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The underlying structure in apparently “randomly-packed” packed beds is a subject of topical interest, particularly in the context of deep processing, such as deep hydrodesulfurization. Packed beds typically exhibit
“packing defects”; for instance, surface abnormalities such as a slope, a bump (convex surface), a hollow
(concave surface), or even donut-shaped rings on the top surface of a packed bed. While these defects are
observed at the top free surface of the packed bed, there are concerns that this may continue to propagate down
the height, and in turn, cause local flow variations and differential wetting, which affect reactor performance,
catalyst life, and formation of local hot spots. These defects come because of different protocols that are followed
for packing particles, which are mainly developed out of empiricism since the physics of granular flow in
confinements (such as a vertical cylindrical reactor vessel) is as yet not well understood. Earlier work on the
structure of packed beds relates only to the spatial distribution of voidage, and not on how the particles are
arranged with respect to each other in the reactor. This work is an attempt in that direction. We present first the
use of Sequential Ballistic Deposition (SBD) algorithm to model the packing process itself, i.e., how the method
of packing (modeled in this work through some simple protocols) yields a certain structure of the bed. Second,
we show the use of Voronoi tessellation and the use of two of the Minkowski tensors (the Volume Moment Tensor
and the Surface Orientation Tensor) to characterize the packed bed structure. Further analysis is presented which
shows that we are able to fingerprint the packed bed formed through different packing methods, hence creating a
link between the two.
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Nomenclature

Dpar
Dbed
γ
S1
S2
S3
S4
K

K
W02,0
W10,2
β

Diameter of particle
Diameter of bed
Dpar /Dbed
Rain Source
Point Source
Ring Source
Ring (r = R/2) Source
Any convex body

ann

ann
z
iso

iso
r
iso

1. Introduction

Bounding Surface of convex body K
Volume Moment Tensor
Surface Orientation Tensor
Isotropy
Isotropy for the annular region
Void fraction for the annular region
Angle of Isotropy with vertical direction
Angle of Isotropy with azimuthal direction
Angle of Isotropy with radial direction

in the literature on packing characterization have been focused on void
fraction profiles, most notable works in this direction being those of
Müller [9] and de Klerk [10]. However, we assert here that the relevant
micro-structural properties of the packed beds extend far beyond the
void fraction profiles. To capture these properties, analysis of Voronoi
and Radical tessellation of the structure have recently been taken up
[11,12]. These works looked at topological and metric properties of the
cells to characterize the packings. However, these properties do not link
directly to the orientation and distribution of voids around a particle.
A relevant question to ask is: do these minor characteristics of voids,
distributed in three dimensions, really affect the reactor performance?
The answer lies in the level of conversion and bed activity that one is
interested in. At conversion levels of below 90%, bed structure may
play a lesser role, and any reactor design based on an average voidage
value would suffice. However, when one is interested in deep conversion, such as those relevant to deep hydrodesulphurization, small variations in voidage, flow paths, preferential wetting, etc. would affect the
local bed behaviour, and in turn, overall reactor performance.
Another aspect of a packing that remains overlooked in literature is
the effect of the method of packing on the resulting packed structure.
Different packing methods can lead to different surface abnormalities
(“packing defects”) such as a slope, a bump (convex surface), a hollow
(concave surface), or even donut shaped rings on the top surface of a
packed bed. While these defects are observed at the top free surface of
the packed bed, there are concerns that this may continue to propagate
down the length of the packed bed. In turn, they cause flow abnormalities and are expected to affect reactor performance. Further , it is
envisioned that during the run-time of the reactor, the chemistry of the
process (including catalyst deactivation reactions) play out in a complex way when overlaid on the hydrodynamics which may already be
adversely affected due to packing abnormalities elucidated above. This
causes a progressive degradation of reactor activity. An introductory
effort has been made by Smid et al. [13] in this direction, wherein they
studied the effect of filling technique on the local density in a twodimensional reactor. A detailed modeling of the pore network that takes
into account directional properties, pellet geometry and method of
packing the particles is required.

