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Nous discutons de plusieurs modèles de particules utilisés communément dans des
simulations de dynamique moléculaire des matŕiaux granulaires; sont inclus des modèles de
sphères avec amortissement linéaire, avec interactions visco-élastiques et avec interactions
adhésives. A partir des forces d’interaction vectorielles nous calculons les coefficients de restitution normaux et tangentiels en fonction des vitesses vectorielles d’impact et des propriétś
du matériau. Nous passons en revue les méthodes de mesures des coefficients de restitution et
caractérisons les coefficients de restitution normaux en tant que quantités fluctuantes. De plus,
nous examinons le comportement d’échelle et l’influence des différentes forces d’interaction sur
le comportement dynamique du système. La puissante méthode de dynamique moléculaire, dite
“event-driven”, c’est à dire “gérée par les événements”, est discutée en détail du point de vue
algorithmique ainsi que du point de vue des techniques de simulations. Enfin, nous discutons
des limitations de cette méthode.
RÉSUMÉ.

We discuss several models for granular particles commonly used in Molecular Dynamics simulations of granular materials, including spheres with linear dashpot force, viscoelastic spheres and adhesive viscoelastic spheres. Starting from the vectorial interaction
forces we derive the coefficients of normal and tangential restitution as functions of the vectorial impact velocity and of the material constants. We review the methods of measurements
of the coefficients of restitution and characterize the coefficient of normal restitution as a fluctuating quantity. Moreover, the scaling behavior and the influence of different force laws on
the dynamical system behavior are discussed. The powerful method of event-driven Molecular
Dynamics is described and the algorithmic simulation technique is explained in detail. Finally
we discuss the limitations of event-driven MD.
ABSTRACT.
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1. Introduction
Granular materials may be considered as assemblies of particles of typical sizes
ranging from micrometers to centimeters or meters. Here we consider only dry materials, that is, there is no fluid in between the particles. The presence of fluids would
complicate the modeling a lot and is beyond the scope of this presentation.
Granular systems are mechanical many-particle systems, therefore, their dynamical behavior is governed by Newton’s equations of motion for all N particles and,
thus, by the particle interaction forces. The simultaneous numerical solution of this
system of 6N nonlinear differential equations is called Molecular Dynamics. There is
a large body of literature on MD techniques which is applied in many fields of natural
sciences and engineering, but what is specific for granular matter are the characteristic
inter-particle forces.
In the first part of this paper we discuss particle models and contacts between
particles, that is, we derive the interaction forces from basic material properties and
compute the corresponding coefficients of normal and tangential restitution. These
coefficients are the main ingredients of event-driven Molecular Dynamics simulations.
We discuss, therefore, their properties and their influence on the system’s behavior in
much detail. In this presentation we restrict ourself to spherical particle models while
most of the results can be generalized to smoothly shaped non-spherical particles.
In the second part of the paper we explain the method of event-driven Molecular
dynamics in detail, that is, we start from the general scheme of the algorithm, derive
the collision law and explain the algorithmic details of an efficient implementation
of event-driven MD. Finally, we provide some examples of simulations and discuss
the limitations of event-driven MD. More details on Molecular Dynamics and eventdriven Molecular Dynamics can be found in (Pöschel et al., 2005).

2. Particle models and particle contacts
2.1. Overview
There are two complementary descriptions of particle interactions, interaction
forces which may be integrated using Molecular Dynamics (MD, sometimes called
Discrete Elements Method) and coefficients of restitution which allow for event-driven
MD. The relations between these descriptions are discussed in Section 2.2. Whereas
MD is always applicable provided the interaction forces are known, the applicability
of event-driven MD is limited, see Section 3.3. The physically correct description of
the particle-particle interaction is, thus, essential for the adequate simulation of a granular system. First we consider the normal component of the interaction (Section 2.3)
and then the tangential component, see Section 2.4.
Typical granular particles interact via repulsive normal forces with very steep gradient which makes MD simulations technically complicated. In Sections 2.3.1 and

830

EJECE – 12/2008. Discrete modelling of geomaterials

2.3.2 we discuss two common interaction models for spherical particles. Particles in
contact may also interact via attractive forces if their surfaces are adhesive, see Section 2.3.3. We wish to point out that there exists a variety of force models out of which
we present here only a small selection. More models are discussed, e.g., in the review
papers (Kruggel-Emden et al., 2007; Schäfer et al., 1996).
A great advantage of event-driven MD is that the interaction forces need not to
be known explicitly but the coefficients of restitution may also be determined experimentally. Section 2.3.4 describes two simple experiments to measure the coefficient of
normal restitution. It turns out that even for high-quality spheres such as ball bearing
balls the coefficient of restitution is a fluctuating quantity, see Section 2.3.5.
Finally, Sections 2.4.2-2.4.3 discuss models for tangential interaction forces and
the corresponding coefficients of tangential restitution.
We want to mention that long-range forces such as electrostatic forces can superpose the contact forces and may be important for the system’s behavior. Such forces
do not comply with event-driven algorithms, therefore, they are not discussed in this
article. If long-range forces are present, MD has to be applied.

2.2. Interaction forces versus coefficients of restitution
2.2.1. Forces and Molecular Dynamics
If we consider a granular system as a classical many-particle system, its dynamics
may be found by numerically solving Newton’s equation of motion for the translational and rotational motion of each particle i,
∂ 2~ri
1 ~
Fi ({~rj , ~vj , ϕ
~j, ω
~ j }) ;
=
2
∂t
mi

∂2ϕ
~i
~ i ({~rj , ~vj , ϕ
= Jˆi−1 M
~j, ω
~ j })
∂t2

[1]

~j, ω
~ j } denotes the set of dynamical variables for the
where j = 1 . . . N and {~rj , ~vj , ϕ
~ i acting on particle i of
total number of N particles. The force F~i and the torque M
ˆ
mass mi and the tensorial moment of inertia Ji are (sometimes complicated) functions of the particle positions ~rj , their angular orientations ϕ
~ j , and the corresponding
velocities ~vj and ω
~ j . In case of contact forces, the total forces reduce to a sum of pair
forces,
N
X
F~i =
F~ij
[2]
j=1,j6=i

and the same is true for the torques. The interaction of particles with a container wall
may be considered as a collision with a particle of infinite radius, therefore, in this
article we will restrict ourselves to particle-particle contacts. Note that the limitation
to pairwise interaction is an abstraction which is justified if the particles deform one
another only slightly. For stronger interactions one has to take multi-particle interaction into account. The numerical solution of Equation [1] is subject of Molecular
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Dynamics which is discussed in another section of this volume. For later reference we
also define the normal and tangential components of the interaction force.


h

 i
F~ij = F~ij · ~eijn ~eijn + F~ij − F~ij · ~eijn ~eijn = Fijn ~eijn + Fijt ~eijt
[3]
2.2.2. Coefficients of restitution and event-driven Molecular Dynamics
The integration time-step in MD simulations is determined by the duration of particle contacts. Since typical granular particles are rather hard, that is, have steep gradients of the interaction force, the time step is usually very small. Consequently, in
rather dilute systems, most of the time the particles are not in mechanical contact but
move along ballistic trajectories. Therefore, in an alternative approach we compute
the trajectories of the particles as a sequence of ballistic-flight periods (under the influence of gravity), interrupted by instantaneous collisions where the velocities and
angular velocities of the particles change according to a collision rule. This method,
called Event-driven MD is applicable if the typical duration of contacts is negligible as
compared with the mean free flight time. From an algorithmic point of view we must
even require that in the entire system there is only one collision at a given time, see
Section 3. While this condition looks rather restrictive, we will demonstrate below that
event-driven MD has a large domain of practical applications. However, in Section 3.3
we will give an example where event-driven MD fails and MD has to be applied.
The physics of the particle interaction in event-driven MD is hidden in the coefficients of restitution, relating the relative velocities of the particles before and after a
collision. To be more precise, they relate the relative velocity at the point of contact,


~gij = ~vi − ω
~ i × Ri~eijn − ~vj + ω
~ j × Rj ~eijn ;
~eijn = (~ri − ~rj )/ |~ri − ~rj | [4]
0
after the collision. (In general,
before a collision with the corresponding quantity ~gij
we denote all post-collisional quantities by a prime.) For simplicity of the notation we
assume that both particles have the same radius R ; the generalization is straightforward. The normal and tangential collision velocities are given by the projections :


~gijn = ~gij · ~eijn ~eijn and ~gijt = −~eijn × ~eijn × ~gij
[5]

The coefficients of restitution in normal and tangential direction, ε n and ε t , are then
defined by :
~gijn

0

= −ε n~gijn

~gijt

0

= ε t~gijt

0 ≤ εn ≤ 1
with

−1 ≤ εt ≤ 1

[6]

By means of the coefficients of restitution the after-collision velocities can be written
as functions of the pre-collision velocities. We call this set of functions collision rule
which is used in event-driven MD, see Section 3.2.
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2.2.3. Relation between the force and the coefficients of restitution
The collision of an isolated pair of particles i and j may alternatively be described
by Newton’s equation of motion or by the coefficients of restitution, εn and εt , specified in Equations [6]. Therefore, εn and εt , carry the information about the particle
properties, the specific particle interaction properties and the initial conditions of the
impact. Consequently, εn and εt , are functions of the radii, the elastic and dissipative
constants specifying the force, the impact velocities and other quantities.
For the important case of spherical particles, Newton’s equation of motion reads
!


F~ij
1
d~gij (t)
1
= eff +
+
~eijn × F~ij × ~eijn
[7]
dt
mij
J˜i mi
J˜j mj
with the effective mass meff
ij = mi mj / (mi + mj ), the dimensionless moment of iner
2
˜
ˆ
tia, Ji = Ji / mi Ri and initial conditions ~gij (0) = ~gij . (Note that ~gij (t) denotes the
time dependent relative velocity at the point of contact while ~gij without an argument
stands for the initial conditions.) At time t = 0 the particles start to touch one another
until the collision is finished at t = tc .
If we integrate Equation [7] analytically for t = (0, tc ), we obtain the post0
collisional relative velocity ~gij
. By comparison with Equation [6] using Equation [5],
we finally obtain expressions for the coefficients of restitution,

n
n 0
gij
(tc )
gij
n
ε =− n =− n
[8]
gij
gij (0)
and εt likewise. In the following Sections, 2.3.1 and 2.3.2 we demonstrate this procedure to compute εn for two different force models.
The equation of motion, Equation [7], can also be integrated numerically to find
numerical values of εn and εt as functions of the force parameters and the components
of the impact velocity. We explain this procedure in Sections 2.3.3 to compute εn
for viscoelastic spheres and in Section 2.4 to compute εt for some models for the
tangential interaction.

