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Adhesive interactions of viscoelastic spheres
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We develop an analytical theory of adhesive interactionigdaelastic spheres in quasistatic approxima-
tion. Deformations and deformation rates are assumed tonladl, svhich allows for the application of
the Hertz contact theory, modified to account for visco@dstces. The adhesion interactions are de-
scribed by the Johnson, Kendall, and Roberts theory. Usiagjtiasistatic approximation we derive the
total force between the bodies which is not sufficiently diéscl by the superposition of elastic, viscous
and adhesive contributions, but instead an additionalsetersn appears, which depends on the elastic,
viscous and adhesive parameters of the material. Usingeitreed theory we estimate the contribution
of adhesive forces to the normal coefficient of restitutiond aerive a criterion for the validity of the
viscoelastic collision model.

1 INTRODUCTION There are three different types of forces act-
ing between contacting particles: (i) repelling
Numerous phenomena observed in granular syselastic forces, due to the compression of parti-
tems, ranging from sand and powders to granulatles, (ii) attractive adhesive forces which appear
gases in planetary rings or protoplanetary discswhen particles share a common surface and (iii)
are direct consequences of the specific particlelissipative forces, acting against the relative
interactions. Besides elastic forces, common foimotion of the particles. The dependence on the
molecular or atomic materials (solids, liquids, andmaterial parameters and on the quantities which
gases), colliding granular particles exert also dissicharacterize the relative position and motion
pative forces. These forces acting between contacf particles is known for all of these forces,
ing grains give rise to unusual properties of granue.g. [Brilliantov and Poschel2004a). The total
lar matter. Hence, the use of an appropriate modeforce acting between the particles is, however,
of the dissipative interactions is necessary for thenot just the sum of the above three compo-
adequate description of granular systems. In reahents. Instead, a more careful analysis, sketched
granular systems the particles may have a complibelow, reveals that the total force contains an
cated non-spherical shape, differ in size, mass anddditional cross-term which depends on both
material properties. In what follows, however, we dissipative and adhesive parameters. Using the
assume that granular particles are smooth sphereshtained expression for the total force acting
of the same material. We also assume that particlesetween adhesive viscoelastic spheres, we es-

interact exclusively via pairwise mechanical con-timate the effect of the adhesive force on the
tact.
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coefficient of restitution and analyze the rangeterms of the compressigne R + Ry — | — 75|,
of validity of the frequently used viscoelas-

tic interaction model [(Brilliantov et al. 1996; 9 _ VReft 1390

Brilliantov and Poschel 2004b). @ = Hen{, Fu = —5=¢ ()
where

2 FORCES OF GRANULAR PARTICLES

Elastic force.Consider a static contact of two _ RiRy D= 3(1-1%) (5)

spheres of radiR; and R,. When the spheres are eff = R+ Ry’ 2 Y

squeezed, the material in the bulk is deformed (Fig.

). The displacement field (7) causes the defor- The normal pressur€y (z,y) = 0**(z,y,z = 0),
which acts between the compressed bodies in the

plane of contact = 0 reads/(Hertz 1882)
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Adhesive forceThe Hertz theory for the elas-
tic contact of spheres was extended to adhesive
contact by Johnson, Kendall, and Roberts (JKR)

Figure 1. Collision of spheres, characterized by the time de (1973). They found that the contact area IS (—:_‘n-
pendent compressiaf(t) = Ry + R, — |7 (t) — 7 (¢)| and  larged owing to the adhesive force and, thus, in-

its rateé (t) = vy (t) — va(2). troduced an effective Hertz loa; which would
cause this enlarged area. The contact area of ra-
mation field diusa corresponds then to the compressigifor
the Hertz loadFy;. In reality, however, this contact
i (7) = 1 (a“z‘ + 8“3’) ,ij={xy 2} radius occurs at the compressior: £x. The dif-
2\0z; Oz, ference between the Hertz compressigrand the