Nearly every petroleum refinery in the world employs Trickle Bed
Reactors (TBRs) for processing of crude oil and its derivatives. Stringent
government norms on gasoline and diesel, owing to environmental
pollution concerns, are pushing the refining industry to enhance the
performance of hydrodesulphurization reactors. This is practically true
for reactors involved in deep processing. The volumetric productivity of
these packed bed reactors, essentially made of impregnated catalyst
particles, is related to the uniformity of the flow in them. It is clear that
when we go in for such deep hydrodesulphurization and fine polishing,
every little bit of bed uniformity matters, since the local transport effects (catalyst wetting and external mass transfer) are intimately connected to the local bed structure. Thus, uniformity and homogeneity in
the packed bed at the catalyst particle scale is not only desirable, but
also necessary. This calls for a way to characterize the spatial distribution of packings in a packed bed. Assessment of the three-dimensional structure of a packed bed is not a trivial problem. Simulating it is
a challenge, and the second challenge is in having the right tools to
characterize the bed arrangement of particles. To date we do not have a
comprehensive method to precisely characterize and fingerprint a
confined packing of particles. This paper is a step in that direction.
While we cannot at this stage present a full treatment on how to fingerprint the packing pattern of a large-scale industrial packed bed, we
do indeed present the method to do so in a cylindrical confinement that
can be taken to represent a laboratory scale vessel.
Flow through packed beds can be modeled either by completely
resolving the particles in the bed [1–6] or by modeling the packed bed
as a porous medium by averaging the transport equations [7,8]. The
latter approach is often favored due to its obvious computational advantage. However, the correct representation of the packed bed is essential for the success of such approaches. Such a representation needs
to account for grain scale characteristics of the packing, which in turn
determines permeability and tortuosity of the pore network formed by
the particles resting in their respective positions as a result of the
packing processes.
Even for the simplest case of spherical particles, most of the efforts

Fig. 1. Schematic showing the three possible events in the SBD algorithm.
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collision, inertia and friction. The simplicity of this simulation technique makes it an effective tool to reduce the parameter space and focus
on topological effects alone. Moreover, the fact that the algorithm
works in an event driven manner makes it significantly efficient compared to the Discrete Element Method (DEM) and Monte Carlo simulations, enabling simulation of packings of the order of millions of
particles in reasonable compute time. Packings of millions of particles
in a TBR would be prohibitively expensive using DEM [19–21]. While
Monte Carlo methods may be faster than DEM [22], obtaining packings
of particles deposited under the influence of gravity is not straightforward. In TBRs packed via sock loading, particles are poured without
significant effort to compact them further than the initial loose packing.
SBD is known to simulate loose packings [23] and this together with its
efficiency makes it an attractive candidate for our present study.
To study the effect of packing source on the confined bed structure,
packed beds were simulated in the range of moderately sized beds,
where γ (Diameter of particle(Dpar )/Diameter of bed(Dbed )) ranges from
0.01 to 0.07 (2.5 million particles for = 0.01 to 10000 particles for
= 0.07) , for four different kind of deposition geometries (a bed smaller
than a γ value of 0.07 would not have statistically significant number of
particles for the characterization procedure mentioned ahead). Monodisperse spheres were deposited in a confined cylinder via, homogeneous rain (S1) of particles from a circular area normal to the axis of
the cylinder, a point source (S2) at a point along the axis of the cylinder
and a circular ring source (S3) with a radius slightly smaller than that of
the confining walls of the cylinder. A fourth source which is also a
circular ring source (S4) of radius half that of the confining cylinder was
also considered. The S4 source was used to study the transition effects
between the point source and the ring source. To simulate packings for
different γ values, the radius of the cylindrical wall composed of very
small spherical particles (deposited before dropping the first moving
particle) was adjusted, whereas the size of the catalyst particle was kept
constant (Dpar = 60 units). A schematic explaining the geometry and
the deposition sources is given in Fig. 2. It is noteworthy that these
spatially localized packing protocols actually represent schematically
the essential patterns of industrial scale bed packing protocols, the
imprint of which is thought to be the cause of “packing anomalies” in
industrial packed beds.

Fig. 2. Schematic showing sources of sedimentation.

