parameter space. Observe that it reproduces very well
the structures obtained by using the maximum Lyapunov exponent.

study some statistical properties in time-dependent system in order to study the phenomenon known as Fermi acceleration or the
unlimited energy growth. For conservative system, the existence
of a invariant spanning curve limiting the size of the chaotic sea
prevents such a unlimited growth. Additionally, as we have shown
via determinant of the Jacobian matrix the introduction of dissipation leads to a phase space contraction and attractors appear (see
Fig. 5). Therefore, the average energy (I 2 ) over the orbit which is
deﬁned as

I 2 (n, K , δ) =

1
n+1

n


I i2 .

(18)

i =0

In this case we proceed basically in the same as for the Lyapunov
exponents, which means that, after a transient of n = 107 kicks we
computed the average energy over the orbit for the next n = 106
kicks for each combination of ( K , δ) and the result is shown in
Fig. 8. As can be seen, the parameter space obtained by using the
average energy over the orbit reproduces very well the results obtained by using the maximum Lyapunov exponent. In this case, the
color scale is given according to the average energy. The structures

observed in both ﬁgures for the same ranges are remarkably similar, both qualitatively and quantitatively.
4. Conclusions
We have studied some dynamical properties for a particle in
an electric ﬁeld of wave packet considering both the low velocity and relativistic cases. We have shown that the system can be
described by a two-dimensional nonlinear map. We have shown
that the structure of the phase space is mixed with a set of invariant spanning curves limiting the size of the chaotic sea, therefore,
limiting the growth of the energy and the phenomenon of Fermi
acceleration does not take place. In order to let the particle to
scape, we have introduced a hole on the chaotic sea and we have
shown that the survival probability, namely the number of particles that do not leave the system through the hole as a function
of the number of kicks can be described by an exponential decay.
When dissipation is taken into account, the mixed structure of the
phase space is changed, the elliptic ﬁxed points are replaced by attracting ﬁxed points and the chaotic attractors may be replace by
a chaotic attractor. We have shown that, by using the maximum

D.F.M. Oliveira, E.D. Leonel / Physics Letters A 376 (2012) 3630–3637

Lyapunov exponent and the average energy over the orbit, the
parameter-space has a very rich structure with inﬁnite self-similar
shrimp-shape which corresponds to the periodic attractors embedded in a large chaotic region.
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