(1) actual one¢, was attributed to the additional stress
In the elastic regime;; () is proportional to the
stress tensar” ('), which gives the-component "
of the force, acting on a unit surface normal to the _ Fp 22 2\ Y
direction; (Landau and LifShitz 1965): Ppry) =g 5\1-5-m) - @

ij =\ 1 a a which is the solution of the classical Boussines
? (r)_El(uij(r) a gaiju”(r)) + Exdigun(r). problem [Timoshenko 1970): This distribution ofq
(2) the normal surface traction gives rise to a constant
Repeated indices imply summation and the elasdisplacement over a circular region of an elastic
tic coefficientsE; and E; are related to the Young body. The displacemertz corresponding to the

modulusY” and the Poisson ratio by contact radius: and the total load"; are related
by
Y Y
El = ) E2 = . (3) 2
— 2DF 1-—
(1+v) 3(1—2v) €y — B D= 3(1—v7) ®)

. 3a 2 Y
The contact problem for elastic spheres has been
solved by Hertz[(1882): the circular contact of ra- The quantityF'’z stands for the additional attractive
diusa gives rise to the elastic force, which read in adhesive force, which acts agairfst. In the JKR
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theory itis expressed by the adhesion coefficient

that for the static cas€, ('), which is the solu-

which is twice the surface free energy per unit aredion of the corresponding elastic problem. The field

of a solid in vacuum:
37
2rDa’ (9)

Thus, the total forcd” = Fy — 'z and the actual
compression§ = &y — £, read

Fg = 2mad®

a’ 8myDa
= — 10
€)= 5\~ (10
F(a) = o Y LU TN
"~ DReg D ’
implying a finite contact radius faf" = 0:
a3 = 6w Dy R (12)

For decreasing forcd{ < 0) the contact radius de-
creases until the minimal value

3 - ]_
sep — Z

3

a ag

(13)

corresponding to maximal (in absolute value) neg
ative force. At this point the particles separate.

Viscous force If the deformation of contacting

ilet(7) in its turn is completely determined by the
time-dependent compressioni.e., i = (7, )
(Brilhantov et al. 1996). Relating anda via Eq.
(I0) and neglecting a small hysteresis in the very
beginning of the contacl_(Smith et al. 1989), we
obtain for adhesive interaction

By 0 L0
'LL(T, t) = f—ue|(7“, g) = Q7 Uel (T, f(a)) . (15)
The dissipative stress tensor reads, respectively

0& oa
9, 1
50 {771 ( §5ijuzezl) +7725ijulellj| ~
(16)
From Egs. [16) and12) follows the relation be-

tween the elastic and dissipative stress tensors in
quasistatic approximation (Brilliantov 2005),

g . el
Ogis — @ Ujj —

oa

meaning that the dissipative tensor is obtained
from the corresponding elastic tensor by substitut-
ing the elastic constants by the viscous constants

Ué]ils =a U(ZEJI (El =M, E2 = 7]2) ) (17)

and applying the operata®)/da. In particular the
normal component of the stress tensor at the plane
z = 0 for an adhesive contact reads

spheres changes with time, an additional dissi-

pative force arises and the stress tensor con- e (4,y,2=0) = Pu(z,y) — Pp(z,y),

tains an additional dissipative componesnf..
For small deformation rateu,;(7) it reads

(Landau and Litshitz 1965),

ij . 1. . )
ogs(t) = m1 | 1;(t) — g%’uu(t) + 120451 (1)

(14)
wheren; andr, are the viscous constants.
If the impact velocity of the colliding bodies is

much smaller than the speed of sound in the par-

ticle material and if the characteristic relaxation

time of the viscous processes in the bulk of the

material is much smaller than the duration of the
collision, one can apply theguasistaticapprox-
imation (Brilhantov et al. 1996). In this approxi-
mation the displacement field ") coincides with

(18)

with Py (z,y) and Pg(z,y) given by Eqgs.[{IE]T]9).
From Eqgs.[(TI.18) we find the dissipative stress
at the contact plane and, integrating it over the con-
tact area, the dissipative force. Referring for detail
to (Brilhantov 2005), we present here the final re-

sult:
. 3a> 3 67y
Fdis =a (ADReff + iB T\/&) (19)
1B —m)® (1= (1=2v)
A= 3 (312 + 21) [ Y12 }(20)
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The first term in the rhs of Eq[(L9) correspondswhere

to the dissipative force in the absence of adhesion. e = 2 (24)
The second term is the corresponding cross-term, my +ms

which depends on both adhesive and dissipativdhe work Wys results from the dissipative
parameters. force Eq. [IP) withy = 0. The correspond-