Minkowski tensors are known to be suitable in capturing micro
properties of any complex two phase structure [14]. Recently,
Schröder-Turk et al. [15] and Topic et al. [16] have demonstrated the
use of Minkowski tensors to characterize the packings of spherical
particles.
In this work, we characterize packed beds (packed with mono-disperse spherical particles) obtained by filling a cylindrical confinement
(which could be taken as the proxy for a cylindrical reactor vessel)
through pouring sources of different geometries, using Minkowski
tensors. The packing process is simulated using the Sequential Ballistic
Deposition (SBD) algorithm. The characterization methodology followed here captures the effect of the source on the microscopic structure of the obtained packing. Through this analysis, we also suggest the
possibility of cost efficient optimization of a catalyst bed by modification of the deposition geometry.

3. Characterization of the bed
Calculation of void fraction profiles is a ‘first order’ characterization
of a packing and is, of course, widely applied. We have implemented a
linear intersection method described in [24] to calculate spatial void
fraction profiles. However, void fraction profile is far from a unique
description of a packing. In other words, much simpler geometries can
be constructed for a given void fraction data. Void fraction characterization is therefore overly simplistic when complex physics such as
multiphase flow through a porous packing needs to be considered. A
microscopic characterization is therefore imperative and a step in the
right direction towards advanced modeling of porous flow.
In order to capture increasingly complex microscopic features of the
packing, we implement a two-step analysis of the packing. Packed bed
of spheres obtained using the above simulation technique for different
pouring sources are initially partitioned into representative cells using
Voronoi tessellation.1 Voronoi tessellation uniquely divides the cluster
of spherical particles inside the bed into distinct polygonal cells (termed
as Voronoi cells), each consisting of a particle and the set of spatial
points which are closer to the particle inside than to any of its neighbors
(void space around the particle). Subsequently, geometric properties of
the Voronoi cells are computed in the form of second order tensors
known as Minkowski tensors [26–30]. Minkowski tensors are obtained
for a convex cell (also referred to as a Voronoi volume), K, with

2. Simulation method
To simulate particle packing we use the Sequential Ballistic
Deposition (SBD) method, introduced by Visscher et al. [17] and implemented by Topic et al. [18] in its current version. In this model,
particles ballistically fall, and after contacting one or more points on the
existing packing, roll over in the direction of its steepest descent and
continue till a metastable position is reached. All particles are represented by spheres or as a cluster of spheres. In Fig. 1 the three essential ‘events’ that a particle encounters during its ballistic fall are
portrayed. The particle continues to fall (left of the figure) until it
comes in contact with the previously formed substrate at either one
point (middle) or two simultaneous points (right). When it comes in
contact at one point, the particle rolls over in the steepest direction.
When in contact at two points, the particle rolls about the axis connecting the centers of spheres on which these contact points are present.
For three or more non-collinear contacts, the particle assumes a metastable position.
During its descent until it reaches the local minima, the particle
stays oblivious to the dynamic phenomena (force interactions) such as

1

3

The tessellation was created using qhull [25] algorithm.
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Fig. 3. Schematic showing ellipses obtained by operating the first two Minkowski tensors on unit spheres. Left image is the section of a Voronoi cell. Middle image is
an ellipse fitted by moment of volume of the Voronoi cell. Right image is an ellipse fitted by the surface orientation distribution.

bounding surface K by computing the integral of the outer product of
vectors such as the position of points r within a Voronoic volume or
the normal vectors n on the surface of a Voronoi cell. The tensors
provide information regarding orientation and anisotropy of the space
surrounding each particle. Such information about the space surrounding each particle makes the set of Minkowski tensors an ideal
candidate to characterize both the particle and pore network in packed
beds [14]. For a Voronoi cell K with bounding surface K, two of the
Minkowski tensors, namely, the Volume Moment Tensor (W02,0 ) and the
Surface Orientation Tensor (W10,2 ) can be defined as [14]:

W02,0 (K ) =

W10,2 (K ) =

K

1
3

(r

K

r ) dV , and

(n

n ) dA.

tensors. For example, the isotropy of the void spaces within the packings can be characterized by the degree of isotropy (β), defined as the
ratio of the minimum to the maximum eigenvalue of the Minkowski
tensor being used to characterize the Voronoi cell.