2.3. Normal motion
2.3.1. Spheres with linear dashpot force
The mutual deformation of colliding spheres may be described by the time dependent quantity :
ξ(t) = max (0, Ri + Rj − |~ri − ~rj |)
[9]
First we consider the normal component of the relative velocity of colliding spheres,
g n ≡ (~vi − ~vj ) · ~eijn which obeys the equation of motion
 
˙ ξ = 0 ; ξ(0)
˙
meff ξ¨ + F n ξ,
= g n ; ξ(0) = 0
[10]
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with F n being the model-specific interaction law.
The simplest choice of F n for dissipatively interacting particles is the linear dashpot model,
 


[11]
F n ξ, ξ˙ = min 0, −k n ξ − γ n ξ˙
with k n and γ n being the elastic and dissipative parameters of the force, respectively.
Towards the end of the collision, the term −k n ξ − γ n ξ˙ may become positive which
corresponds to an attractive force. Therefore, the min()-rule is applied to assure that
the particles interact always repulsively.
To obtain the coefficient of normal restitution, we integrate the equation of motion
meff ξ¨ + γ n ξ˙ + k n ξ = 0

[12]

˙
with initial conditions ξ(0) = 0n; ξ(0)
= g n . The end of the collision
at time tc
o
is determined by the condition ξ¨ (tc ) = 0 ; tc > 0 ; ξ˙ (tc ) < 0 . This condition
corresponds to the min()-rule in Equation [11], since the contact ends in the instant
when −k n ξ − γ n ξ˙ would change its sign.
The equation of motion can be integrated easily and we obtain for the coefficient
of normal restitution (Schwager et al., 2007) :




2βω
ω0
β


, β<√

exp − ω π − arctan ω 2 − β 2

2






β
ω0
ξ˙ (tc ) 
2βω
n
ε =−
= exp
arctan 2
, β ∈ √ , ω0
[13]
˙

ω
ω − β2
2
ξ(0)






β β+ω


, β > ω0
exp − ln
ω β−ω
ω02 ≡

γn
kn
; β≡
; ω 2 ≡ ω02 − β 2
meff
2meff

[14]

Obviously, εn is a function of the parameters of the interaction force, γ n and k n ,
but it is independent of the impact velocity. Therefore, εn can be considered as a
material constant.
The linear dashpot force is problematic as a particle interaction model since particles made of a linear-elastic material do not reveal a linear repulsive force, neither in
three dimensions (Hertz, 1882) nor in 2D (Engel, 1978). The subsequent analysis can
also be performed for more realistic force models, such as viscoelastic forces in 3D
(see next Section) and 2D (Schwager, 2007).
The main interest in the linear dashpot model is based on its related constant coefficient of restitution, e.g. (Schäfer et al., 1996). The constant coefficient of restitution in turn is the preferred model in both the Kinetic Theory of granular gases and
also in event-driven simulations of granular matter. In contrast, more realistic force
models lead to an impact-velocity dependent coefficient of restitution, e.g. (Luding
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et al., 1994; Ramírez et al., 1999; Schwager et al., 1998; Taguchi, 1992; Tanaka et
al., 1991; Tsuji et al., 1991).
2.3.2. Viscoelastic spheres
The above linear-dashpot force model is the simplest model and reflects the basic
physics of inelastic collisions. However, neither the elastic force ∼ k n ξ, nor the dis˙ are correct for spherical particles (and even more general, for
sipative force, ∼ γ n ξ,
any colliding bodies, whose surfaces are not flat and parallel in a contact) and, thus,
the constants k n and γ n cannot be related to material properties. The physical reason
of the inadequacy of the linear-dashpot model is easy to understand : this model describes a linear spring, subjected to Hook’s law : When it is squeezed, the elastic force
increases linearly with the deformation. However, when squeezing a sphere, one effectively squeezes a spring of increasing cross-section – the larger the deformation the
stronger the spring. Hence, the elastic force between spheres in contact grows with deformation faster than linearly. In this section we discuss the simplest possible particle
interaction law which has a clear physical interpretation.
The contact force for elastic spheres of radii R1 , R2 at small deformation was
solved by Hertz (Hertz, 1882) :
√
Reff 3/2
FH (ξ) =
ξ
≡ ρξ 3/2
[15]
D
where Reff ≡ R1 R2 /(R1 + R2 ), D ≡ 3(1 − ν 2 )/(2Y ) with Y and ν being the
Young modulus and Poisson ratio, respectively. The Hertz theory relates the local
deformation, or strain in each point ~r of the deformed material,


∂uj
1 ∂ui
+
[16]
uij (~r, ξ) =
2 ∂xj
∂xi
H
to the respective stress σij
(~r ) :


1
H
σij
(~r, ξ) = E1 uij (~r ) − δij ull (~r ) + E2 δij ull (~r )
3

[17]

Here ~u(~r ) is the displacement field, i, j, l are the Cartesian indices and Einstein’s
summation rule applies. The elastic coefficients are E1 = Y /(1+ν) and E2 = Y /(3−
6ν).
Hertz’ theory also predicts the distribution of pressure in the contact area which is
a small flat circle of radius a  R1 , R2 . Choosing x = y = z = 0 for the center
H
of the contact zone and axis z along the inter-center vector, the σzz
component of the
stress, which is the normal pressure acting between spheres reads (Hertz, 1882)
r
x2
y2
3FH (ξ)
−
, where x2 + y 2 ≤ a2
[18]
1
−
PH (x, y, ξ) =
2πa2
a2
a2
The above result describes the static interaction of bodies in contact. When particles
collide the deformation changes with time, that is, some part of material moves with
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respect to the other parts. Due to the internal friction, similar to viscosity in liquids,
dissipative forces arise which counteract the deformation change. Microscopically,
this effect is described by the dissipative stress tensor, which for small deformation
rate u̇ij (~r, t) reads (Landau et al., 1965)


1
[19]
σijdis (t) = η1 u̇ij (t) − δij u̇ll (t) + η2 δij u̇ll (t)
3
where η1 and η2 are the viscous constants, analogous to the elastic constants E1 and
E2 in Equation [17]. If the impact velocity gimp is significantly smaller than the speed
of sound of the particle’s material and if the characteristic relaxation time of the dissipative processes in the bulk of the material is much shorter than the duration of the
impact, the approximation of quasi-static deformation (Brilliantov et al., 1996) is eligible. It assumes that the system passes through a sequence of equilibrium states, that
is, the slowly varying displacement field coincides at each time instant with the corresponding static field, ~u(~r, t) ' ~u st (~r, ξ(t)). In the quasi-static approximation to the
displacement rate one can write
∂
~u˙ (~r, t) ' ξ˙ ~u st (~r, ξ(t))
∂ξ

[20]

which implies for the dissipative stress :


 
1
∂
σijdis ' ξ˙
η1 uijst − δij ullst + η2 δij ullst
∂ξ
3

[21]

Comparing the expression for the static stress originating from elastic interaction and
the expression for the dissipative stress, we find that in quasi-static approximation
the dissipative stress may be obtained from the corresponding static stress by using
viscous constants in place of the elastic ones (Brilliantov et al., 1996) and applying
the operator ξ˙ ∂/∂ξ :
σijdis = ξ˙

∂ H
σ (E1 ↔ η1 , E2 ↔ η2 )
∂ξ ij

[22]

In particular to find the normal component of the dissipative stress, one needs the
respective component of the static (elastic) stress


 st

∂ust
E1
∂ux ∂usty ∂ustz
H
σzz
(x, y, z = 0) = PH (x, y) = E1 z + E2 −
+
+
[23]
∂z
3
∂x
∂y
∂z
where PH (x, y) is given by Equation [18]. The dissipative force acting between two
spheres may be computed by integrating the dissipative stress over the contact area
at z = 0 using Equations [22] and [23]. Instead of this direct computation we apply
the method of References (Brilliantov et al., 1996; Hertzsch et al., 1995), where we
transform the coordinate axes as x = αx0 , y = αy 0 , z = z 0 with :
α=

η2 − 31 η1 E2 + 23 E1
;
η2 + 23 η1 E2 − 31 E1

β=

1 η2 − 13 η1
α E2 − 13 E1

[24]
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Accordingly, the rescaled contact radius reads a0 = a/α. Thus, using the new coordinates we may write :


∂usty
η1  ∂ustx
∂ustz
∂ust 
+
+
η1 z + η2 −
=
∂z
3
∂x
∂y
∂z


  st
 [25]
∂usty
∂ux
E1
∂ustz
∂ustz
+
+
β E1 0 + E2 −
∂z
3
∂x0
∂y 0
∂z 0
The expressions in the square brackets in the right-hand sides of Equations [23] and
[25] are very similar : While the displacement field ~u(~r ) is the same, the coordinates
~r and ~r 0 are related by the transformation rules x = αx0 etc. Both expressions have
the structure of the normal stress at the plane of contact. This similarity may be used
to compute the dissipative force. Taking into account Equations [23], [18], and the
scaled contact radius, we obtain for the right-hand side of Equation [25] :


  st

∂usty
E1
∂ux
∂ustz
∂ust
+
+
=
β E1 z0 + E2 −
∂z
3
∂x0
∂y 0
∂z 0
r
r
3FH
x0 2
y0 2
x2
y2
2 3FH
=β
1
−
−
=
βα
1
−
−
2 πa0 2
a0 2
a0 2
2 πa2
a2
a2
Then, according to Equation [22] the dissipative stress reads :
∂
σijdis = ξ˙ βα2 σijH
∂ξ

[26]

[27]

By integrating the stress over the contact area we obtain the dissipative force acting
between two colliding spheres
∂
Fdis = Aξ˙ FH (ξ)
∂ξ

[28]

where FH (ξ) is given by Equation (15) and
2

1 (3η2 − η1 )
A≡α β=
3 (3η2 + 2η1 )
2

"

#

1 − ν 2 (1 − 2ν)
Y ν2

[29]

Using Equation [15] we finally obtain the force between colliding viscoelastic spheres
which is the first main result of this section :
3
˙ 1/2
Fviscoel = ρξ 3/2 + ρAξξ
[30]
2
Coefficient of restitution
Following the general idea from Section 2.2.3 we can compute the coefficient of normal restitution analogously to Section 2.3.1, however, the necessary effort is considerable. Here we sketch only the computation, the details can be found in (Schwager et
al., 2008b). Again we start with the equation of motion :
p
ρ
3 ρA
˙
= v; k ≡
; γ=
[31]
ξ¨ + kξ 3/2 + γ ξ ξ˙ = 0 with ξ(0) = 0 ; ξ(0)
meff
2 meff
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In the scaled variables x ≡ k 2/5 ξ and τ ≡ k 2/5 v 1/5 t, Equation [31] reads
√
ẍ + βv −1/5 ẋ x + v −2/5 x3/2 = 0 ; x(0) = 0 ; ẋ(0) = v 4/5

837

[32]

where dots mean derivatives with respect to the scaled time τ and β ≡ γk −3/5 . Note
that the deformation ξ or x are counted positive if the particles deform each other. The
˙
impact velocity ξ(0)
or ẋ(0) has to be positive as its action increases the deformation.
First we determine the trajectory of the particles during the collision using a method which was introduced in (Schwager et al., 1998). Consider the third time derivative of x :
x(3) = −