Remind that the above relations for the dis-ing coefficient of restitutione, is analyti-
sipative force have been obtained within thecally known (Schwager and Poschel 1998;
simple JKR theory, which is quite accurate in[Ramirez etal. 1999). Turn now to viscoelastic
the range of parameters of practical interesimpacts with adhesion, characterized by the
(Attard and Parker 1992). coefficient of restitutiors,q. The energy balance

reads
3 COEFFICIENT OF RESTITUTION

. . . 1 1
An important characteristic of rarefied systems —m®g>——m®=2(9)g* = Waisa+Waisg+ Wad,

(granular gasesl (Brilliantov and Poschel 2004b)) 2 2 (25)

is the coefficient of restitution, which quantifies \yhere 17,4 is the work of the dissipative force

the loss of mechanical energy for pairwise colli- Fys due to the first term in EqLT19) anyes
sions. It relates the pre-collision relative velocity, is the work due to the second term. Final/,q

g =1 — vy, to that after the collisiony’ = v —v5" 5 the work due to adhesion, i.e., it results from
, the adhesive force in the region where the total
e(g)=-4'/9. (22)  force Eq. [I) is negative, that is, in the region

gWhere the contact radius varies from to asep

The coefficient of restitution may be evaluate = -
(Brilliantov and Poschel 2004a):

solving the two-body collision problem with given
interaction forces, yielding’ as a function of). ¢ (asep) asep de
For small veIo_cmes, Whgr] the kln_etlc energy of W= / F(€)de = / F(a)=da
the relative motion of colliding particles is close £(ao) ao da
to the surface energy of the contact, the adhesive (26)
forces may change the coefficient of restitutionUsing the approximatiom/gisa ~ Wiis from Eqgs.
qualitatively. Indeed, adhesive particles may stayZ3[2%) we obtain the coefficient of restitution for
compressed in contact even if the external load/iscoelastic collisions with adhesion:
vanishes. That is, a tensile force must be applied 2(Wag+ Wiiss)
to separate the particles. The work against this ten- e2(g) =€2(g) - ad — disB)
sile force at the very end of the collision reduces meyg
the kinetic energy of the relative motion after the

impact, that is, it reduces the coefficient of restitu- . :
tion. For small impact velocity the kinetic energy force F'(a), Eq. [ID) for the compression, which

of the relative motion may be too small to over- alloyvs to obtaini¢ /da, and Eqs [(I2.13) fat, and

come the attractive barrier, i.e., the particles stick’ser 13

together after the collision correspondingste: 0. Waa= qo (77’ D*Rgq) '™, (28)
Consider first a pure viscoelastic collision with \yith the analytically known pure numbeg ~

the impact velocity and coefficient of restitution ) 573 (Brilliantov and Pschel 2004a). For small

ev. Using the definition[(2), the energy balancegissipation and small adhesiofilysz may be

reads roughly estimated a§ (Brillianfov 2005):

(27)

Waqmay be found employing EJ.{IL1) for the total

1 1
gt = gt = Was. (23)  Wegs = a1 ByV2D 15 (m ), (29)



whereq; ~ 7.93. Using this force we estimated the contribution of

From Eq. [ZF) we obtain the condition for the adhesive forces to the normal coefficient of resti-
validity of the viscoelastic collision model: tution as well as the range of validity of the vis-
coelastic collision model (Brilliantov et al. 1996)

(30) and the condition for sticking impact of head-on

2
g > - (Wad+ Waiss)

collisions.
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imation of quasistatic deformation, that is, the im-

pact velocity is assumed to be much smaller than

the speed of sound in the material and the viscous

relaxation time is much smaller than the duration

of the collision. This force is not only the superpo-

sition of its three components (i-iii), but there ap-

pears an additional cross-term, which depends on

both viscous and adhesive parameters of the mate-

rial.
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