=

[0, 1],

(3)

where µmin and µmax are the eigenvalues with respect to the concerned
tensor. The Eigenvector and eigenvalue of the tensors represent the
orientation and magnification of the representative ellipsoids of the
Voronoi cells as discussed earlier. Equal eigenvalues ( = 1) would
imply a sphere (or a cube) suggesting complete isotropy of the cell
shape. The further the value of β from 1, the more anisotropic the cell.
Even if individual Voronoi cells are anisotropic (deviation from
= 1), in the bulk these orientations may average out, suggesting
global isotropy. In order to check global orientation of Voronoi volumes, we compute the angle of isotropy ( iso ) measured as the angle
between a coordinate axis (the vertical axis, for example) and the orientation of the maximal eigenvector (of W10,2 or W02,0 ) of each of the
Voronoi cells. The angle of isotropy therefore varies between 0 (aligned
along the vertical axis) and /2 (aligned along the horizontal), taking
into account symmetries in orientation of convex shapes. In the case of
a completely random orientation for all particles, the average would
be /4 for the entire packing. Hence any deviation from /4 suggests
global patterns or orientation. The angle of isotropy can also be measured with respect to the other coordinate axes or axes of relevance to
check for global patterns.
Calculation of the Minkowski tensors in the present work is performed using publicly available 3D Minkowski Tensor package
Karambola.2 Karambola is based on explicit linear-time algorithms,
which are applicable to any object that can be represented by a triangulation of its bounding surface. Expressions generated from these algorithms are capable of computing Minkowski tensors to a high degree
of numerical precision [31].

(1)
(2)

Here, the origin of r is chosen to be the centroid of K, and n is the

surface normal to the area element dA on K computed at each r . The
tensor product is defined as the symmetric part of the dyadic product of
the two vectors, ( a

µmin
µmax

b ) = (ai bj + aj bi )/2 , for any two vectors a and

b . Schematically, these two Minkowski tensors and their physical
meaning is represented in Fig. 3. W02,0 captures the distribution of mass
within the Voronoi cell K, and is readily seen that multiplying the
density of the material would yield the moment of inertia tensor. This
tensor therefore represents an equivalent ellipse (see image in the
middle of Fig. 3) which has the similar distribution of mass as the
Voronoi volume. The tensor W10,2 , in contrast to W02,0 , captures the orientation of surface patches (see the image on the right of Fig. 3) of the
Voronoi cell [14], and thus effectively represents the connectivity of
pores located around the particle. For a cell K of cubic shape, it can be
easily seen that W10,2 gives a diagonal (isotropic) tensor. Similarly, a
diagonal tensor is obtained using W02,0 for a spherical cell. Both the
tensors effectively fit an ellipse into the Voronoi cells, the former using
mass distribution and the latter using surface orientation, respectively.
Further Minkowski tensors can be defined invoking the Gaussian
and mean curvature of the surfaces, yielding further information about
the Voronoi volume. In fact, it is known that six linearly independent
Minkowski tensors can be defined for a spatial structure, making it
possible to construct other motion covariant tensors by their linear
combination [27]. Further details about the other Minkowski tensors is
beyond the scope of this paper, but will be relevant when greater degrees of complexity in shapes are considered. A more detailed explanation for these tensors and their capability to characterize structures is given in relevant references [14,31].
Even complex microscopic geometric properties of the packing and
their spatial variation can be obtained considering only the first two
Minkowski tensors. Such characterization will be pivotal in attempts to
model more accurate transport models in porous packings.
Characteristics of the packing that are more complex than void
fraction can be readily performed using the above defined Minkowski

4. Results and discussion
Beds created by SBD can be argued to represent loose packings.
Even though this may be further from a realistic packings where dynamics play an important role in compaction, it may be argued that a
packed bed structure obtained through a sedimentation process closely
resemble a simulated bed created by SBD. Further, the geometric aspects of the packing are abstracted by using the SBD algorithm. Fig. 4
shows an a three-dimensional realization of the packed beds simulated
by SBD, for each of the deposition processes depicted schematically in
Fig. 2. The analysis of local structure in these SBD-simulated packed
2
Karambola is available at www.theorie1.physik.uni-erlangen.de/research/
karambola.
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Fig. 4. A snapshot of the packing during the filling process for the different
sources.