√
β2
β ẋ2
β 2
3
√
ẋ
x
+
x
ẋ
−
x
+
2v 2/5
v 3/5
v 2/5
2v 1/5 x

[33]

The last term diverges for x → 0 as for the beginning of the collision ẋ 6= 0. Therefore,
the trajectory cannot be expanded into a series in integer powers of time. Instead, it
turns out that the trajectory is a very slowly converging series in τ 1/2 . The computation
of the series is explained in detail in (Schwager et al., 2008b). In escalating powers of
the damping parameter β it reads :
h
i
h 4 5
i
4
17
15
4 7
1
22
3
713
x = v 5 τ − τ 2 + τ6−
τ 2 +. . . +βv − τ 2 + τ 5 −
τ 2 +. . .
35
175
104125
15
70
238875
h1
h 38 11
i
i
13
7
6
871
43943
937
τ4−
τ 2+
τ 9 +. . . +β 3 v 5 −
τ 2+
τ 8 +. . .
+β 2 v 5
15
75075
808500
2475
13513500
h 2612
i
h 31159 17
i

19
9
192113
7
4 58
5
τ −
τ 2 +β v 5 −
τ 2 + . . . + O τ 10
+β v
779625

242492250

44178750

6

4

4

= v 5 x0 (τ ) + βvx1 (τ ) + β 2 v 5 x2 (τ ) + . . . = v 5

∞ 
X

1

βv 5

k

xk (τ )

k=0

[34]
The expressions in brackets do not contain any parameter except for pure numbers.
They are, hence, universal functions which we call xi (τ ), where the index i gives the
power of β it is associated with. Note furthermore that subsequent powers of τ in each
function differ by 5/2. For an elastic collision, β = 0, the function x0 is, thus, the
trajectory in the case of no damping. It is known (Ramírez et al., 1999) that it reaches
0
its maximal compression at time τmax
:
3/5

0
τmax
= (4/5)

Γ (2/5) Γ (1/2)/ 2Γ (9/10) ≈ 1.609

[35]

0
The total duration of the undamped collision is τc0 = 2τmax
as the undamped trajectory
is symmetrical with respect to the point of maximal compression.

We proceed with computing the time of maximal compression of the damped problem along with the value of maximal compression. We use the Ansatz
0
τmax = τmax
+

∞
X
k=1

ak β k v k/5

[36]
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and solve for the (pure number) coefficients ak (details see (Schwager et al., 2008b)).
The principal form of these and other similar expressions – power series in βv 1/5 –
can be derived by scaling arguments detailed in (Ramírez et al., 1999). The maximal
deformation can be obtained by Taylor expansion of Equation [34],
xmax = v 4/5

∞
X

bk β k v k/5

[37]

k=0

where the coefficients bk are not needed explicitly.
Let us first compute the final velocity as it would appear if the end of the collision
would be given by the condition ξ(tc ) = x(tc ) = 0 (note that this condition would
imply attractive forces as explained in Section 2.3.1, while the correct condition for
¨ c ) = ẍ(tc ) = 0, see below) : as we have an expression
non-adhesive particles is ξ(t
which is valid for the first part up to the maximal compression we can construct the full
solution by a kind of backward-shooting method. We start at the end of the collision
where ẋ = −v 0 (the final velocity v 0 being unknown yet) and let the time run backwards. The equation of motion for this inverse collision is identical to Equation [32]
√
3/2
ẍinv − βv 0 −1/5 ẋinv xinv + v 0 −2/5 xinv = 0 ; xinv (0) = 0 ; ẋinv (0) = v 0 4/5 [38]
except for the sign of the damping parameter β, since the inverse collision (in inverse
time) is an accelerated collision. Consequently, the trajectory of the inverse problem
can be obtained from the solution of the direct collision, Equation [34], by simply
substituting β → −β and v → v 0 . The same is true for the maximal compression of
the inverse collision,
0 4/5
xmax
inv = v

∞
X

(−1)k bk β k v 0 k/5

[39]

k=0

with the same numerical coefficients bk as in Equation [37].
As the inverse collision problem is just a reformulation of the original collision
problem both maximal compressions have to be the same :
xmax = xmax
inv

[40]

To find the end of the collision we look for the earliest point in time, T , during the
inverse collision when ẍinv = 0. Inserting this condition into Equation [38] yields
βv 0 1/5 ẋinv (T ) = xinv (T )

[41]

with the solution
T = βv 0 1/5 +

2
21271 17/2 0 17/10
4 7/2 0 7/10
β v
+ β 6 v 0 6/5 +
β
v
...
35
75
2734875

The value of ẋinv at this point in time is :


4
11 5 0
ẋinv (T ) = v 0 4/5 1 + β 5/2 v 0 1/2 +
β v + ...
15
210

[42]

[43]
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Going back to the original units of time we obtain the final velocity and eventually the
coefficient of restitution
ε = 1 − 1.153βv

1/5

2 2/5

+ 0.798β v

+ 0.267β

5/2 1/2

v

+ ... = 1 +

∞
X

hk β k/2 v k/10

k=0

[44]
with pure numbers hk . As the coefficient of restitution ε only depends on βv 1/5 (including half powers of this term) we show the velocity dependence in this universal
form in Figure 1.

0.9
0.8

ε 0.7
0.6
0.5
0

0.1

5

0.2

0.3

βv

Figure 1 – The coefficient of restitution ε(v) as a function of the impact velocity (line).
The numerical solution of Newton’s equation of motion, Equation [32], (points) agrees
almost perfectly with the analytical result
Consequently, from the analysis of the equation of motion, Equation [32], we
conclude that ε(v) is a series in powers of v 1/10 . Therefore, we need already 20 terms
to obtain the function ε(v) in second order, v 2 . In (Schwager et al., 2008b) we went to
much higher order. The full calculation including all series expansions can be found
there.
2.3.3. Adhesive spheres
In many applications particles in contact interact not only via elastic and viscous
forces, but also via adhesive forces, caused by molecular van-der-Waals interaction.
The physical nature of these forces is easy to understand : When two particles form a
contact, their total surface becomes smaller by twice the area of the contact. Hence, the
total surface energy is reduced by γπa2 , where the adhesive coefficient γ is twice the
surface free energy per unit area of a solid in vacuum. Since a system tends to diminish
its surface energy, an effective attractive force arises. As the result, the contact area
of adhesive spheres at given compression ξ is larger than the contact area of elastic
spheres as predicted by Hertz’s theory. Among several theories describing adhesive
contact, e.g. (Johnson et al., 1971; Derjaguin et al., 1975; Muller et al., 1980; Hughes
et al., 1980; Attard et al., 1992; Tabor, 1977; Greenwood, 1997; Maugis, 1992; Spahn
et al., 2004; Greenwood et al., 1998; Haiat et al., 2003; Schwarz, 2003) the Johnson,
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Kendall, and Roberts theory (JKR) (Johnson et al., 1971) was shown to be accurate
enough for a wide range of applications of practical interest (see e.g. (Attard et al.,
1992)) and is, moreover, suited for an analytical treatment due to its simplicity. The
applicability of the JKR theory is characterized by the value of the Tabor parameter,

µT =

16D2 Reff γ 2
9z03

1/3
[45]

where z0 is the characteristic atomic scale (Tabor, 1977) and D was introduced in
Equation [15]. As a rule of thumb, the JKR theory is reliable for µT & 5 (Attard
et al., 1992; Greenwood, 1997) which is assumed here, otherwise the DMT theory
(Derjaguin et al., 1975) is preferable.
The JKR theory combines two basic solutions for the pressure distribution of an
elastic contact, the Hertz solution (Hertz, 1882) for a compressed sphere, Equation
[18], and the Boussinesq solution for the uniform displacement of a circular area in a
plane, oriented normally to the surface (e.g. (Timoshenko, 1970; Muller et al., 1980)).
The Boussinesq force FB depends on the corresponding displacement ξB and the
contact radius a (Johnson et al., 1971) :
FB (ξB , a) =

3
a ξB
2D

[46]

In the JKR theory an effective Hertzian force is introduced which yields the observed
contact of radius a and would lead to the compression ξH in lack of adhesion. The
actual compression ξ is, however, smaller than in the purely elastic case, ξ < ξH .
The difference ξH − ξ is attributed to the Boussinesq force Fp
B and the respective
displacement ξB , which is related to the contact radius as ξB = 8πγDa/3. Hence,
FB acts against the Hertz force and, thus, reduces the compression and the total force :
r
r
a2
8πγDa
a3
6πγ 3/2
ξ(a) = ξH − ξB =
−
; F (a) = FH − FB =
−
a
[47]
Reff
3
DReff
D
where Equations [15] and [46] were used. Both quantities, ξ and F are expressed in
terms of the contact radius a. The same is true for the normal pressure at the contact
zone : It depends on the contact radius a and is equal to the difference of the Hertzian
H
pressure σzz
= PH and the Boussinesq pressure,
B
σzz
= PB (x, y)

=

FB
2πa2


1−

y2
x2
− 2
2
a
a

−1/2
[48]

that is, P (a) = PH (a) − PB (a).
The derivation of the dissipative force in presence of adhesive interactions may be
performed just in the same way, as it has been done in Section 2.3.2 for viscoelastic
H
B
particles, except that σzz has two components, σzz = σzz
− σzz
and all quantities are
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now functions of a rather than ξ. Therefore, instead of the operator ξ˙ d/dξ one should
apply ȧ d/da. Referring for details to (Brilliantov et al., 2007) here we give the final
result for the dissipative force :
Fdis = Aȧ

∂
∂
(FH − FB ) = Aȧ F (a)
∂a
∂a

[49]

Using Equation [47] for F (a) we finally obtain the dissipative part of the force between colliding adhesive viscoelastic spheres :
!
r
3a2
3 6πγ √
a
[50]
Fdis = ȧ A
−
DReff
2
D
For γ = 0 this result reduces to the viscoelastic model discussed in Section 2.3.2. Note
the appearance of a cross-term in Equation [50] which depends on both dissipative and
√
adhesive constants ∼ Aȧ γ a. An earlier model neglected this term and therefore
overestimating the influence of dissipation (Spahn et al., 2004).
Coefficient of restitution
Since the total contact force F = FH − FB + Fdis for viscoelastic adhesive particles is
given by Equations [47] and [50] as a function of the contact radius a, it is convenient
to write the equation of motion in terms of a(t). Noticing that ξ˙ = ȧξ 0 and ξ¨ =
äξ 0 + ȧ2 ξ 00 , where the prime denotes the derivative with respect to a, we obtain :
meff ä+meff

ξ 00 (a) 2 F (a)
ȧ + 0
= 0 ; a(0) = ainit ; ȧ(0) = gimp
ξ 0 (a)
ξ (a)

dξ
da ainit

!−1
[51]