Fig. 6. Mean void fraction of packings as a function of γ.

Fig. 5. Typical void percentage (complement of packing density) profile obtained using different source geometries (for = 0.015). The void fractions
based on Müller’s correlation [9] and de Klerk’s correlation [10] are used for
comparison.

packing density (or a lower void fraction) is obtained right below the
particle “dropping zone” (at the axis for S2, near the wall for S3 and at
r = Rbed /2 (radial coordinate = 16) for S4). Higher packing density
near the wall in case of S3 is captured by the oscillations in radial void
fraction profile, more oscillations near the wall imply structural order
which indicates high packing density. This observation is in accordance
with that of Smid et al. [13]. Smid et al. used radioguaging method to
measure density of a two-dimensional reactor packed using different
particle filling techniques. For a funnel located at the center, a region of
higher density (reduced void fraction) was obtained just below its
mouth. As no vibrations were induced during the experiments, the
packings created by Smid were loosely packed and can be effectively
compared with Sequential Ballistic Deposition used in our case. Based
on the agreement between the radial void fraction profiles of beds
created by SBD simulations with standard correlations [9,10] and the
observation of decreased void fraction beneath the dropping zone as
seen in the experiments done by Smid et. al. [13], we can conclude that
SBD simulations are realistic representations of loosely packed beds.
Subsequent analysis is therefore valid for loose configurations.
The mean void fraction of the packings for different γ values are
plotted in Fig. 6 in order to see the effect of deposition source on the
global compaction. In Fig. 6a we choose every particle within the

beds are analyzed in the following paragraphs.
As a first order analysis, radial void fraction profile3 for a bed
( = 0.015) obtained using SBD is compared with standard correlations
in Fig. 5. A value of bed porosity in the range of random loose packing
(0.41) is used as input to the analytical correlations [9,10]. It is clear
that SBD can reasonably predict the oscillations near the wall, which
result from the azimuthal averaging of the planar void fraction data at
any level in the column. In particular, the packing due to ring source,
S3, shows a few oscillations in phase with the analytical correlations.
For each of the sources except S1 (which drops particles homogeneously over the mouth of cylinder) Fig. 5 shows that a higher

3
Note that the radial void fraction profile ( (r )) was averaged over azimuthal and axial coordinates in small intervals of radius r (distance from the
axis). It was calculated only for the statistically sufficient central part of the bed
were the packing occupied the entire cross section. In other words, the conical
top portion (in S2), the funnel shape (in S3) and the hollow frustum (in S4) was
excluded while calculating radial void fraction profiles.
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cylinder to include wall effects and any anomalous effect near the axis
of the cylinder. We see that with decreasing particle size with respect to
the cylinder size, the void fraction decreases monotonically. However,
the ring source shows greater overall compaction. In Fig. 6b, mean void
fraction 4 is computed for a region excluding three particle layers each
from wall and the axis of the cylinder, termed as the annular region.
Such an analysis was done to see the effect of the deposition in regions
far from the dropping zones. Surprisingly, the ring source (S3) shows
poor compaction compared to the other sources. It is evident now that
the increased compaction for S3 observed in Fig. 6a is mostly due to
higher ordering (hence more oscillations and compaction) near the wall
where the dropping zone happens to be. Another interesting outcome of
this study is that for S1 and S2, the compaction increases with increasing particle size, in the annular region. This effect is in contrast to
that of the ring source. Hence, one concludes that as the confinement
shrinks (or when particles are larger), the ring source rarefies the
packing in the bulk whereas the point and rain sources compacts the
packing in the bulk.
From the void fraction analysis, it is already evident that the deposition geometries influence the way the particles pack, suggesting
inherent microscopic effects. Void fraction measurements are insufficient to glean further information about the microscopic structure.
Also the microscopic properties are important when transport models
for fluids are to be developed as motivated in the introduction of this
paper. Hence, we proceed to present further information about orientation of the void spaces at particle scale using Minkowski tensors.
4.1. Structure at particle scale
The radial variation of isotropy (β), as defined in Eq. (3), computed
from W02,0 and W10,2 , are shown in Fig. 7. From Karambola, the β values
(r) , values are averfor each Voronoi cell is obtained. To calculate
aged over all the Voronoi cells whose center lies with in small intervals
about the radius r. A strong dependence of radial isotropy on the particle source is evident: the region directly beneath the particle source
have a significantly higher isotropy than other locations in the packed
bed. A region of higher density showing higher isotropy was explained
by Schröder-Turk et al. [15]. Schröder-Turk et al. concluded that regions of high isotropy (higher β) have lesser number of larger Voronoi
cells (Voronoi cells with larger volume), which show greater anisotropy
(lower β).
Comparing Figs. 5 and 7a, b, for the case of S4 suggests a correlation
between increased isotropy and decreased void fraction near the half
radial location. This correlation between isotropy and void fraction will
be expounded in further sections.
Meanwhile, it is important to look at the packings in isolation of the
effect of the “dropping zone” and the walls, in order to appreciate the
isotropy in the true bulk (annular region) of the packings formed by
particles migrating to these regions from the dropping zones. In Figs. 6b
and 8, for packings created in the range of γ ∈ [0.01, 0.07], we see that
the effect of the source does indeed propagate into the bulk of the
packing. For the complete range of γ studied here, the point source S2
produces packings of lesser void percentage compared to the homogeneous rain source S1. The ring source is much more loosely packed
even in the annular region. Although, the differences in the values of
void fraction of the annular region ( ann ) are small, the consistency in