The initial radius ainit follows from Equation [47] for vanishing initial compression
ξinit = 0 :
8π
2
a3init =
DγReff
[52]
3
Solving this equation of motion, one can obtain the coefficient of restitution from
,
˙ c)
dξ
ξ(t
dξ
= −ȧ(tc )
ε (gimp ) = −
ȧ(0)
[53]
˙ξ(0)
da afinal
da ainit
where tc denotes the duration of the collision and afinal = a(tc ) is the contact radius
at the end of the collision. While the collision starts at ξinit = 0, at its end ξ becomes
negative due to the formation of a “neck” at the contact of the particles. The neck tries
to keep particles together and can resist a pulling force up to the maximal magnitude
of Fsep = −(3/2)πγReff . For a larger force the neck breaks ; this happens at the
maximum possible negative compression ξfinal < 0 and minimum final contact radius
2
a3final = 3πDγReff
/2 (Johnson et al., 1971). Comparing this value with Equation [52]
we notice a hysteresis, ainit > afinal , which is typical for adhesive collisions. Due
to this hysteresis, the elastic energy, stored in the neck, does not convert later to the
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Figure 2 – Coefficient of restitution ε as a function of the impact rate gimp for samesized ice particles of radius R = 2 cm (Reff = 1 cm) for different models. As expected
and in general agreement with experiments adhesive collisions are more dissipative
than purely viscoelastic ones (see the dashed black and the solid and dash-dotted line).
Moreover, below a certain impact rate, here gcr ≈ 2

kinetic energy. Hence an effective dissipation in adhesive collisions arises, even in the
absence of inelasticity.
Figure 2 shows the coefficient of normal restitution of adhesive viscoelastic particles as a function of the impact velocity. Obviously, adhesive viscoelastic particles
collide with smaller εn ) than purely viscoelastic particles. This follows from the hysteresis effect discussed above. From Figure 2 one can also see that for small impact
velocities we obtain εn = 0, that is, the post-collisional relative velocity vanishes
and the particles form a joint aggregate. Such collisions are called aggregative. This
happens if the total energy of the particles, including the energy stored in deformation, drops below the attraction barrier. If the viscous dissipation is rather small, one
can estimate the critical impact velocity, which separates aggregative and restitutive
collisions. It may be obtained equating the work of adhesive forces, needed to overcome the attraction barrier and the kinetic energy of their relative motion (Brilliantov
et al., 2007)
r
2Wad
gcr =
[54]
meff
4
where the adhesive work Wad = q(π 5 γ 5 Reff
D2 )1/3 and q = 0.09. For impact velocity
gimp > gc , particles rebound, otherwise they aggregate. More details, also regarding
the dependence on the particle size and the elastic and dissipative parameters can be
found in (Brilliantov et al., 2007).

2.3.4. Measuring coefficients of restitution
There are several methods to measure the coefficients of restitution and there is a
large body of literature in this field for various types of materials including adhesive
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and wet particles. Here we review only some basic methods. Most methods consider
the impact of a particle with a hard plane rather than the impact between two particles.
Motivated by studies on the structure, stability and evolution of Saturn’s ring system, measurements of colliding ice particles were performed by attaching an ice ball
to an oscillator and letting it strike a stationary block of ice (Bridges et al., 1984). The
particle was attached to a compound pendulum with the axis of rotation very close to
the center of mass which makes this method particularly suitable for the measurement
of the coefficient of restitution for very small impact velocity up to mm/sec and below.
Other measurements of the collisional properties of two colliding spheres using
high-speed video analysis (Labous et al., 1997) provided information on both the normal and tangential coefficient of restitution. In comparison to this tedious method requiring a fast camera and sophisticated image analysis algorithms, the repeated bounce
of a falling sphere on a horizontal surface can be analyzed rather easily.
Several methods for determining the time lap between consecutive impacts of a
particle bouncing on a hard plane have been suggested, using a piezoelectric force
sensor attached to the flat plate (Falcon et al., 1998) or an accelerometer mounted to
the plate which detects elastic waves excited by the impact (King et al., 2002). When
both particle and plate are metallic, the time of the impacts can be determined by
applying a dc voltage between ball and plate and determining the instant when the
circuit closes (King et al., 2002).
The simplest way, however, to measure the coefficient of normal restitution
exploits the sound emitted from a particle bouncing on a underlying flat plane
(Bernstein, 1977; Smith et al., 1981; Stensgaard et al., 2001) : The typical tick tack
generated by multiple collisions is recorded by use of a microphone connected to the
sound card of a PC. The sound data can be analyzed to identify the time of successive
bounces. From the time intervals between these bounces the coefficient of normal restitution can be derived as a function of the impact velocity. In the following Section
we will apply this method to determine fluctuations of the coefficients of restitution,
and present more details.
Finally, we want to mention a method to determine the coefficient of normal restitution from measurements of the coefficient of rolling friction via the relation
1 − εn
µroll
=
[55]
2/5
1/5
V
b(ρ/m) g
p
with the numerical constant b ≈ 2.283 and ρ = 2Y R/2/(3 − 3ν 2 ) where µroll is
defined by the moment M = µroll F n acting against rolling of a sphere of mass m
and radius R on a hard plane at linear velocity V . Since measurements of the rolling
friction coefficient may be performed at any linear velocity V , this method may be
particularly suited for determining the coefficient of restitution for low impact rate,
were other techniques are difficult. Details of this method can be found in (Pöschel et
al., 1998; Pöschel et al., 1999).
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2.3.5. Coefficients of restitution are fluctuating quantities
In Sections 2.3.1, 2.3.2, and 2.3.3 we discussed force models and the corresponding coefficients of normal restitution for perfectly spherical particles. In reality, however, not even bearing balls are perfectly spherical but reveal sub-micrometer sized
asperities at their surfaces. Consequently, in a collision of a “spherical” particle with a
flat wall not only the normal component of the relative velocity at the point of contact
changes but also the tangential component may change. On the macroscopic scale this
means that some of the energy of the relative velocity may be transferred into rotation
or from rotation into linear motion, respectively.
Consider an initially non-rotating particle which is released from a certain vertical
distance above a flat plane. If we measure the coefficient of restitution using the sound
of the bouncing ball as described above, we disregard the rotation. Consequently, the
measured values of εn are fluctuating quantities.
We record the sound of a particle bouncing on a flat plane and determine the coefficient of normal restitution from the times of successive collisions as mentioned
in the previous section. Let ti−1 , ti and ti+1 be the times of three successive coln
n
and the
, gin , and gi+1
lisions. The corresponding pre-collisional velocities are gi−1
0
n
n 0
n
n
post-collisional velocities are gi−1 = −gi and (gi ) = −gi+1 . At time ti the
pre-collisional velocity is gin = −G/2 (ti − ti−1 ) where G is the acceleration due to
0
gravity. The post-collisional velocity is (gin ) = G/2 (ti+1 − ti ). Consequently, we
obtain for time ti :
εni (gin ) = −

ti+1 − ti
ti − ti−1

with

gin = −

G
(ti − ti−1 )
2

[56]

As we are interested in statistical properties of εn (g n ) we need a large number of
measurements, therefore, we use a robot (Figure 3a). The sound is recorded by an
attached microphone which is connected to a PC. Figure 3b shows measured values
of εn as a function of the impact velocity, obtained from repeating the bouncing ball
experiment several thousand times (Heckel et al., 2008).
In agreement with Section 2.3.2 we notice that the average values of εn (g n ) decay
with increasing g n . Figure 3c shows the distribution of ε for g n from a narrow interval
marked in Figure 3b by vertical lines. The distribution is close to two exponentials
meeting at εn ≈ 0.98. Note that some part of the distribution shows values εn & 1.
Obviously, this would not be possible if the particles were perfect spheres and the surface was perfectly flat. More detailed analysis shows that this seeming violation of the
conservation of energy law may be attributed to particle rotation due to microscopic
asperities at the surface. Figure 3d shows an electron microscope image of the surface of a steel sphere where one can clearly see the roughness of the sphere’s surface.
Other types of materials show a likewise and most times even larger bumpiness of
the surface. We wish to mention that the experimental results agree very well with a
theoretical simulation where we model the asperities of the surface of the sphere by
attached tiny half spheres.
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Figure 3 – a) an image of the used robot ; b) εn as function of the impact velocity,
dashed lines mean value and standard deviation respectively ; c) distribution of εn for
impact velocities g n ∈ (0.4, 0.43) m/sec (indicated by vertical lines in Figure b) ; d)
an image of the used ball-bearing sphere taken with an electron microscope

The measured coefficients of restitution can be used directly in event-driven simulations. To this end we have to set up a random number generator which produces
values for εn (g n ) with the statistical properties (same distribution) as found in experiments.
Consequently, albeit we do not have an expression for the interaction force which
would be necessary to perform MD simulations, we are still able to perform eventdriven MD. This is a major difference to the method explained in Sections 2.3.1-2.3.3
where we derived the coefficient of restitution from the interaction force.
2.3.6. Scaling properties
In many cases, particularly in geo-engineering, granular systems cannot be investigated in their original size but they have to be scaled to meet the restrictions of the
laboratory size. Scaling all lengths of the system such as particle sizes, container geo-
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metry etc. by a constant factor α may turn big boulders to centimeter sized particles
and helps to reduce the costs of experimental investigations considerably. Of course,
one desires that the effects which occur in the original system, occur equivalently in
the scaled system too.
We will show that naive scaling will modify the properties of a granular system
such that the original system and the scaled system might reveal quite different dynamical properties. To guarantee equivalent dynamical properties of the original and
the scaled systems we have to modify the material properties in accordance with the
scaling factor and we have to redefine the unit of time. The appropriate scaling laws
depend on the particular grain model. Here we investigate viscoelastic interaction between contacting particles, characterized by Newton’s equation :


ρ
3 p dξ
d2 ξ
3/2
+ eff ξ
+ A ξ
= 0 ; ξ|t=0 = 0 ; dξ/dt|t=0 = g
[57]
dt2
m
2
dt
If two particles interacting via the force (30) collide with relative velocity g their
2/5 4/5
maximal compression is ξ0 ≡ 5meff /(4ρ)
g
which can be derived by equating the kinetic energy of the impact meff g 2 /2 with the elastic energy at the instant
5/2
of maximal compression 2ρξ0 /5, neglecting the influence of dissipation. Using ξ0
and τ0 ≡ ξ0 /g as characteristic length and time scales we write Equation [57] in
dimensionless form (Ramírez et al., 1999)
 3/5 
q
ξ
t
d2 ξˆ 5 ˆ3/2 3 5
ρ 2/51/5 ˆ dξˆ
+
g
= 0 ; ξˆ ≡
;
τ≡
[58]
ξ
+
ξ
A
dτ 2
4
2 4
meff
dτ
ξ0
τ0
.
with boundary conditions ξˆ = 0 and dξˆ dτ = 1.
τ =0

τ =0

The only term which depends explicitly on the system size and on material properties is the prefactor in front of the third term. A scaled system, therefore, can only
be equivalent to the unscaled one if this term remains unchanged. Expanding our abbreviations we obtain
# 52
"
√
h ρ i 25 1
− 2
1
2
2
1
2Y Reff
A
g 5 =A
g 5 ∼ AY 5 φ− 5 1 − ν 2 5 F (Ri , Rj )g 5 [59]
eff
2
eff
m
3(1 − ν )m
with the material density φ and the function F (Ri , Rj ) collecting all terms containing
Ri and Rj . Its scaling is :
F (Ri0 , Rj0 ) = α−1 F (Ri , Rj ) with Ri0 = αRi ; Rj0 = αRj

[60]

One of the few things which cannot be modified in an experiment with reasonable
effort is the constant of gravity G. That implies that going from S to S 0 not only G but
all other accelerations must remain unaffected too. Therefore, we require :
 2 0
√
d 2 (αx)
d 2x
d x
=
=
,
i.e. t0 = α t
[61]
2
2
0
dt2
dt
d (t )
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√
0
Hence, scaling all lengths x0 = αx implies that
√times scale as t = αt. Thus, our
clock in the laboratory should run by a factor α faster or slower than the clock in
the original system. In other words, if in the original system we observe a phenomenon at√time t = 100 sec, we will find the same effect in the scaled system at time
t0 = α 100 sec. Scaling of time is a direct consequence of the spatial scaling if the
constant of gravity has the same value in both systems.
In the scaled system the equation of motion reads :
0
ρ0 p 0 dξ 0
d2 ξ 0
ρ0
3/2
+
(ξ 0 ) + A
ξ
=0
0
0
02
dt
dt0
(meff )
(meff )

scaling relations as introduced above, i.e. ξ 0 = αξ, dξ 0 /dt0 =
√ If we apply our
2 0
α (dξ/dt) and d ξ /dt02 = d2 ξ/dt2 , we obtain :
ρ0
ρ0 p dξ
d2 ξ
+ α3/2
ξ 3/2 + αA0
=0
ξ
0
0
2
dt
dt
(meff )
(meff )

[62]

This has to be equal to the unscaled equation of motion (57) yielding the conditions
to assure the dynamical equivalence of both systems :
√
ρ0
−3/2 ρ
and A0 = α A
0 =α
eff
eff
m
(m )

[63]

and after inserting the definition of the elastic parameter ρ we find
√
Y0
Y

 =α
and A0 = α A
2
2
φ(1 − ν )
φ0 1− (ν 0 )

[64]

Consequently, the original and the scaled system have the same dynamic properties if
we scale along with the sizes also the material properties and the time :

all lengths
time
elastic const.
dissip. const.

original system
x
t
Y

φ 1 − ν2
A

scaled system
αx
√
αt
Y

α
φ 1 − ν2
√
αA

For example we assume a system of steel spheres (Y = 20.6 · 1010 Nm−2 , ν = 0.29
and φ = 7, 700 kg m−3 ) of average radius R̄ = 10 cm and system size L = 10 m,
hence Y /(φ(1 − ν 2 )) = 2.92 · 107 m2 sec−2 . One wishes to measure a certain value
at time t = 100 sec. In the lab we perform the experiment with an equivalent system
of size L0 = 1 m, i.e. we scale the system by α = 0.1, including all radii. From
the scaling relations we see that we have to find a material with Y 0 /(φ0 (1 − ν 02 )) ≈
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0.3 · 107 m2 sec−2 . From tables (Kuchling, 1989) we find that we can use Plexiglas
(Y = 0.32 · 1010 Nm−2 , ν = 0.35 and φ = 1, 200 kg m−3 ) in order to obtain this
value. Therefore, we have to perform the experiment with Plexiglas’s spheres and have
to measure the value of interest at time t0 = 31.6 sec.
We wish to point out that the derived scaling properties are specific for viscoelastic particles. Other force laws will lead to different scaling. More details including a
discussion of tangential forces can be found in (Pöschel et al., 2001).

2.4. Tangential motion
2.4.1. Force models
Granular particles are never perfect spheres but reveal a complicated surface texture. Therefore at oblique collisions besides a normal force there acts also a tangential
force F t . This force is mainly determined by the surface properties of the granular
particles and is of essential importance for the realistic simulation of a granular system.
The tangential force acting between colliding particles is limited by Coulombs law
of friction, |F t | ≤ |µF n |, where µ is Coulomb’s friction parameter. If the particles
slide on each other (dynamic friction), the tangential force adopts the value
F t = −sgn[g t (t)]µF n

that is

F t = µ |F n |

[65]

where g t is the time dependent tangential component of the relative velocity of the
particles at the point of contact as defined in Equation [5].
From a theoretical point of view, the description of the tangential force is problematic : If the particles do not slide, obviously, the tangential force must be
|F t | < µF n . So, which value is adopted then ? In case of no sliding, the tangential force adopts the value which keeps the particles from sliding. This tautological
statement reflects the fact that the tangential force is not well defined unless we make
assumptions on the microscopic details of the deformation of the asperities at the
contact surface, see e.g. (Pöschel et al., 1993) for such a model. For practical applications, that is, MD simulations, however, we need the tangential component of the
interaction force as a function of the particles’ relative position and velocity and possibly on the history of the contact. Therefore, for the application in particle simulations,
interaction force models were elaborated to mimic static friction between contacting
particles, see (Schäfer et al., 1996).
One of the most realistic models used in many Molecular Dynamics simulations
is the model by Cundall and Strack (Cundall et al., 1979) where static friction is
described by means of a spring acting in the contact plane. The spring is initialized at
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the time of first contact, t = 0, and exists until the surfaces of the particles separate
from one another after the collision. The elongation
Zt
ζ(t) =

g t (t0 ) dt0

[66]

0

quantifies the restoring tangential force, limited by Coulomb’s friction law, Equation
[65]. The tangential interaction force then reads

F t = −sgn(ζ) min µF n , k t |ζ|
[67]
where kt is a phenomenological constant which characterizes the elastic resistance of
the surface asperities against deformation in tangential direction. Note that the tangential force at some time t∗ , F t (t∗ ), does not only depend on the relative positions and
velocities of the particles at only this time, ξ (t∗ ) and ξ˙ (t∗ ), but on the full history of
the contact, 0 ≤ t ≤ t∗ .
From Equation [67] follows the elongation of the spring |ζ| = µF n /k t in the
regime of sliding, according to the Coulomb criterion. The spring acts as a reservoir
of energy which may be released in a later stage of the collision. As shown below,
this reservoir is the reason why the model by Cundall and Strack is able to model also
negative values of the coefficient of tangential restitution.
We wish to mention also two other models for the tangential force which are frequently used in MD simulations. A more complete overview can be found in (Schäfer
et al., 1996).
In the model by Haff and Werner (Haff et al., 1986), the tangential force is given
by


F t = −sgn g t min γ t g t , µ |F n |

[68]

where g t is the normal component of the relative velocity of the spheres at the point of
contact as defined in Equation [5]. For small relative velocity g t or large normal force
F n the tangential force is a shear damping which grows linearly with the relative
velocity.
The model yields reliable results in MD simulations, in particular in systems where
the particles collide mainly at finite velocities but do not rest statically on each other
as for the case of a sand heap. Problems appear in simulations of static systems as the
model does not consider static friction.
The model by Walton and Braun (Walton et al., 1986) belongs to the class of
hysteretic force laws. The force is not only determined by the particle positions and
velocities at present time, but depends also on the entire history of the interaction.
Suppose at the previous time step of the simulation there acts the tangential force
F t . If both particles slip with respect to each other the tangential force changes to
F t + k t ∆ζ, where ∆ζ is the change of the relative tangential displacement of the
surfaces of both particles, i.e. how far the particle slided since last time step. The
factor k t is not a constant but depends on how the present state was prepared.
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Suppose two particles collide at a certain angle. After the initial contact they have
a nonzero tangential velocity, hence, they slide on each other. This sliding motion
increases the friction force (one could imagine an emerging spring as in the model
by Cundall and Strack). The force is limited by the Coulomb law. If the contact lasts
long enough the motion eventually stops. If (e.g., by external influence) the particle is
now moved in opposite direction the friction force decreases, i.e., it is not immediately
reversed. However, the factor k t has now a different value than for the first part of the
motion. The functional form of k t is chosen in such a way that it enforces the Coulomb
law, i.e., k t = 0 when the friction force assumes its maximal value. It furthermore
depends on the tangential force F ∗ when the last reversal of slipping occurred. Initially
this value is set to zero. Thus,

γ

µF n − F t

t
 k0
if slipping increases F t


µF n − F ∗
kt =
[69]

γ


µF n + F t

t
t
 −k0
if slipping decreases F
µF n + F ∗
with µ being the Coulomb friction constant, k0 the initial tangential stiffness and γ
a numerical parameter of typical value 1/3. The parameters have to be determined
experimentally. The difference of the tangential stiffnesses for the two phases is the
source of energy dissipation.
The model by Walton and Braun is a simple hysteretic force model. More complex
models of this class can be found, e.g., in (Tomas, 2000; Tykhoniuk et al., 2003;
Luding, 2006). For other complex models see (Bartels et al., 2005; Dintwa et al.,
2005).
2.4.2. Pure Coulomb Friction
All realistic models for the tangential force must be limited by Coulomb’s law,
therefore, the following discussion of the limit of pure Coulomb friction applies to
any force model. Let us assume that during the entire collision the particles slide on
each other, that is, the friction force is not sufficient to stop the tangential relative
motion. The force is therefore described by Equation [65], i.e. F t = −sgn(g t )µF n .
We assume nearly instantaneous collisions, that is, the unit vector ~en does not
change during the collision (Becker et al., 2008) and obtain Newton’s law for the
components of the relative velocities :
"
#−1
meff Rj2
Fn
Ft
meff Ri2
n
t
ġ = −
; ġ =
; α≡ 1+
+
[70]
meff
αmeff
Ji
Jj
The parameter α characterizes the mass distribution within the particles. For homogeneous spheres it adopts the value α = 2/7. During the collision the normal component
of the velocity changes by
Z tc
1
F n (t)dt = − (1 + εn ) g n
[71]
(g n )0 − g n = −
meff 0
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Figure 4 – The coefficient of tangential restitution as function of the components of
the impact velocity, g n and g t , in the case of pure Coulomb friction. The relevant
parameters are µ = 0.4 and α = 2/7
and the tangential component after the collision is
Z tc
Z tc
µ
µ (1 + εn ) n
1
F t dt = −
F n dt = −
(g t )0 − g t =
g
αmeff 0
αmeff 0
α

[72]

Using the definition of the coefficient of tangential restitution we obtain
εtC = 1 −

µ (1 + εn ) g n
α
gt

[73]

where the subscript C stands for pure Coulomb regime. Note that this result was derived independently of the functional form of the normal and tangential force laws (see
(Walton et al., 1986; Luding, 1995)). Moreover, εtC depends always significantly on
both the normal and the tangential components of the relative velocity.
According to our basic assumption of pure Coulomb friction the particles slide on
each other during the entire contact, that is, (g t )0 ≥ 0 and εtC ≥ 0. Consequently,
Equation [73] must be cut off :