Fig. 7. Radial profile of isotropy (for = 0.015 ) with respect to (a) Volume
0,2
Orientation tensor (W2,0
0 ), and (b) Surface Orientation tensor (W 1 ).

the difference is important which distinguishes one packing source from
another. In the above mentioned plots, it is also observed that as γ
decreases, ann increases and the isotropy of the annular region ( ann )
decreases, with isotropy of the S1 packing being lower than that of S2.
However, a reverse trend is observed in case of S3—smaller γ (finer
particles) results in higher ann and a lower ann .
It is evident from the previous sections that increased isotropy is
correlated with a decrease in void fraction. To what degree this relationship holds for different deposition sources needs to be addressed.
In Fig. 9, a plot between ann and ann of the packings, we see that for all
the three particle sources, isotropy in the true bulk decreases with increase in void fraction. Fig. 9 is also instructive in understanding the
ann and ann trends for the three methods. For both the tensors, S2 and
S3 fall on the same straight line indicating that the formation mechanisms of the two are similar to each other, and distinctly different
from S1. The reason for this lies in the fact that the beds created by S2
and S3 grow as frustum of cone (Fig. 4 and a hollow frustum (Fig. 4c)
respectively. The geometry created by the previously deposited particles forces the new particle to fall along an incline, thus reducing the
preference to fall straight down under the influence of gravity (the only
force in SBD). This arguably creates a more isotropic structure. In the
case of S1 type deposition, there is no such incline (Fig. 4a), hence the
particle falls preferentially in one (vertical) direction, creating more

4
To calculate the mean void fraction of the entire cylinder, void fractions
where calculated at horizontal planes located at fixed separation and then an
average of those values was taken. Whereas, the mean void fraction for the
annular region is calculated by taking average of void fraction for each cell
( = 1 ((4/3) R3/ W0) , where W0 is the Volume of the Voronoi cell, which is
calculated using the Karambola package). Here also as in the case of radial void
fraction profile, the mean void fraction for both the cases was calculated only
for the statistically sufficient central part of the bed were the packing occupied
the entire cross section.

6
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Fig. 9. Variation in ann with ann with respect to (a) Volume Orientation tensor
0,2
(W2,0
0 ), and (b) Surface Orientation tensor (W 1 ).