µ (1 + εn ) g n
t
εC = max 0, 1 −
[74]
α
gt
Figure 4 shows the coefficient of tangential restitution, Equation [74] as it follows
from the simple Coulomb law.
Equation [74] is the simplest expression for the coefficient of tangential restitution.
It turns out that it is a rather good approximate description. A similar approximation
where, instead of the limit of zero in Equation [74] a constant from the interval [−1, 1]
was assumed, was used in event-driven MD, e.g. (Walton et al., 1986; Luding, 1995;
Herbst et al., 2000; Herbst et al., 2005), where the justification of this approximation
was not considered.
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Figure 5 – Coefficient of tangential restitution for the collision of identical steel
spheres of R = 2 cm (Y = 210 GPa, ρ = 7850 kg/m3 , and ν = 0.3, α = 2/7)
as a function of the impact velocities, εt (g n , g t ). Dissipation in normal direction was
neglected, the tangential spring constant was k t = 1012 kg/sec2 , the friction constant
was µ = 0.4

2.4.3. Static friction
Let us consider an isolated pair of viscoelastic, frictional particles. The interaction
force in normal direction is given by Equation [30] while for the tangential force we
assume the model by Cundall and Strack, Equation [67].
Newton’s equations of motion, Equations [70], can be solved numerically to obtain
the coefficient of tangential restitution as a function of the components of the impact
velocity and the particle material constants. Figure 5 shows εt (g n , g t ) for material
parameters of steel.
It turns out that εt (g n , g t ) resembles the coefficient εtC (g n , g t ) of the simplified
model discussed in Section 2.4.2 in a wide range of impact velocities. Significant
deviations are found only in the region of small g t where also negative values of εt
are found which is a typical signature of static friction behavior. In difference to the
model of pure Coulomb friction, here εt is not cut-off at some value, but the plateau
comes from the inherent dynamics of the Cundall-Strack model and the corresponding
equation of motion. The plateau at εt ≈ 0 as well as the oscillations for small g t can
be understood from the analysis of the scaled equations of motion given below.
The complex behavior of the tangential motion which is apparent already in the
oscillations for small g t in Figure 5 is caused exclusively by the tangential interaction
force (see below). For the subsequent analysis, therefore, we neglect the damping
of the motion in normal direction, A = 0. The system behavior will be the same
for A > 0 since (naturally) the normal and tangential forces are perpendicular to
one another and, thus, do not interfere (see (Schwager et al., 2008a) for a detailed
discussion).
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Figure 6 – The coefficient of tangential restitution as obtained from the numerical
solution of the scaled equation of motion, Equation [77]. For explanation see text

We write the equations of motion in a more convenient way,
ξ¨ + βξ 3/2 = 0 ;


µβ 3/2 k t
ζ = 0;
ζ̈ + min
ξ ,
α
αmeff
with

˙
ξ(0) = 0 ; ξ(0)
= gn
ζ(0) = 0 ; ζ̇(0) = g t

[75]

1/2

β≡

Reff
2Y
2
3 (1 − ν ) meff

[76]

We introduce scaled variables, x ≡ ξ/ξscale = ξ/(g n )4/5 β −2/5 , z ≡ ζ/ξscale and write
time derivatives with respect to scaled time t/tscale = t/β −2/5 (g n )−1/5 to obtain the
equations of motion in the form (Schwager et al., 2008a)
ẍ + x3/2 = 0 ;
µ

x3/2 , κz = 0 ;
z̈ + min
α
with
κ≡

x(0) = 0 ; ẋ(0) = 1
z(0) = 0 ; ż(0) =

kt
αmeff β 4/5 (g n )2/5

gt
gn

[77]

[78]

Hence, the scaled problem contains only three parameters : µ/α, κ, and the ratio
g t /g n . Figure 6 shows the solution of Newton’s equation of motion in the reduced
variables. As shown in the example, Figure 5, for sufficiently large values of g t or
g n we obtain a very small coefficient of tangential restitution, εt ≈ 0. For small
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Figure 7 – During the collision the tangential force according to Equation [67] may
switch multiple times between the Coulomb regime, F t = ±µF n and the CundallStrack regime, F t = −k t ζ. The figure shows the number of switching events during
the collision as a function of the system variables κ and g t /g n for identical homogeneous spheres (α = 1/7) and µ = 0.4. The numbers in circles indicate the number of
switching events

g t /g n or large κ corresponding to a stiff tangential spring, the plot reveals the typical
oscillations.
Depending on the parameters of the motion κ, µ and g t /g n the motion of the
particles during contact can be complicated. For sufficiently high scaled elasticity κ
during the collision the tangential force, Equation [67], may switch multiple times
between the Coulomb regime, F t = ±µF n , and the Cundall-Strack-regime, F t =
−k t ζ (see Figure 7). For large values of g t /g n & 3 we see that the collision takes place
entirely in the Coulomb regime, except for very small values of κ. This corresponds
to the upper region in Figure 6 where the resulting coefficient of restitution is almost
zero. For larger values of κ, depending on g t /g n the force switches repeatedly between
the regimes. An even number of switching events leads to a positive value of the final
tangential velocity and, thus, to εt > 0 whereas an odd number leads to εt < 0.
As in experiments one can observe both regimes, εt < 0 and εt > 0, the explained
oscillations are not artifacts but reflect true physical behavior.
The obtained function ε (g n , g t ) as shown in Figure 5 (in natural variables) and
Figure 6 (in general variables) can be directly used in event-driven MD simulations.
To this end, the function ε (g n , g t ) has to be represented in a suitable form such as a
numerical table or a 2D spline function.
More results on the complex behavior of the tangential motion and the corresponding coefficient of tangential restitution for various tangential force models, including
the analysis of the time dependent force and discussion on the limiting properties can
be found in (Schwager et al., 2008a; Becker et al., 2008).
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3. Event-driven Molecular Dynamics
3.1. General scheme of event-driven MD
The general scheme of event-driven MD is rather simple, although it turns out that
an efficient algorithm which is suitable for practical work is by far more complicated
than traditional MD algorithms. In this section we describe only the principle of eventdriven MD. The algorithm explained here would operate, but it would run extremely
inefficient. Therefore, it is not suited for direct application. Section 3.4 is devoted to
a brief explanation of the details of an efficient event-driven MD algorithmic which is
capable of solving systems of Millions of particles.
The simplest event-driven MD algorithm runs as follows :
Initialize the positions ~ri , velocities ~vi and angular velocities ω
~ i of all N particles at time t = 0
2. Determine the time t∗ > 0 when the next collision in the system occurs, i.e.,
the time
1.

t∗ = min (tij > 0 : |~ri (tij ) − ~rj (tij )| = Ri + Rj , i, j = 1, . . . , N )
3.

Determine the positions of all particles at time t∗ . In the absence of external
fields these positions are given by
~ri := ~ri + (t∗ − t) ~vi , i = 1, . . . , N

~ by
or for a constant external field, e.g. gravity G,
1~ ∗
2
~ri := ~ri + (t∗ − t) ~vi + G
(t − t) , i = 1, . . . , N .
2
4.

5.
6.

Compute the new velocities and angular velocities of the colliding particles I
and J by means of the collision law [80] (see below)
~vI := ~vI (~vI , ~vJ , ω
~I, ω
~J) ;

~vJ := ~vJ (~vI , ~vJ , ω
~I, ω
~J)

ωI := ωI (~vI , ~vJ , ω
~I, ω
~J) ;

ωJ := ωJ (~vI , ~vJ , ω
~I, ω
~J)

∗

Update the system time, t := t .
Proceed with step 2 of the algorithm.

Compared with traditional force-based MD this algorithm is favorable in several
respect :
1) The interaction force as a function of the particle positions and velocities is not
needed. The coefficients of restitution εn and εt may be determined experimentally as
functions of the relative velocity ~gij and can be used in form of fit-formulae.
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2) The computational effort is determined by the number of collisions. No computer time is needed to calculate the particle positions and velocities between collisions.
In difference to force-based Molecular Dynamics the system time does not propagate
by a fixed (or adaptive) time step but according to the sequence of collision events.
Therefore, such algorithms are called event-driven algorithms. The lower the particle
number density of the system the more efficiently event-driven Molecular Dynamics
performs as compared with force-based Molecular Dynamics.
As the main condition for the application of event-driven Molecular Dynamics it is
required that at each time at most one collision occurs. This condition is identical
with the premise that collisions occur instantaneously, i.e., the duration of collisions is
negligible. A method which partially considers the duration of collisions was proposed
in (Luding et al., 1998; Luding et al., 2003) (see Section 3.4), in general, however, the
simulation result will turn incorrect if the precondition of independent collisions is
substantially violated. In Section 3.3 we analyze in detail an example when eventdriven MD fails.

3.2. Collision rule
To derive the post-collisional velocities from the pre-collisional values, needed in
step 4 of the algorithm described in the previous section, we start from the relative
velocity at the contact point, ~gij , given in Equation [4] and the definitions [5] of its
components, ~gijn , ~gijt and of the coefficients of restitution ε n and ε t , Equations [6].
Consider the point of contact as the center of rotation. Since the contact area is
assumed to be infinitesimally small, none of the forces acting on the particles causes
a torque. Consequently, there is no angular momentum transfer between the particles.
Thus the angular momentum relative to the contact point as the center of rotation is
conserved for each particle separately. Therefore, there are three vectorial conservation laws, one for the linear momentum and two for the angular momenta :
mi~vi0 + mj ~vj0 =mi~vi + mj ~vj
mi Ri~eijn × ~vi0 + Ji ω
~ i0 =mi Ri~eijn × ~vi + Ji ω
~i

[79]

mj Rj ~eijn × ~vj0 − Jj ω
~ j0 =mj Rj ~eijn × ~vj − Jj ω
~j
The details of the rather tricky solution of the set of equations [79] for the postcollisional velocities and angular velocities can be found in (Pöschel et al., 2005).
The solution reads
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meff
(1 − ε t ) t
n
n
~gij
= ~vi −
(1 + ε ) ~gij +
mi
1 + Jˆeff


meff
(1 − ε t ) t
~vj0 = ~vj +
~gij
(1 + εn ) ~gijn +
mj
1 + Jˆeff

857

~vi0

ω
~ i0


Jˆi
meff
= ω~i +
1 − εt ~eijn × ~gijt
Ri mi 1 + Jˆeff

ω
~ j0 = ω~j +

[80]


Jˆj
meff
1 − εt ~eijn × ~gijt
Rj mj 1 + Jˆeff

where
m

eff


≡

1
1
+
mi
mj

Jˆeff ≡ meff

−1

Jˆj
Jˆi
+
mi
mj

!

mi Ri2
with Jˆi =
Ji

[81]

Equations [80] provide a solution for 12 unknown variables, namely 2 × 3 velocity
components and 2 × 3 components of the angular velocity. To provide a unique solution, 12 scalar equations are, thus, necessary. So let us count the number of equations.
The conservation of total linear momentum and total angular momentum provide 6
equations. For conservative systems there is an additional equation for the total energy,
however, granular systems are not conservative. The latter equation is, thus, replaced be equations involving the coefficients of restitution (see below). Consequently,
at first glance the system looks underdetermined, as 6 equations are missing. For the
derivation of [80], however, further assumptions have been made : The hard-sphere assumption implies point-like contact of the colliding particles which implies in its turn
that the angular momentum is conserved for both particles separately. Thus, instead
of three equations for the total angular momentum, there are six equations. Equations
[79] show all 9 equations due to conservation laws. Still there are three equations
missing.
These three equations correspond to energy. As a particularity, here it is distinguished between energy dissipation due to the normal motion, characterized by εn and
energy dissipation due to the tangential motion, characterized by εt . How can these 2
coefficients represent 3 equations ? Let us define a coordinate system whose z-axis is
aligned with the direction ~ri −~rj , i.e., with the direction normal to the particle contact.
The x-axis is parallel with the tangential velocity, g t , and the y-axis is perpendicular
to g t and ~ri − ~rj . Therefore, the pre- and post-collision velocities in z-direction are
related by εn , the velocities in x-direction are governed by εt and the velocity in ydirection is zero before and after the collision. Thus, indeed, εn and εt stand for three
equations.
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Hence, there is no magic behind the derivation of Equations [80] : from 12 equations, 12 post-collision velocities are determined.
There are two idealizing assumptions which have been exploited for this derivation. First is was assumed that the energy dissipation is governed by three separate
equations, whereas in mechanical systems the energy consumption is governed by
one equation only. This statement implies that the coefficients of restitution in normal and tangential direction, εn and εt are not independent from each other. The
second assumption concerns the point-like contact : Realistic materials interact by
deforming one another, thus the contact area is not point-like. Therefore, the particles
exert torques on one another and, thus, the angular momentum is not conserved separately for each particle. To abstain from the assumption of point-like contact requires
the full solution of the contact of rotating soft spheres (including surface interaction),
which is, as of now, an unsolved problem. Insofar, [80] is an approximation.

3.3. Limitations of event-driven MD
The main precondition for applying event-driven MD is the assumption that particles collide exclusively pairwise which is equivalent to the assumption of instantaneous collisions. In reality, however, the duration of contacts is finite, therefore this
precondition can only be an approximation. The main reason for this restriction is
the definition of the coefficient of restitution and its relation to the interaction forces.
Remember that the coefficient of normal restitution for the linear dashpot force, Equation [13], and for viscoelastic spheres, Equation [44] have been derived for an isolated
pair of colliding particles. If we apply the collision rule, Equation [8], blindly to a
system where the above precondition is violated, we may obtain incorrect results. For
simple systems such as a granular gas, it is possible to estimate the frequency of multiparticle collisions by a simple argument : consider a pair of colliding particles. What is
the probability that a third particle hits one of the colliders during the collision time ?
Obviously, this probability is a function of the particle number density and the particle
sizes, see (Brilliantov et al., 2004) for a detailed discussion. For the application of
event-driven simulations, therefore, we have to assure that (f3 + f4 + . . . )/f2  1,
where fi is the frequency of an i-particle collision. On the other hand, the requirement
for exclusively pairwise collisions looks more restrictive than it is. Typical granular
particles are rather stiff such that the duration of collisions may be extremely short.
Here we present a quite simple example where the above assumptions will not
hold and we will elucidate some of the rather complex consequences of this misuse.
Consider a set of two vertically aligned spheres of mass m1 and m2 or radii R1 and
R2 respectively with m1  m2 consisting of the same material with an initial vertical
distance dh in the presence of gravity (see Figure 8). At time t = 0 we release both
spheres to collide with the floor. We compute the final velocity of the upper sphere,
first in terms of event-driven MD and then by MD using the interaction forces. As the
coefficient of restitution has been computed for this force model, both results should
agree.
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m2

z2(t)
dh {
z1(t)

m1
g

Figure 8 – Two spheres with radii R1 and R2 respectively and a small vertical distance
are colliding with the floor
p
The lower sphere reaches the floor at time t10 at velocity v10 = − 2g(z1i − R1 )
0
and is reflected at v10
= −εn v10 . z1i denotes the initial height of the lower sphere. At
t12 = t10 − dh/(v10 (1 + εn )) ≡ t10 + ∆t the spheres collide, at velocities v12 =
−g∆t2 + v10 and v21 = −gt12 for the lower and upper sphere, respectively. From
0
= −εn vij and conservation of momentum we obtain the final velocity of the
vij
upper particle
m2 v21 + m1 [v12 + εn (v12 − v21 )]
0
[82]
v21
=
m 1 + m2
Now lets compute the same velocity by directly solving Newtons equations of motion,
m1 z̈1 + m1 g − F12 + F01 = 0 ;

m2 z̈2 + m2 g + F12 = 0

[83]

using the linear dashpot force Fij (ξij , ξ˙ij ) = min[0, −kξij − γ ξ˙ij ], where ξ12 (t) =
r1 + r2 − |z2 (t) − z1 (t)| and ξ01 (t) = r1 − z1 (t). Keeping the elastic parameter
k fixed, by adjusting the dissipative parameter γ we can specify the coefficient of
restitution to any desired value by means of Equation [13]. Defining tf as the time
of the last interaction between the spheres (there may be more than one, see below),
before the lower one reaches the floor for the second time, we find the MD equivalent
0
v2 (tf ) of the final velocity v21
in Equation [82].
To compare both results we specify some coefficient of restitution εnspec and determine v2 (tf ) by integrating the equations of motion, Equation [83]. Then we ask
which effective value εneff would yield the same final velocity in the approximation of
instantaneous collisions, underlying event-driven MD. Thus, εneff /εnspec = 1 indicates
that MD and event-driven MD yield the same result. Any deviation from εneff /εnspec = 1
means that the precondition for applying event-driven MD is violated.
Figure 9a shows εneff /εnspec as a function of the initial distance dh between the
spheres for R1 /R2 = 10 and εnspec = 0.9. Obviously, εneff /εnspec 6= 1 in the entire
range of dh. Moreover, this ratio depends in a complicated way on dh, that is, for any
value of dh we would need a different value for the coefficient of restitution to obtain
equivalent results from MD and event-driven MD. Figure 9a shows also the number of
contacts between the spheres while the lower one is in contact with the floor (dashed
line) : While under the instantaneous-collision assumption there is only one contact as
explained above, MD reveals multiple collisions.
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Figure 9 – a) εneff /εnspec and number of contacts as a function of dh (parameters see
text) ; b) number of contacts (greyscale) as a function of εnspec and R1 /R2

Event-driven MD is only justified for larger dh where εneff /εnspec → 1 since for
large dh the collision of the lower particle has accomplished right before it gets into
contact with the upper sphere and, thus, the independent-collision assumption is justified. Figure 9b shows the number of contacts between the spheres as a function of
εnspec and R1 /R2 . The picture demonstrates the complexity of the pretended simple
problem considered here. The arising multiple collisions and, hence, all details of the
complex collision are ignored when using event-driven MD albeit its preconditions
are not granted.