Fig. 8. Mean isotropy for the annular region with respect to (a) Volume
Orientation tensor (W02,0 ), and (b) Surface Orientation tensor (W10,2 ).

horizontal plain over the vertical axis. The horizontal alignment is more
pronounced in the point and ring sources compared to the homogeneous rain. Fig. 10a shows that for S1 source, the voids are oriented
at about 63 degrees with respect to the vertical axis and for the other
sources this value is about 65 degrees at any radial location. This trend
also holds for any γ chosen (see Fig. 10b) and can thus be expected to be
true for industrial scale size ratios.
Since it is evident that the void spaces are oriented preferentially
along the horizontal plane, it is interesting to check if there is a preference for the void spaces to be along the radial (r) or the azimuthal
(ϕ) direction, considering the geometries are essentially axisymmetric.
In Fig. 11 we investigate this by measuring the angle between the
maximal eigenvector and each of the radial and azimuthal direction for
every particle, with respect to the cylinder. Interestingly, we do not see
a bias in the orientation, as the average angle in each of the case falls
quite close to the isotropic value of /4 . Note that for point (S2) and
ring (S3) sources, the particles roll over inclines along radial direction
of the cylinder before they settle (as per the SBD algorithm). Yet, along
the horizontal plane the orientation of cells for all three sources seems
to be completely isotropic.

anisotropic packings. This effect was analyzed in greater detail by Topic
et al. [16].
4.2. Global alignment
The analysis in the previous section clearly shows that anisotropy of
Voronoi cells (and therefore the space around each particle) is a function of the packing source geometry. The alignment of each of the cell
suggested by the maximal eigenvectors (of W2,0
0 ) may be completely
random for each particle, or it might posses a global order. The former
case would be an essentially isotropic structure, corresponding to a bed
in which each particle’s neighborhood is completely randomly oriented.
The maximal eigenvector gives the orientation of the Voronoi cell, and
the angle iso it subtends to a coordinate axis can be used to identify a
global orientation of voids in the packing. In this section, we have used
only the angle of isotropy with respect to W02,0 for the sake of brevity,
since we found the results using W10,2 yielded similar results qualitatively.
In Fig. 10, we see the angle of isotropy (with respect to the vertical
z
axis, iso
) for various values of γ as well as for different radial positions.
z
The mean value of iso
shows that all the packings obtained using SBD
have an angle of isotropy considerably larger than 45° suggesting that
the voids are indeed globally aligned ‘away’ from the vertical axis. This
means that the anisotropy of the particles have a preference towards the

5. Conclusions
The search for an effective method for characterizing the spatial
7
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same (for radial variation in voidage), but none of them provide a way
of fingerprinting the bed structure with the way the bed has been filled
or created. Indeed, as argued earlier, the imprint of the filling method in
turn influences the packed bed behavior as a reactor or a process unit.
As we move towards stringent process and environmental requirements, it is becoming imperative to create “designer” packed beds,
which will yield the process performance in a very precise way. In order
to achieve that goal, we should be able to both model the creation of the
packed bed (structure), and be able to characterize the three-dimensional bed structure effectively. This article presents a way to achieve
that goal in a theoretically sound and numerically tractable manner.
Minkowski tensors have been identified as effective tool to capture
and characterize the microscopic structures in a packed bed. Tensorial
Minkowski functionals could capture the subtle differences created in
the packing structure as a result of different particle filling methods.
With Minkowski tensors as anisotropy indices, we conclude that the
local isotropy in the system (with respect to both W02,0 and W10,2 ) is a
strong function of deposition source. We have only used two tensors
(W02,0 and W10,2 ) to characterize the bed. Further Minkowski tensors that
invoke mean and Gaussian curvature may be relevant for particles of
aspherical shapes, which would be a subject of a future communication.
The effect of particle source on the isotropy is not localized just
below it, but gets propagated into the bulk. Besides, the bed being
anisotropic at the particle scale, we also calculated the orientation of
cells with respect to the vertical, radial and azimuthal directions and a
significant deviation from a random distribution was obtained with
respect to the vertical direction. This proves that loosely packed beds
formed by deposition under gravity are globally anisotropic structures,
where the extent of anisotropy depends on the filling method. Using
different filling methods we can thus create packings with different ann
and β values for same γ. The observations have far reaching implications both in terms of motivating more accurate porous flow models
and for obtaining packings with fine-tuned internal structure for reaction engineering applications.
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Fig. 10. Angle of isotropy with respect to vertical (z) direction: a) Radial profile
(for = 0.015 ) of the angle of isotropy for the four sources b) Mean values for
the angle of isotropy.
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