3.4. Simulation techniques
Even driven molecular dynamics simulates one collision event after the other. The
particles are placed at the position of their last collision once the corresponding event
has been handled. In such a case, the parameters of a particle, e.g., its velocity and
angular velocity, usually have changed and the event managing system must update
the list of possible events to find the event that should be simulated next, i.e., it has to
check with which other object in the simulation scenario the lately collided particles
will interact in the near future. The simplest algorithm would test all pairs (i, j) with
i being one of the collided particles and j 6= i any other object, insert all possible
collision events into a suitable data structure, and report the one with shortest time.
Because the particles change their trajectories due to collisions, the data structure
might contain events which are no longer valid, these must be detected and either
eliminated or, at least, not be handled as a regular collision. Elimination would require
to remove all events where i is involved once i has collided and before its new event list
is incorporated. This may be an expensive operation in terms of run-time, therefore,
one might use the following approach (Marín et al., 1993) : each event in the data
structures maintains a collision counter ; an event is only valid if the collision counter
of the event is not smaller than the true collision number of the involved particles.
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Obviously, there are three possibilities for optimization : reduction of the number of pairs that must be checked to find new events, implementation of an efficient
data structure for the event handling, and avoidance of invalid events. The next three
subsections provide solutions for these three cases. Afterwards, some numerical issues
that one may run in trying to implement an event driven molecular dynamics simulator
are discussed.
3.4.1. Space subdivision
Let N (i) denote the list of all neighbors of a particle i, i.e., N (i) contains all
objects j that may have a collision with i. Those objects may be either other particles,
container walls, or other obstacles. Obviously, without any acceleration method, all
other objects in the simulation are such candidates and hence elements of N (i). To
reduce the size of N (i) the simulation volume can be divided into small areas, and the
neighbors of i are defined as those objects j that may collide with i where neither i nor
j must leave their area. In case of spherical particles, here we mean that the center of
the particles stays in the area. Other objects, such as (possibly curved) container walls
may be present in more than one area. The simplest subdivision scheme uses a regular
grid where a particle belongs to a grid cell whenever its center is located within the
cell. Then, the neighbors of i are all particles in the same cell and the 26 adjacent cells.
To proceed correctly with the event driven simulation box change events have to be
introduced, which serve to update implicitly the neighborhood relation and must be
used explicitly to introduce possible new events.
Such a space subdivision introduces a trade-off. Small neighborhood lists translate,
on the one hand, to few candidates for a collision, but lead, on the other hand, to more
cell changes in regions where the density of the particles is not sufficiently high.
The optimal cell size for the grid is difficult to estimate : it depends on the distribution of the particles during the simulation and the distribution of the particle sizes (a
cell cannot be made smaller than the (largest) diameter of a particle, or particles in not
directly adjacent cells must be considered as neighbors as well), the implementation
of the iterators of how to enumerate all elements of N (i), and the relative computation
cost between a cell change event and a possible event calculation. A simple theoretical estimate shows that the number of boxes should be approximately identical to the
number of particles (Pöschel et al., 2005) which agrees with experiments (Marín et
al., 1995) showing that for dense systems the cell size should be as small as possible,
for sparse systems the answer is not uniform. Note, that after a box change one has
to iterate only over newly added neighbors, which reduces on average the number of
cells to visit by a factor of roughly 2.
Storing all spacial grid cells explicitly might exceed the storage capabilities of the
computer if the simulation area is huge while the particle density is small, such that
most of the areas are empty. In that case, the data structure of a hash-table is one
of the possibilities (Marín et al., 1996). Such a hash-table maps a key—in our case
the cell index—into an associative data structure, such that operations for the key,
e.g., whether there exists an element with that key, or inserting a new element with a
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certain key, can be performed fast, especially the retrieval operation is expected to run
in constant time, at least on average. To solve the conflicts when two different keys are
mapped to the same hash value, different strategies are available, e.g., chaining, open
addressing (Knuth, 1997), and the relatively new concept of cuckoo hashing (Pagh et
al., 2004).
Hash-tables do have disadvantages as well. For the nature of their purpose, they
usually have poor locality properties, i.e., the entries are scattered into the memory,
so that iterations to find adjacent cells necessarily cannot take good advantage of the
memory cache systems. The computation of the hash values takes an extra amount of
time, however, for the index conversion needed for mapping the cells hash functions
with low computational cost and good hashing behavior are known (Knuth, 1997) (and
implementations by Jenkins, Hsieh, Fowler and others).
As an alternative implementation data structures like self-balancing binary search
trees, skip lists, B-trees, and others can be used (Knuth, 1997). These data structure
achieve worst case O(log n) operations, require only linear amount of space, and provide fast access to neighboring elements which may result in fast iterators as needed
in the grid approach. The trade-off between hash-tables and trees has not yet been
analyzed in the context of event driven molecular dynamics simulations (at least to
our knowledge).
3.4.2. Priority queue
Event driven simulations first compute the shortest time for each interacting object,
e.g., a particle, where some event must be processed next. That is, first the individual
next event is identified for each particle ; then the globally next event is found among
all these individually closest events. The globally next event should then be handled
first. Both steps are repeated as long as the simulation runs.
The basic operations required for a suitable data structure are : (i) addition of a
new event in the data structure possibly removing an event already present for the
same object, and (ii) identification and removal of the event with shortest time. These
requirements define the basic behavior of a priority queue. Classical implementations
of priority queues include implicit heap (or tournament trees or complete binary tree),
leftist trees (Knuth, 1997), binomial queues (Brown, 1976), pagodas (Francon et al.,
1978), skew heaps, splay trees (Tarjan et al., 1985), and pairing heaps (Fredman et
al., 1986), which all have O(log n) (at least amortized) run time per operation where
n indicates the number of current entries in the data structure. Space requirements are
in all cases linear in n.
For a practical implementation of a priority queue in the context of molecular
dynamics, several special features of the nature of the simulation can be exploited : the
maximum number of events to be stored in the queue is known beforehand ; the time
of an event which should be inserted into the queue is always later than the last event
removed from the queue ; there exists a constant ∆t or there can be established such a
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constant, that the last event in the queue has at most a constant temporal distance from
the current minimum.
Knowing the maximum size of the queue allows to embed the implicit heap into
arrays with fast access and relatively simple update operation which makes this type of
priority queue implementation especially attractive for event driven molecular dynamics. A newly inserted element in the tree does not need to propagate to the root unless
a new minimum is inserted. Both facts have been extensively analyzed in (Marín et
al., 1995) which concludes that the complete binary tree seems to be the best choice.
A recent article (Paul, 2007) introduces a priority queue implementation which
takes advantage of the increasing time stamps of the events and the constant ∆t. They
achieve almost constant time update operations. Instead of using a priority queue for
all events, only a small constant size queue is maintained. To achieve that there exists
always a sufficiently small subset of events which are known to be candidates of this
small queue, the events are stored in a circular buffer of lists each containing the
events with time stamps that fall into a given interval. Once the small priority queue
becomes empty, the circularly next list is converted into this queue. In our opinion,
the article makes an additional implicit assumption which has not been clearly stated :
the distribution of the time stamps (keys) to be introduced into the priority queue is
close to uniform. Such a distribution is needed to argue that the sort into independent
lists does not lead to the situation that all events must be packed into the same list.
The memory requirements are not linear in the number of particles any more. The
authors state a significant increase in memory consumption which might doom the
method to be impractical for simulations with a huge number of particles. It might be
interesting to take a look into the van Emde-Boas-tree (van Emde-Boas et al., 1977)
implementation of priority queues which have O(log log n) worst case operation cost
and almost linear space requirements at least for sufficiently large trees under the
bounded key condition.
3.4.3. Potential collider graph
To avoid invalid entries in the priority queue and to reduce the size of the queue,
one can exploit another trade-off introducing a further data structure : the potential
collider graph. Such a graph is a data structure where the nodes represent the particles
and an edge is introduced between two nodes i and j whenever j has i as next collision
partner. In other words, the graph maintains for each particle i a list of potential colliders P (i), that is, a list of all particles that have i as next collision partner. Obviously,
P (i) is a subset of the neighbors N (i).
The priority queue holds only one event per particle. After a collision has been simulated the involved particles and their potential colliders must be updated. Usually,
the number of potential colliders is small and definitely bounded by the size of N (i)
which is a constant. Hence, the introduction of the graph does not change the asymptotic behavior of the run time. However, one has to trade in the additional effort of
updating the potential colliders and maintaining the graph data structure with the re-
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duction of the size of the priority queue to a fixed size and the total avoidance of
invalid entries.
A mixture of both strategies would maintain the small number of all possible partners in an ordered linear list at each particle and use the potential collider graph to
identify the particles that must update their possible event list immediately, similar to
the ideas presented in (Marín et al., 1993). In this update process, the recently collided
particles are either removed from the list or moved to another position in the list when
they still count as possible collision candidates. Using a linear list allows for deletion
of other invalid events on the fly with almost no additional cost.
3.4.4. Numerical issues
Real numbers are usually represented by floating point numbers with a finite precision on the hardware of any computer (Goldberg, 1991). This necessarily makes rounding unavoidable. Almost all modern microprocessors offer four rounding modes :
round to nearest (representable value), round toward 0, round toward infinity, and
round toward minus infinity, as specified by the IEEE 754 standard. Numerical stability, that is, guaranteed behavior of the algorithm with known error bounds on the
results despite of the rounding of intermediate values, is a desired property of any
numerical algorithm and extensively studied in mathematical research. Obviously, the
selection of a numerically stable algorithm is an essential subtask in the process of
designing software for physical simulations. For instance, solving a simple quadratic
equation to compute the collision time of two possibly colliding particles needs some
special effort (Blinn, 2005).
However, in this section rather than dealing with this general problem, we focus
on two issues which have to be taken into account in the implementation of an efficient event driven molecular dynamics simulator on modern microcomputers : how to
handle the results of a numerically stable collision time algorithm, and how to handle
excess precision offered by a variety of hardware/compiler combinations (most of the
examples are taken for the common combination Intel x86 architecture with Gnu C++
compiler).
A numerically stable algorithm usually returns as result a floating point value
which lies as close as possible to the real result. Hence, the value can be either larger
or smaller than the full precision (analytical) solution. This means for the collision
time routines employed in an event simulation that moving the particles to the position of their collision may produce a tiny overlap. Such a tiny overlap must be dealt
with because otherwise the program might get trapped in an infinite loop (the particles
remain entangled). Several ideas suggesting what to do once an overlap (after having
simulated the event) has been detected have been published. They include : shrinking
temporarily or permanently the participating particles so the overlap disappears, etc.
(Pöschel et al., 2005).
We propose to maintain the invariant in the simulation that there is never any overlap. To ensure that the solutions as computed with the collision time routines do not
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produce an overlap, this fact is checked before the actual collision is simulated once
the corresponding event takes its turn, i.e., the collision is tried within the collision
time routine. If an overlap is detected, an earlier collision time is computed by stepwise
enlarging temporarily the participating objects. If the latter is not possible, because
such an enlargement already would produce an overlap, the collision is enqueued into
a data structure for events that should be simulated immediately on place (the objects
are not moved). If in this data structure an object appears more than once, a situation
has occurred where more than one interaction takes place with the same object at the
same instant of time, at least, in terms of time resolution of the simulation, i.e., eventdriven molecular dynamics has reached its limits. Note that this approach is capable
to detect the collapse situation as described for instance in (Zhou et al., 1996), in such
cases the method presented in (Luding et al., 1998), i.e., introducing one or a few
elastic collisions, might be an alternative to proceed with the simulation.
Excess precision refers to the extension of certain processors (e.g. the x86 Intel
family) that internally work with floating point numbers of 80 bits instead of the usual
double precision using 64 bits. Due to the fact that all data that is transferred from a
FPU register to memory is rounded to 64 bits somewhat strange effects can be observed, of which we mention a few. First of all, the IEEE standard does not guarantee that
the same program will deliver identical results on all conforming systems. Among the
reasons are : the conversion of numbers between decimal and binary formats is not
completely specified, elementary functions supplied by a system math library are not
specified at all. Moreover, even a program that uses only the numeric formats and
operations prescribed by the IEEE standard can compute different results on different
systems (Verdonk et al., 2001a; Verdonk et al., 2001b). One of the reasons is that the
destination where the standard compliant operation is stored may not be accessible by
the users program, as for instances, it is the case with the register stack in the x86 FPU
architecture, or with an implementation of a combined multiply-and-and instruction
where the intermediate result is not accessible.
Floating point computations compiled with more or less optimization and/or with
debugging enabled may produce slightly different results. It may happen that the optimization holds intermediate results in 80–bit FPU registers and spill code which stores
such values to memory is introduced in a different manner. Besides that spilling introduces rounding, it may happen, that the value is actually rounded twice : once to the
extended precision when the actual operation is performed, and afterwards to double
precision when the value is stored, and the combination of both roundings may differ
from a direct rounding to double precision format. The Gnu C++ compiler offers the
-ffloat-store option to suppress this optimization for user declared variables, however
intermediate values introduced by the compiler still may exhibit this behavior.
The possibility offered by some systems to generally switch off the extended precision mode, does not help in all cases, because it might happen that either the systems
math library relies on extended precision features of the hardware, and that trigonometric functions available in hardware still use internally extended precision when run
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Figure 10 – Example simulation : Flow of N = 105 particles on a inclined plane. The
snapshots are taken after 0, 105 , 106 , 5 × 106 , and 2 × 107 collisions (from top to
bottom)
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on such an FPU. The issue becomes even more complicated when the compiler does
not comply completely to the standard.
One important rule that should be followed is, that the programmer has to take care
that exactly the same code is executed whenever the same result is expected. It is not
sufficient to achieve this with syntactically equal code segments written in the high
level language. One has to make sure that the compiler generates for both apparently
equal code fragments exactly the same low level instructions, for instance by using an
object oriented approach with libraries avoiding to certain extend excessive inlining.
3.4.5. Simulation tool
As a simple example of event-driven MD, the sequence of images in Figure 10
illustrates a simulation run using the described implementation. algorithm. Granular
material consisting of N = 104 particles is dropped onto an inclined plane in the presence of gravity. The five snapshots are taken after 0, 105 , 106 , 5 × 106 , and 2 × 107
collisions (counting pair collision between particles and between particles and the
plane). The coefficient of normal restitution was εn = 0.95. The plane was slightly
heated to introduce some energy (vibration of the plane would be an alternative). Finally, the particles gather in the lower right corner.

4. Conclusions
We analyzed the interaction forces in normal and tangential direction for granular
particles and derived the corresponding coefficients of normal and tangential restitution as used in event-driven Molecular Dynamics simulations. The algorithm of an
efficient event-driven MD was explained, including some advanced simulation techniques. By means of some examples it was demonstrated that event-driven MD is
a powerful numerical tool yielding reliable results, provided the preconditions of its
application are fulfilled.
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